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The Octonions Division Algebras

Real Numbers Quaternions
R H=CeaCj
q=(x+yi)+ (r+si)j

Kkl

Complex Numbers Octonions
C=RaR/ O=HoHL j i
z=x+yi
il k il
I'2 :_j2 — 42 S

Cayley—Dickson (1919)
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The Octonions
Properties

Noncommutative:
Ji=—=i K
Nonassociative:
(i)t = =i(f)
Norm:
X2 = xx

x| =0 = x=0

Composition: if K il
Ixy| = |x|ly]
Inverses (Division!):

x#0 = x ' =%/|x|

Tevian Dray & Corinne Manogue The Octonionic Eigenvalue Problem



Eigenvalues The Problem

The Standard Eigenvalue Problem

Av = \v
(AT = A)

Reality: A € R

Existence: Jn eigenvalues (counting multiplicity)
Orthogonality: \; # \, — vlT w=0

Orthonormal Basis: 3 orthonormal basis of eigenvectors

Decomposition: A= > \,vn, v
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Eigenvalues The Problem

Reality: (AT=A =— X =)
Av=Xv = Xviv=(Av)lv=yvIAv =viav # \viv
Av=vA = Aviv)# (Av)Tv # vI(Av) # (viv)A

Orthogonality: (A\; # A\ — vIvz =0)
AV = AV — )\1va2 = (Avl)Tvz + VI(AVQ) = )\ZVIVQ

Theorem (Dray & Manogue 1998)

veQ3 AT =A€h(3,0),\eR =
@ 36 (=2 x 3) real eigenvalues \p,, with Avp, = Apvim,

° (vmv,Tn)v,, =0 for m # n in the same “family”.

Example (A # R)
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Eigenvalues The Problem

The Right Eigenvalue Problem

Av = v
(AT = A)

Reality: Over H, \ € R, but not over O

Existence: 3 x 3 matrices over O have 2 x 3 real eigenvalues
Orthogonality: \; # A\, — (v»g vf)vz =0

Orthonormal Basis: 3 2 orthonormal bases of eigenvectors

Decomposition: A =3 An(vmvh) (x2)
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Extensions

Characteristic Equation

A€ h(3,0)

A% — (trA) A% + 0(A) A — (det A)Z =0

but
A3 — (trA) N2 + o(A) X\ — (det A) = rp,

@ Matrix solves characteristic equation;
@ Eigenvalues do not;

@ 32 “families” of eigenvalues.
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Extensions

Characteristic Operator

o~

Il
/N
0 o X
oI o
N o 0l
~

(ve 03 qge0)

Klv] = A(A(Av)) — (trA) A(Av) + o(A) Av — (det A)v
— K diagonal —

Kla] = c(b(aq)) + 3(B(cq)) — (c(ba) + (ab)c ) q
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Extensions

“Family” structure of O

(Dray, Manogue, & Okubo 2002)
T=(1,a,b,c) CcO M(

0 ol X
TI< o
N T 0

® = Re(a x b x c) = 3 Re(a(bc) — c(ba))
= Im(a) - [Im(b) x Im(c)] (triple product)
a = [a, b, c] = (ab)c — a(bc) (associator)
Klgl=rmg<>qeT,CO; ri—4dr,—a’>=0
rm+ 4P + o

T =Tomi m = 50— 20)

O=Ts & Tsy (51+52:1)
']Tzlea (Tl J_TQ)
X, y€Ty,=—=xyeT
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Extensions

The Jordan Eigenvalue Problem

(Dray & Manogue 1999)

A € h(3,0)
VoV=Y
AoB=(AB+ BA) /2
AoV =)V

Equivalent to right eigenvalue problem over H! (V = w)

(wh) o (wh) = (vIv)(w')

@ usual characteristic equation
o eR
@ Cayley-Moufang plane (OP?)

@ Solutions of 10-d Dirac equation!
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Projective plane
Extensions

Dirac equation

Position space: ({v*,7"} = 2g"")

(iky"8, — mc)¥ =0

Momentum space: (W = e*ipux“/h@)
(V#Pu —mc)¥V =0
Weyl equation (m =0):  [up to normalization]

PV:O:>P:\//;/T:><F; ‘{)E(@}Pﬁ
4

Works in 3,4,6,10 spacetime dimensions! Supersymmetry!!
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Projective plane
Extensions

Octonionic projections are quaternionic!

(a,b,c € O; x,y,z € R)

A:

o ol X
oI ©
N T 0O

X2+ a>+|c*> (x+y)atecb (x+z)c+ab
A= | (x+y)a+bc |af+y*+[b> (y+2z)b+ac
(x+2z)c+ba (y+2z)b+ca |c]?+]|bf+ 22

A2 =A== ab=(1-x—2)€=[a,b,c] =0!

Application: Solutions to 10-d Dirac equation (octonionic) are in
fact 6-d (quaternionic), leaving room for additional symmetry.
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Extensions Non-Real eigenvalues

Simultaneous Eigenstates

01 0 —¢ 1 0
Ox — Oy = 0z —
10 ¢ 0 0 -1

L
2

2L, = hip

o= (1) . 2L = —hyk
2Ly0p = —hip ke

Lty := —=(bomip)l

“spin-up” is simultaneous eigenstate of L, L, L,!
(but eigenvalues don't commute!)
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SUMMARY

Real eigenvalue problem over h(3, @) well understood,;
Always get decompositions into primitive idempotents;
Splits octonions into two “almost quaternionic” subspaces!
Jordan eigenvalue problem over h(3, Q) well understood;

Primitive idempotents are quaternionic! (QP?)

e © ¢ ¢ ¢ ¢

Applications to physics: spin, Dirac equation...
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Introduction
Lie Algebras

The Freudenthal-Tits Magic Square

Freudenthal (1964), Tits (1966):

R C H | O
R | a1 a» 3 | fa
Clax|ax®ax | as | ¢
H | c3 as 06 | ¢7
O fa ¢6 e7 | eg

Vinberg (1966):
sa(3,A ® B) & der(A) & der(B)

der(H) = s0(3); der(0) = go

Goal: ’ Description as symmetry groups‘

[Wangberg (PhD 2007), Wangberg & Dray (JMP 2013, JAA 2014),
Dray, Manogue, and Wilson (CMUC 2014)]
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Introduction

History

History

@ Barton & Sudbery (2003):
Well-understood in terms of Lie algebras.

@ Satisfactory group description not yet known.

@ Rosenfeld (1956,/1997):
Isometry groups of projective planes over A ® B.

Cayley-Moutang plane: Fy +— QPP?

@ Baez (2002):
OK for Eg; not for E7, Eg.
In short, more work must be done before we can
claim to fully understand the geometrical meaning of
the Lie groups Eg, E; and Eg.
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Real Forms
3 X 3 Magic Square

R C H @)

3,R) | su(3,C) | su(3,H) | su(3,0)
,R) | sl(3,C) | sl(3,H) | sl(3,0)
,R) | 5u(3,3,C) | 6—6) | e7(—25)
fa(a) ¢6(2) ¢7(-5) | Cg(—24)

ol=z|al=
3.3
=1
>w

Dray & Manogue (2010):
Fs = SU(3,0), Es 2 SL(3,0) using SL(2,0) = SO(9,1) C Es

Xxe M_I\/IO
~\of n S \lo 1



Real Forms
3 X 3 Magic Square

R C H O
R | su(3,R) | su(3,C) | su(3,H) | su(3,0)
C | sl(3,R) | sl(3,C) | sl(3,H) | sl(3,0)
H | sp(6,R) | sp(6,C) | sp(6,H) | sp(6,0)
O faa ¢6(2) ¢7(-5) | Ceg(-24)

Dray & Manogue (2010):
Fa = SU(3,0), Eo(_26) = SL(3,0) using SL(2,0) = SO(9, 1)

X—X9 M7/\/10
~\of n S \o 1

Dray, Manogue, Wilson (2014):
E7(—25) = Sp(6,0)
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3 X 3 Magic Square The Structure of Eg

The Subgroup Structure of Eg

[Bd]

su(3,1LH) 4,
(e

: | :
[i: -] iz
| | i1,
) so(6) C
Dy] D]
o foras A
i3 e
D, Dy
5
igure 5.1: Preferred subalgebra chains of Eg using the same basis

Wangberg (PhD 2007), Wangberg & Dray (JA/—\ 2014)
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Real Forms
3 X 3 Magic Square The Structure of Eg
Sympl Groups

Cartan Decompositions of Eg

by
/ \
e(52.26) 646,32 €6(35,40)
|¢hs(su(3 | =52 |6s(50(9,1) & u(—1))| = 46 |s(s1(3, H) & su(2))| = 38
T3H 23,1
~ ~
/’>\\ oo
/ N / ~
s N / N
y N o
€6(36,42 €6(38,40)
[bs(su(2, 1, H))| = 36 6s(s1(2,1, H) @ su(2)2)| = 38
\ /
/ byyn Tl bas1
| (i“l”g—j =36 FIG. 4. Composition of associated Cartan
bs(s5u(3, 1, H),)| = 36 .
maps of eg acting on real forms of eg,
FIG. 3. Composition of associated Cartan maps of e acting on real forms of e, showing showing the maximal compact subalgebra
the maximal compact subalgebra under ¢, under ¢s.

Wangberg (PhD 2007), Wangberg & Dray (JMP 2013)
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The 2 X 2 Magic Square
2 X 2 Magic Square

The 2 x 2 Magic Square
Barton & Sudbery (2003):

R C H| O
01 ay by | by
ap | ap@ag | 03 | 05
by 03 04 | 06
bg 05 06 | Og

o|=E| Q&

“Vinberg”:
sa(2,A ® B) ® so(Im A) @ so(Im B)

s0(ImH) = s0(3); s0(ImQ) = s0(7)

’Unified Clifford algebra description using division algebras‘

[Kincaid (MS 2012), Kincaid and Dray (MPLA 2014),
Dray, Kincaid, & Huerta (LMP 2014)]
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SUMMARY

Have: Es = SL(3,0)
[Dray & Manogue (2010)]
Have: Structure of Eg
[Wangberg (PhD 2007), Wangberg & Dray (2013; 2014)]
@ Have: 2 x 2 Magic Square

[Kincaid (MS 2012), Kincaid and Dray (2014),
Dray, Kincaid, & Huerta (2014)]

(Mostly) Have: E; = Sp(6,0)

[Dray, Manogue, Wilson (CMUC 2014)]
Want: Eg =77

(]

http://octonions.geometryof .org/G0
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