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Mathematics vs. Physics

Two disciplines separated by a common language.

Mathematicians do algebra; Physicists do geometry.

~F = 〈P,Q,R〉 vs. ~F = Fx x̂ + Fy ŷ + Fz ẑ
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Vector Line Integrals:
∫
~F · d~r

Research Question:

What does an analysis of textbook treatments of vector line
integrals reveal about the learning objectives and
(abbreviated) learning trajectories of the associated courses?

Vector Line Integrals in Mathematics and Physics, IJRUME 9, 92–117 (2023)
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Representational Transformation Diagram (RTD)

A flowchart to represent and analyze rich concept images.
Bajracharya, Emigh, and Manogue, Phys. Rev. Phys. Educ. Res. 15, 020124 (2019).

Translation (one arrow in and out)

Consolidation (≥ 1 arrows in)

Dissociation (≥ 1 arrows out)

Length and complexity of RTD is proxy for cognitive load.

Look for:
Iconic expression or equation;

How the iconic expression is unpacked ;

What is the starting point for calculation.

Iconic expression: the symbolic representation of a fundamental
concept in its simplest, most compact form.

Geometric (independent of origin, coordinates, parameterization);

Easy to remember ;

Contains instructions for unpacking in different contexts.
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Mathematics

Riemann Sum

∫
C
f ds

∫
C

F · T ds T =
r ′(t)

|r ′(t)|
r(t) = 〈x(t), y(t), z(t)〉 ds = |r ′(t)| dt

F = 〈f , g , h〉

∫
C

F · r ′(t) dt

dx = x ′(t) dt, ...

∫
C
f dx + g dy + h dz

∫ b

a

(
f (t)x ′(t) + ...

)
dt

dr = 〈dx , dy , dz〉

∫
C

F · dr
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Physics

W = Fd

W = F‖d = Fd cos θ ~A · ~B = AB cos θ

W = ~F · ~d = Fd cos θ

W ≈
∑

Fi cos θi∆`i

W =

∫ b

a
F cos θ d`

d` = |d~̀| (in words)

W =

∫ b

a

~F · d~̀ ~F = Fx î + ... ~A · ~B = AxBx + ... d~̀ = dx î + ...

W =

∫ xb

xa

Fx dx + ...
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Integration

Jones (2020); Pina & Loverude (2019):

Way of thinking Integrals are interpreted as ...

Space underneath a graph ... the amount of space underneath the graph
Antiderivative ... an instruction to compute an antiderivative
Adding up pieces ... the summation of infinitesimal quantities
Accumulation from rate ... the accumulation from a rate function
Averaging ... an averaging across the domain

Procedural ... an operator to further a derivation
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Suggested learning trajectory

Object Chop Multiply Add

Functions (f )

Densities (λ)

Vectors

dx

f dx
∑

f dx 7−→
∫

f dx

Position Vector

d` λ d`
∑

λ d` 7−→
∫
λ d`

Vector Fields d~r

Dot Product

~F · d~r

∑
~F · d~r 7−→

∫
~F · d~r

Work
~F

Conservative
~E

Circulation
~B

Tevian Dray & Corinne A. Manogue Integrals in Mathematics and Physics



SUMMARY

Chop, Multiply, Add

Vector Line Integrals in Mathematics and Physics, IJRUME 9, 92–117 (2023)

https://bridge.math.oregonstate.edu/papers/IJRUMEintegrals.pdf
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