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Motivation

Rotations 7−→ orthogonal groups 7−→ Clifford algebras.

Unitary groups ≈ “complex rotation groups”.

Symmetry groups ≈ rotation groups over R, C, H, O.

Infinitesimal rotations 7−→ Lie algebras ≈ rank 2 elements of C`(n).
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so(3)

x
y
z

 : rx =

0 0 0
0 0 −1
0 1 0

 ry =

 0 0 1
0 0 0
−1 0 0

 rz =

0 −1 0
1 0 0
0 0 0
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Lie algebra

ry rx means do rx first, then ry !

ry rx : y 7−→ z 7−→ x rx ry : x 7−→ −z 7−→ y [rx , ry ] = rx ry − ry rx = rz

[rx , ry ] = rz , [ry , rz ] = rx , [rz , rx ] = ry
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su(2)

(
α + δ i
β + γ i

)
: sx =

(
0 −i
−i 0

)
sy =

(
0 −1
1 0

)
sz =

(
−i 0
0 i

)
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su(2) ∼= so(3)

sxsy : δ 7−→ γ 7−→ α;β 7−→ −α 7−→ γ [sx , sy ] = 2sz

[sx , sy ] = 2sz , [sy , sz ] = 2sx , [sz , sx ] = 2sy
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so(4)

tx ty tz ux uy uz
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so(4): New Basis

tx + ux ty + uy tz + uz tx − ux ty − uy tz − uz
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su(2) ⊂ so(4)
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Another su(2) ⊂ so(4)!
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so(4) = su(2) + su(2)
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Quaternions

q = α + δ i + β j + γ k = (α + δ i) + (β + γ i) j ∈ H

7−→
(
α + δ i
β + γ i

)
∈ C2

7−→


α
β
γ
δ

 ∈ R4

∴ quaternionic multiplication (by units) 7−→ so(4)
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Quaternions

su(2)R : q 7−→ −qi q 7−→ −qk q 7−→ qj

su(2)L : q 7−→ iq q 7−→ −kq q 7−→ jq
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SUMMARY

Visual proof that so(4) = su(2)L + su(2)R .

L/R correspond to quaternionic multiplication on the left/right.

Weak symmetry, GUTs, ...

Extend to so(n), su(n), ...

THE END
(Thank you!)
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