CURVATURE AND ALL THAT

FEverything you ever wanted to know about curvature — and then some...

1. INTRODUCTION

This is a very concise summary of the basic idea of curvature, intended for those study-
ing general relativity. Along the way, we encounter covariant differentiation and affine con-
nections in considerable generality, and then discusses how to compute curvature in two
important special cases, namely using a coordinate basis and using an orthonormal basis.
The latter method requires familiarity with differential forms; the former does not.

Please bear in mind when reading this document that it is not necessary to follow the
details of each and every step. Rather, it is important to have a basic grasp of what is going
on, and to be able to calculate curvature using any one method.

2. THEORY
a) Curvature and Torsion

Pick any basis {O‘i} of 1-forms, not necessarily orthonormal. Choose any 1-forms wij

to be the connection 1-forms. Then the torsion 2-forms OF and the curvature 2-forms Qij
are defined by the Cartan structure equations

OF = do* + W Ao
Qij = dwij + wim A wmj

Expanding with respect to our basis, we can write

wki = Fkij O'j
1 . .
ok = 3 Tkl-j o' Ao’
. 1 .
sz =: 3 lekl o Ao

The latter 2 expressions correspond to a (%) tensor called the torsion tensor, whose com-

ponents are Tkij, and a (il,)) tensor called the Riemann curvature tensor, whose components

are Rijkl. The “connection components” [ kij are called Christoffel symbols, and are not the
components of a tensor. In particular, they can all be 0 in one basis but not in another,
which is not possible for tensor components.

Two contractions of the Riemann tensor are important in relativity. These are the Ricci
tensor, whose components are defined by R;; = R™;y;, and the Ricci scalar, which is the
“trace” of the Ricci tensor, defined by R = ¢ R;;, where ¢/ denotes the (components of
the) inverse of the metric tensor, which is discussed further below.
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b) Covariant Differentiation

We are looking for a derivative operator Vy which takes tensors to tensors of the same
rank. It should have at least the following properties (we will add more later):

Vx(f) = X(f)
Vi T = VxT + hVyT
Vx(S+T)=VxS+VxT
Vx(S®T)=(VxS)@T + S ® (VxT)

Vi (a(Y)) = (Vxa)(¥) + o Vx(Y))

The first of these says that covariant differentiation should reduce to ordinary differentiation
when applied to functions, the next two are linearity requirements, the fourth is the usual
product rule, and the last says that a “contraction” ' can be done either before or after
taking the derivative.

As outlined below, it is fairly easy to see that covariant differentiation is completely
determined by its action on a basis. So let {e;} denote the basis of vector fields which is

dual to the given basis {O’i} of 1-forms. Given a choice of connection 1-forms, defining

Vej € = wki(€j> €L

leads to a unique covariant differentiation operator satisfying the above requirements. Con-
versely, any such operator determines connection 1-forms via this equation. Thus, choosing
a derivative operator is completely equivalent to choosing connection 1-forms.

To see that knowing the derivative of vector fields is enough, consider a 1-form «. The
above requirements determine the derivative of a by computing

X(a(Y)) = Vx(a(Y)) = (Vxa) (V) + a(Vx(Y))

for any vector fields X, Y. Inserting a basis 1-form for a, we obtain
k

)

Ve, ot =—w i(ej) o

These formulas can be used to differentiate any tensor, by expanding with respect to
an explicit basis and using the product rule. An explicit example is given by

ViV = (X(VF) + ki (X)Y7) e
where Y* = ¢¥(Y). Thus, the components of VY are given by
XIYk = X (YE 4 FyT)

Note the conventional use of a comma to denote partial differentiation, that is f; := e;(f),
and the corresponding use of a semicolon to denote covariant differentiation. Similarly, the
components of Vya are

XjOcZ';J' = Xj (Ozi,j — Fkijak)

In general, the derivative of a (2 ) tensor will contain p 4 ¢ “correction terms” involving

the connection w*; (or equivalently I” kij), with appropriate signs.

1" A contraction turns the (}) tensor @ ® X with components a, X* into the function a(X) = a,, X*.
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c) The Torsion and Curvature, Revisited

Given a covariant derivative operator V, or equivalently given connection 1-forms wij,
the torsion tensor T is defined by

T(X,)Y)=VxY -V X — [X,Y]
and the Riemann curvature tensor R is defined by
R(X, Y) Z - (vay - Vva - V[X7y]) Z

(It takes some work to show that these expressions in fact define tensors — the trick is to
show that they are suitably multilinear.) In both cases, [X, Y] denotes the Lie bracket or
commutator of X and Y, which is the vector field defined by

X YN =X (Y() =Y (X))

Using these definitions, one can work out the components of these tensors in a given
basis in terms of the Christoffel symbols, obtaining (after some work!)

Tkij e :=T(ej,ej) = — (Fkij — iji) er — leq, €]
and
Rijkl g (R(ek,el)ej) = ey, (Fijl) — e (Fijk) + Fimkfmjl — Fimlfmjk — Fijm[ek, erl]™
Using these expressions, as well as the important identity
2da(X,Y) = X (a(Y)) = Y (a(X)) = a([X,Y])
for any 1-form « and vector fields X, Y, one can further verify (again after some work!) that
the components Tkij and R’ jki agree with those defined above using differential forms! 2
d) Bianchi Identities
Taking the exterior derivative of the structure equations leads to the Bianchi Identities *
NN N
A2y — Q' AW™5 4+ W AT =0
These identities can be expressed in terms of components as
(Tijk;l + Tiijmkl> oI Nt Aot = Rijkl ol Ao Ao
(Rijkl;m + RijnkT”lm) P ATt A =0
If the torsion vanishes, the Bianchi identities take their standard form, namely
R'jp + Ry + Rlyjp =0
R jktom + R jimag + R jmga = 0

2 Tt is logically cleaner to proceed in this direction, rather than the other way around, since the ear-
lier expressions must be assumed to be antisymmetric in their final 2 indices, albeit without loss of
generality.

3 The structure equations can also be written as ©F = Do* and 2¢; = Dw’; in terms of the covariant
exterior derivative D, which leads to the Bianchi identities in the form DO* = 2%; Ao’ and D§2'; = 0.
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e) The Metric Connection

Again, this section outlines how to calculate an important result, the details of which
can be skipped on first reading.

We now assume the existence of a metric tensor and impose 2 additional, desirable
properties on the connection, namely that it be torsion-free and metric compatible, and show
that there is a unique connection with these properties, called the Levi-Civita connection.

The vanishing of the torsion tells us that
lei, e5] + (Fkij - iji) e, =0
or equivalently that
9([eis e5], ex) + wrilej) — wij(ei) =0
where we have introduced the notation wy; = gg; wkj, and where gr; = g(ex,e;) are the

components of the metric tensor.

Metric-compatibility says that the covariant derivative of the metric tensor should van-
ish, that is Vxg = 0. Using the contraction property in the definition of covariant differen-
tiation, we have

X(g(v,2)) = Vx(g(Y 2))
= (Vxg)(Y, Z2) + 9(VxY, Z) + g(Y, Vx Z)
=0+ 9g(VxY,Z)+g(Y,VxZ)

Inserting basis vectors for X, Y, Z leads to

ek(glm) = g(vekela em) + g(elv vekem)
= g(w"i(ex)en, em) + gler, w"m(ex)en)
= gmaw"1(ek) + ginw" m(ex)
= wii(ex) + wim(ex)

Taking a nonobvious combination of such terms, we obtain

ek(gim) + em(gik) — e1(grm) = wmiler) + wri(em) — wimk(er)
+ wim(ex) + wig(em) — wrm(er)
= 2wim(ex) — glek, [er, em]) — glem, [er, ex]) + g(er, [em, ex])
where the last step involves clever pairing of the terms and repeated use of the fact that

the torsion vanishes. Solving for wy,, we obtain the Koszul formula for the Levi-Civita
connection, namely

2wim(ex) = er(gim) + em(gir) — e1(grm)
+ g(ex, [er, em]) + g(em, [er, ex]) — g(er, [em, ex])



3. PRACTICE

a) Coordinate Basis

In a coordinate basis {dz#}, several simplifications take place. First of all, the dual basis
consists of “pure” partial derivative operators (with no coefficients), which means further
that the commutator of any dual basis vector fields vanishes, since mixed partial derivatives
can be taken in any order. In addition, since each basis 1-form is exact, its exterior derivative
vanishes.

Starting with the connection, we have
Wy, =TI",, dz"
Note that 1, = I'",,, since the torsion vanishes, and the Koszul formula yields

2 FK,LLV = Gku,v + 9kv,u — Guuk

where I, = gunl’ )‘W and where commas denote partial differentiation, namely f, = C%i.

This is usually written in the form
1

F‘%uy: 59

in terms of the inverse metric ¢"*, which satisfies g”)‘g)\u =0",.

A (Grpr + G = Gupur)

The curvature can be obtained either from the general formula above or by computing
the curvature 2-form. In either case, one obtains

RNVK)\ = Fuu)\,m - Fuw@,)\ + Fupn[’py)\ - F“p)\[’pw{

b) Orthonormal Basis
Now consider the case of an orthonormal basis {e; }, that is, one which satisfies g(e;, ej) =
+0;;. Since the metric components are constant, their partial derivatives vanish. The Koszul
formula yields for the connection
2wlm(6k> - g(ek7 [elv em]) + g(€m> [€l7 ekD - g<6l7 [em7 ek])
However, this is not usually the simplest approach.

The Koszul formula guarantees us a unique torsion free, metric compatible connection.
Thus, there is a unique solution of the first Cartan structure equation with vanishing torsion,
which also satisfies the metric compatibility condition, which now reads

er(gim) = 0 = wp(ex) + wim(er)
or simply w,,; + wi, = 0. In practice, it is often easiest to solve the equations

do® + Wk no' =0

4

subject to the condition

Wi = —Wij
Feel free to guess a solution — if it works, you're done! The curvature is then easily calculated
from the remaining structure equation

Rijkl oF Aol = dwi]- —l—wim /\wm]’

4 Note the position of the indices! Care must be taken in Lorentzian signature.
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4. TENSOR-VALUED FORMS

There is an elegant way to generalize the exterior derivative from differential forms to
tensors of all types. This is done by first considering “tensor-valued” differential forms,
whose “components” are tensors. A good example is the vector-valued 1-form °

dP =¢' @ o;
which is really a G) tensor (the identity matrix!). Working by analogy with
df (X) = Vx [
for functions f and vector fields Y, we require
dY (X) = VxY
Comparing this with the formula on the second page, namely
ViY = (X(VF) + 0M(X)Y7) e = [(dVF + Vioh) (X)) e
we are led to require
de; == e ® wki

so that . . _ . _
d(YZei) = d(eiyl) = dY"'+de; Y ' =€, ® (dyk + wkiyl>
It is now possible to take covariant derivatives of all tensors simply by applying this gener-
alized exterior derivative d! Don’t forget the product rule for d, which means in particular
that
dS®a)=dSNa+ S ®da

for tensors S and forms a.

Two computations are particularly nice in this formalism. First of all,
d*P = d(dP) = de; A o' + e} ® do®
—e, @WF AN+ e ® (@k—wki/\ai) = e, @ OF

In particular, the condition that the torsion vanish is just the statement that d?P = 0.
Similarly, considering an arbitrary vector field Y, we have

Y = d(dY) = d (ep @ (dY* + wF;¥7))
= de A (dYF +WFY7) 4 ¢y @ d (dYT + Yu'))
= ® wik A (de + Yjwkj> +e ® (0 +dYI A wij + dewij)
= ® (dwij + wik A wkj) YI = e; ® Qinj

so that d? acting on vectors gives the curvature.

5 The “d” in dP should be thought of as part of the name, although it can be motivated by considering
dT = tdx + jJdy in rectangular coordinates in Euclidean R?.

-6 -



