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WHICH GEOMETRY?

signature flat curved

(+ + ...+) Euclidean Riemannian

(− + ...+) Minkowskian Lorentzian

General Relativity!

ds2 = −dt2 + a(t) dx2

Cosmology! ds2 = −
(

1 − 2m
r

)

dt2 +
dr2

(

1 − 2m
r

)

+ r2
(

dθ2 + sin2θ dφ2
)



CLASSIFYING SPACETIMES

dx2 + dy2 = dr2 + r2 dφ2

= e2ρ
(

dρ2 + dφ2
)

= (u2 + v2)
(

du2 + dv2
)

6= r2
(

dθ2 + sin2θ dφ2
)

=
4e2ψr2

(1 + e2ψ)2

(

dψ2 + dφ2
)

(ρ = ln r; x = u2−v2

2
, y = uv; ψ = ln tan θ

2
)

When are 2 metrics “the same”?
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IDEA

Calculate invariants like curvature!

plane:

R = 0

sphere:

R =
2

r2

Not the whole story...

4-d =⇒ 14 scalar algebraic curvature invariants

∃ plane wave solutions where all invariants vanish



THEORY

ds2 = gij dx
i dxj

( gij ) = ( gij )−1

2 Γkij = gkm
(

∂gmi

∂xj
+
∂gmj

∂xi
−
∂gij

∂xm

)

Rm
ijk =

∂Γmik
∂xj

−
∂Γmij
∂xk

+ ΓmnjΓ
n
ik − ΓmnkΓ

n
ij

Rij = Rm
imj

R = gijRij

Gij = Rij −
1

2
gijR

G = 8πT

Einstein’s equation!
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THEORY

Christoffel:

• Calculate Rijkl and derivatives

• Compare the components

7−→ algebraic equations (no derivatives)
(consistency ⇐⇒ ∃ transformation)

Problem:

4-d =⇒ 20 derivatives; number of components is:

29, 320, 310, 074, 020
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PRACTICE

Symmetry:

79, 310 independent components

Cartan: Tetrads (reduces number of derivatives to 10)

8690 independent components

Karlhede: Spinors (reduces number of derivatives to 7)

3156 independent components

No known example uses more than 3 derivatives

430 independent components
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COMPUTER ALGEBRA

• 1960’s: Ray d’Inverno writes lam
(lisp Algebraic Manipulator)

• 1970’s: Inge Frick writes sheep

• 1980’s: Jan Åman writes classi

Bondi metric:

ds2 = −

(

V

r
− U 2r2e2γ

)

du2 − 2e2β dr du− 2Ur2e2γ du dθ

+ r2
(

e2γdθ2 + e−2γ sin2 θ dφ2
)

Bondi: 6 months
lam: 4 minutes (and found 6 errors!)

sheep/classi: < 1 second



WHICH GEOMETRY?

signature flat curved

(+ + ...+) Euclidean Riemannian
(− + ...+) Minkowskian Lorentzian

mixed Signature Change!
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