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The Freudenthal–Tits Magic Square

Freudenthal (1964), Tits (1966):

R C H O

R a1 a2 c3 f4

C a2 a2 ⊕ a2 a5 e6

H c3 a5 d6 e7

O f4 e6 e7 e8

Vinberg (1966):
sa(3,A⊗ B)⊕ der(A)⊕ der(B)

der(H) = so(3); der(O) = g2

Goal: Description as symmetry groups

[Barton & Sudbery (2003), Wangberg (PhD 2007),

Dray & Manogue (CMUC 2010), Wangberg & Dray (JMP 2013, JAA 2014),

Dray, Manogue, & Wilson (CMUC 2014), Wilson, Dray, & Manogue (2022)]
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Guiding Principle #1

Lie algebras are real!

(signature matters)
so(3, 1) has boosts and rotations

R C H O

R
′ su(3,R) su(3,C) su(3,H) f4

C
′ sl(3,R) sl(3,C) sl(3,H) e6(−26)

H
′ sp(6,R) su(3, 3,C) d6(−6) e7(−25)

O
′ f4(4) e6(2) e7(−5) e8(−24)
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Guiding Principle #2

The 3 × 3 structure is broken to 2 × 2.

P =

(

P θ

−θ† n

)

M =

(

M 0

0 1

)

P 7−→ MPM−1 =⇒ P 7−→ MPM−1, θ 7−→ Mθ

P 7−→ [A,P] =⇒ P 7−→ [A,P], θ 7−→ Aθ

Idea: Adjoint and spinor actions at same time!

Example: M ∈ E6, A ∈ e6,P ∈ e6
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Summary: 2× 2 Magic Square

The algebras in the 2× 2 magic square are su(2,K′ ⊗K).

Each algebra is generated by the 2× 2 matrices below, with
p ∈ K

′ ⊗K and q ∈ ImK+ ImK
′.

Dq =

(

q 0

0 −q

)

, Xp =

(

0 p

−p 0

)

Idea: rotations/boosts acting on K
′ ⊕ K:

Di = D1i ; DL = DUL; Xi = XiU ; XL = X1L

The remaining basis elements are of the form

Di ,j =

(

i ◦ j 0

0 i ◦ j

)

=
1

2
[Di ,Dj ]

where i ◦ j
.
= k over H, but stands for nesting over O.
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Summary: 3× 3 Magic Square

The algebras in the 3× 3 magic square are su(3,K′ ⊗K).

Each algebra is generated by the 3× 3 matrices below, with
p ∈ K

′ ⊗K and q ∈ ImK+ ImK
′.

Dq =





q 0 0
0 −q 0
0 0 0



 , Sq =





q 0 0
0 q 0
0 0 −2q



 , Xp =





0 p 0
−p 0 0
0 0 0





Yp =





0 0 0
0 0 p

0 −p 0



 , Zp =





0 0 −p

0 0 0
p 0 0





The remaining basis elements can be chosen to be of the form

Di,j =







i ◦ j 0 0

0 i ◦ j 0

0 0 0







where i ◦ j
.
= k over H, but stands for nesting over O. TRIALITY!
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Magic Squares

2 × 2 “half-split”: (spin groups ...)

R C H O

R
′ so(2) so(3) so(5) so(9)

C
′ so(2, 1) so(3, 1) so(5, 1) so(9, 1)

H
′ so(3, 2) so(4, 2) so(6, 2) so(10, 2)

O
′ so(5, 4) so(6, 4) so(8, 4) so(12, 4)

3 × 3 “half-split”: (... plus spinor reps)

R C H O

R
′ su(3,R) su(3,C) su(3,H) f4

C
′ sl(3,R) sl(3,C) sl(3,H) e6(−26)

H
′ sp(6,R) su(3, 3,C) d6(−6) e7(−25)

O
′ f4(4) e6(2) e7(−5) e8(−24)
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Subalgebras

All algebras in both magic squares are subalgebras of e8!

e8(−24) = so(12, 4) + 128.

The 128 is a Majorana–Weyl representation of so(12, 4).

The 128 contains spinor reps of each 2× 2 algebra.
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Guiding Principle #3

All representations live in e8!

e8(−24) = so(12, 4) + spinors

so(12, 4) ⊃ so(3, 1) + so(7, 3) + so(2)

⊃ so(3, 1) + so(4) + so(3, 3) + so(2)

⊃ so(3, 1) + su(2)L + su(2)R + su(3)c + u(1) + so(2)
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Decomposition of so(12, 4)

complex

e8(−24) ⊃ so(12, 4) +
︷ ︸︸ ︷

spinors

so(12, 4) ⊃ so(2)
︸ ︷︷ ︸

+ so(3, 1) + so(7, 3)
︸ ︷︷ ︸

complex
structure

“so(10)”

Lorentz + so(10) GUT

Spinors are complex
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Color Decomposition of e8

R C H O

R
′ su(3,R) su(3,C) su(3,H) f4

C
′ sl(3,R) sl(3,C) sl(3,H) e6(−26)

H
′ sp(6,R) su(3, 3,C) d6(−6) e7(−25)

O
′ f4(4) e6(2) e7(−5) e8(−24)

compact

e8(−24) =







✭
✭
✭

✭
✭
✭

✭
✭
✭
✭
✭✭

e6(2) + 54 × 3 +
︷ ︸︸ ︷

su(3)

e6(−26) + 27
︸︷︷︸

× 6 + sl(3,R)

Jordan
algebra
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Decomposition of e8 −→ e6

sl(3,R) + 3× 2 + 〈SL〉

so(12, 4) = so(9, 1) + 10× 6 +
︷ ︸︸ ︷

so(3, 3)

Majorana–Weyl spinors of both so(9, 1) & so(3, 3)

128 = 16× (1 + 1 + 3 + 3)

e8(−24) = e6(−26)
︸ ︷︷ ︸

+ 27× 6
︸ ︷︷ ︸

+ sl(3,R)

so(9, 1)

16× 2× 1
SL

10× 2× 3
16× 2× 3
1× 2× 3
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Spinors of e6: Volume Elements

Killing
duals

e6(−26) = so(9, 1) +
︷ ︸︸ ︷

16× 2 + 〈SL〉

Lorentz weak

so(9, 1) 7−→ so(2) + so(7, 1) 7−→ so(2) +
︷ ︸︸ ︷

so(3, 1) +
︷ ︸︸ ︷

so(4)
︸ ︷︷ ︸

su(2)L + su(2)R
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SUMMARY

Everything in e8(−24)!

e8(−24) = so(12, 4) + spinors

= e6(−26)
︸ ︷︷ ︸

+ 27× 6 + sl(3,R) gluons & quarks

so(9, 1)
︸ ︷︷ ︸

+ 2× 16 + 〈SL〉 leptons

so(2) + so(3, 1) + su(2)L + su(2)R
︸ ︷︷ ︸

3 generations

+4× 4
︸ ︷︷ ︸

electroweak
mediators
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