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Which Geometry?

[ s=0 [ -1 ]

flat Euclidean | Minkowskian (SR)
curved || Riemannian | Lorentzian (GR)
o> <o

\

Tidal forces!

Need calculus to describe
curvature!
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Vector Calculus in a Nutshell

Vector calculus is about one coherent concept:
Infinitesimal Displacement

dyg

dzd

dif = dx&+dy§=drt+rdod

ds = |dr]|

dA = dry x dP,

dA = |dF; x dF,|

dV = (dfy x dF,) - dFs
df = Vf-dr
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Line Elements

dr? + r? d¢? d6? + sin? 6 d? dB? + sinh? 8 d¢?
plane sphere hyperboloid
Euclidean Geometry: ds? = dr? + r? (d6? + sin” 0 d¢?)
Special Relativity: ds? = —dt? + dr? + r? (d6? + sin® 0 d¢?)
Black Hole: ds? = — (1 — 27) di? (95 + r2 (d6? + sin® 0 d¢?)

Cosmology: ds? = —dt? + a(t)? (1fr:,2 + r2 (d6? +sin* 0 d¢2))
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Differential Forms in a Nutshell (R?)

Differential forms are integrands: (¥? = 1)

f=f
F=F.dr
«F =F.dA
xf = fdV
Products: FAG=—ExC.dA
FA*G=F-GdV

df =Vf-dr
dF =V x F - dA
dxF =V -FdV
d«f =0
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The Geometry of Differential Forms

dx + dy
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Derivatives of Vectors

Rectangular basis vectors are constant: dx =0, dy =0
What about polar basis vectors?

d7

~

dt = do ¢
dp = —dp?
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Geodesics

Geodesics are curves that are as straight as possible.

Flat space (Euclidean or Minkowskian):
Geodesics are straight lines.

Sphere: General Relativity:
Geodesics are great circles. Freely falling objects

move along geodesics.

(future-pointing, timelike)

o> <0

\/
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Geodesic Equation

Orthonormal basis: dr =o' &;

Connection: déj:wij é;
d’r=0— dai—i-wij/\aj =0
d(i-w)=du-W+ i dW = wj+wj=0

Geodesics: Vdh=df (V=r)
dv =0 (V=0)
Curvature: d2éj:Qijé,- :>Qij: dwij+wik /\wkj
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Einstein's Equation

Curvature: d’8 = Q'8 = Q' = dw'; + W' AWK
Eintein tensor: 7/ = - 04 o0 A 9 A 04
Instein tensor: vo= 5 ik o No o

G'=xy'=G';0o
G=G'e; = G'jo'e;

-

—dxG=0 (V-G=0)

Field equation: G+Adr=8rT

(curvature = matter)
[10 coupled, 2nd-order, nonlinear PDEs ...]
—=V.-T=0: Energy/Momentum Conservation!
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Gravitational Lensing
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Cosmological Redshift

2 g2 2 dr? 2 2 .2 2
ds® = —dt” + a(t) (w—f—r (d9 + sin Oqu)

a(tr)
a(te)

(redshift o distance)

1+z=

zl—i—fAs
2

(Same idea as Doppler shift!)
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Rindler Geometry

\constant curvature = constant acceleration \

(Pcoshp,Psinhf3)

Can outrun lightbeam!

x = p cosh

2 _ 42 _ 242
t = psinha — ds” = dp” —p"da
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From Rindler to Minkowski

ds®’ = —dU dV |= —d(t — x) d(t + x)

u=a—Inp,v=a+Inp U=—-e"=—pe ™ V=e"=pe®
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From Schwarzschild to Kruskal

ds? = — (1— 22) di? + 2 + 2 (d6? + r?sin2 0 dp?)

ds? = —32m o=r/2m g(J gy
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From Schwarzschild to Kruskal

ds? = — (1 - 2m) dt? + (9 + r2 d6? + r2sin? 0 ds?

>

ds? = —32m o=r/2m g(J gy
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Wormholes

Constant radius = constant acceleration!
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Wormholes
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SUMMARY

http:/ /relativity.geometryof.org/GSR
http:/ /relativity.geometryof.org/GDF
e ceomEny http:/ /relativity.geometryof.org/GGR

OF SPECIAL RELATIVITY
Second Edtion

P

@ Special relativity = hyperbolic trigonometry
@ General relativity = Lorentzian vector calculus
@ Curvature = gravity

@ Geometry = physics

THE END
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