The GEOMETRY
of the

OCTONIONS

0SU




DIVISION ALGEBRAS

Real Numbers:
R

Complex Numbers:

C=R+Rs
z2=x+ Y




DIVISION ALGEBRAS

Real Numbers: Quaternions:

R H=C+Cy
q=(a+bi)+ (c+di)j

Complex Numbers:

C=R+Rs
2=+ Yyt













QUATERNIONS

k2 = —1
ij = +k
Ji = —

not commutative




THE DISCOVERY OF THE QUATERNIONS

Brougham Bridge (Dublin)

iy

Here as he walked by

on the 16th of October 1843
Sir William Rowan Hamilton
in a flash of genius discovered
the fundamental formula for

quaternion multiplication

2 =% =k° =ik = —1

& cut it on a stone of this bridge



VECTORS 1

v=bi+cj+dk— B=bi+cj+dk

VW —— —V - W + UV X W

Dot product exists in any dimension
but
Cross product exists only in 3 and 7 dimensions




DIVISION ALGEBRAS

Real Numbers: Quaternions:

R H=C+Cy
q=(a+bi)+ (c+di)j

Complex Numbers: Octonions:
C=R+ Rz O=H-+H/
2=+ Yyt
















OCTONIONS

each line is quaternionic

Y,
Y,

not associative




THE DISCOVERY OF THE OCTONIONS

John T. Graves (1843!)
Arthur Cayley (1845)

octaves, Cayley numbers




WHAT STILL WORKS?

o cIm0 = q=—q

* q7 = |q|?
o= (@70
* |pq| = |p||q]

required for supersymmetry

* [p.p,q] = (pp)g — p(pg) =0

alternativity




EXPONENTIAL FORM

p=lple’? (s5=-1)
= |p| (cos ¢ + ssin @)

ek¢i = z’efkgb

ek¢ie_k¢ = i6_2k¢




ROTATIONS

reH — £ e R?

2| — |Z]

SO(3):
6 about k-axis: e*’x

SO(7)?
e’ rotates 3 planes perpendicular to k ...
Need




ROTATIONS

reQ «—— & RS

2| — |Z]

SO(7):
20 about “k-axis”: e"ze=*?
(26 in 7j-plane):

(2 cosf + 7sinf)(ixi)(icosf + jsinb)

nesting!




ROTATIONS

reQ «—— & RS

2| — |Z]

SO(8):

260 in 1¢-plane: eze

pxp, pr, rp fails over HI!




AUTOMORPHISMS

SO(3):
over H: (pxp~)(pyp™t) = p(axy)p~t (Vp)
G, C SO(7):
p = 67T5/3 (82 _ _1)
Fix 1;
dim Gy = 14 Rotate 2: 6 choices;
Rotate 5: 5 choices:
k fixed:;

SU(3) C G

7 /3 phase +— quarks? Rotate ¢: 3 choices;

Done.




VECTORS I1

t
T X — t+; T — 1y
Y r+wy t—=z
< ~ T

X=X =X

—det(X) = —t* + 2% + y* + 22

)



LORENTZ TRANSFORMATIONS

Exploit (local) isomorphism:

SO(3,1) ~ SL(2,C)
r=Ar — X =MXM!

1 0 0 0 (_

0 cosa —sina 0 e= 2 0
. — 1

0 s« cosa () 0 ez

0 0 0 1

det(M)=1 = detX' =detX



ROTATIONS

S111 5 2
100
e 2 0
M, = 02
0 ez
Q . . &
Mo — COS 9 7 S1n 5
yr = S o)
—1 SIn 5 COS 5




ROTATIONS

H: M =M1
O: flips!

X' = My(M,XM!)M]
M,=iI  Mjy= (icosf+ jsin0)I



WHICH DIMENSIONS?

K=R,CH,QO+—

a

X—(p ) (p,m € R;a € K)

a m

dim K + 2 = 3,4, 6, 10 spacetime dimensions

supersymimetry

SO(5,1) ~ SL(2, H)
S0(9,1) =~ SL(2,0)




PENROSE SPINORS

- (5

' c|*  ¢b
VUV = —
bec  |b|*

det(vv!) = 0

) (spinor)? = null vector

Lorentz transformation:

/
v = Mwv

M MT = (Mv)(Muv)!

compatibility




HOPF FIBRATIONS

v € K
vl =1 = v € §*!
tr (vo') = vlv = 1 = ¢ = const
det(vo’) = 0 = v’ € §F

rq
phase freedom: (2) — (’q‘)
q

OP' = {(p,q) ~ (pa"x, X)}

OP' ={X’=X tr X =1}




WEYL EQUATION

e Massless, relativistic, spin %

e Momentum space

P=P—-(rP)I



Weyl equation:

One solution:

o~

SOLUTION

— P =0

P = 4097

—> det(P) =0

0070 = (96T — 676)6 = 6910 — 6760 = 0

General solution:

=08

P, 1) quaternionic




P— (\5\2 cb ) — 961 = (9e5%)(9e )1

~

:‘,>P:

(

PHASE FREEDOM

b |b|?

()
fe]

S AR
5’5‘ —C]c]2> — ) = 0€ = <_



DIRAC EQUATION

Gamma matrices: (C Weyl representation)

0 o
" (‘7 7 OM>

Dirac equation: (momentum space)
<pM T — m) V=0

Weyl equation: (H Penrose spinors)

6
i (77) e

(p“&u—mﬁk)@b:()



COMPARISON

4x4 complex:
0= (vyup" —my) ¥

2x2 quaternionic:

= (ptat — po‘ag —m ak) Y
— Py

Isomorphism: (H* ~ C*)

c — kb
<—
d+ ka

U O O R



DIMENSIONAL REDUCTION

SO(3,1) =~ SL(2,C) C SL(2,0) ~ SO(9,1)

Projection:

ﬂ@z%@+@@

Determinant: det(P) =0 =
det (m(P)) = m?
Mass Term: P =7(P)+moy

P—< pt + p? px—épy—k:m)
pt 4+ 0pY + km pl —p*



SPIN
Finite rotation:

09 0
0 e *2

Infinitesimal rotation:

L_dRZ 1(C 0
©do 2\ 0 —¢
6=0

[A/z@b = (Lz¢>z
Z;zw — W\



ANGULAR MOMENTUM REVISITED

1/0 ¢ 1/0 1
Lx_?(z 0) Ly_§<—1 o)
1/0 0 -
Lz_§<0 —e) Ly = — (L)l

1
R
Lp=v5 Lv=-v5 Lpy=-v

Simultaneous eigenvector!

(only 1 real eigenvalue)



LEPTONS

¥ P = gyl

(1 (1 —k
“ T\ k e N |




How Many Quaternionic Spaces?

—({c H

(Hl M HQ = (C)

— 1, ],k

Answer: 3!




LEPTONS




WHAT NEXT?

Have:

3 generations of leptons!

Neutrinos have just one helicity!

What about @).7
Want:




JORDAN ALGEBRAS

o0

I
o 3
SRS
= S Ol

1
Xo) = §(Xy+y?()
X*x) = Xoy—%(th(y)+ytr<X)>

L %(tr (X)tr (V) ~ tr(X o)) T



JORDAN ALGEBRAS

u,v,w€R3:>

2uu o vl = (u-v) (uwv! + vuT)
tr (uu]L o mﬂL) = (u-v)?
2 uul * vl = (u X v)(u X v)]L

1
Xoy = §<Xy+yX)
X*x) = Xoy—%(/\?tr(y)+ytr()()>

+%(tr(?€)tr(y) —tr(XoJf))I



JORDAN ALGEBRAS

Xo¥ = 3 (XY +VX)
X*x) = Xoy—%(/‘(tr(y)ertr(X))
—I—%(tr(?()tr(y)—tr()c’oy))f



MORE ROTATION GROUPS

SO(27):
tr (X o X) =2(|a]* + [b]* + |cf* + w’® + 2%) + ¢°

SO(26,1):
—tr (X * X) = |a|]* + |b|> + |c|* + w* + 2% — t*



EXCEPTIONAL GROUPS

. “SU(3,0)”
(MXMT) o ( MYMT) = M(X o Y)MT

. “SL(3,0)
det X = %tr(()( *X)oX)

SO(3,1) x U(1) x SU(2) x SU(3) C FEj




SUPERSPINORS

X(X 9)

—\ o n MXMT
T

<N[(v Adasid _( ot Mt
M=1"0 1

Cayley /Moufang plane:

OP? = (X’ =X, r X =1}
—{X*xX=0,trX =1}

= {¥ = ¢yl yly =1)

M6
n

(v € H)



Furthermore:

DIRAC EQUATION II

(P s
P‘(se* W)

P =gy

quaternionic!

leptons, mesons, baryons?




It has real and imaginary parts.
Life is octonionic...

THE END

Start Close Exit



