CONNECTIONS

1. THEORY

Suppose we are given the infinitesimal displacement in the form
dr = '¢;

where {é;} is an orthonormal vector basis and the o are 1-forms; d# is thus a vector-valued
1-form. We note first of all that d7 provides a map from vectors to 1-forms, given by

V=70 dr
We think of v and ¥ as physically equivalent, so we impose the condition
o] = [0
which leads by polarization to an inner product on 1-forms given by
g(v-dP, @ - dP) := v - W

Not surprisingly, {¢’} is an orthonormal 1-form basis under this inner product. Furthermore,
the inverse isomorphism from 1-forms to vectors is given by

U = g(v,dP)

Finally, we note that {¢'} is just the dual basis to {¢;}, under the action

—

v(W) =7 w
with v and ¥ related as above.

We wish to extend the exterior derivative operator on differential forms to (ordinary)
vectors. We define

wij = éz . déj
and the goal is now to determine the connection 1-forms w;j. We first impose the condition
that d be metric compatible, that is, that

d(¥-w)=dv -w+ U -dw
from which it follows immediately that
0=d(é-é;) =dé-é;+déj-é
or in other words
wji +wi; =0
We also require that d be torsion free, which means by definition that !

d(dF) = 0

I This condition does not automatically follow from the requirement that d?> = 0 on differential forms,
since it is not obvious that d7 is d of anything; the position vector # may not be in our vector space.
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Working out this condition, we have
d(d¥) = do'é; — o' A dé;
so that . .
d(d?) . éj =do'é; - éj — o' A Wji
Noting that é; - é; is constant (and in fact 0 or 1), we define
05 = O'iéi : éj
and the torsion-free condition becomes
de = —wj N\ o
Defining the components of w;;, known as Christoffel symbols, via
wij =: Fijkak
the metric-compatability condition becomes
Liji + Tjir = 0
Introducing the action of 2-forms on vectors via
(a A B)(U,w) :=glanB,vAw) = a(d) (W) — a(w) 5(v)
we can rewrite the torsion-free condition as
doj(eg, ee) = Ljmn(0™ N o™)(€x, e0) = Ljre — Loy
Putting this all together, and taking a non-obvious combination of terms, we obtain
doj(ex, ep) + dog(ég, €5) — dog(ej,ex) = Ljke — Ljor + Ty — Tije — Toji + Loxj

= Ljre — Lo + Loy + Djge + Ljore — Tioj
= 2@

from which the Christoffel symbols, and hence the connection 1-forms, are uniquely deter-

mined.

We have therefore proved that there is a unique torsion-free, metric-compatible connec-
tion, which is known as the Levi-Civita connection. The above formula for the connection

components is a special case of the Koszul formula for the Levi-Civita connection.

2. PRACTICE

The Koszul formula is rarely the most efficient way to determine the connection. Armed
with the above existence and uniqueness result, it is usually simpler to guess a solution of

the equations 2

doj + wji Ao® =0
Wik +wi; =0
If it works, you’re done!

2 If the signature is not zero, care must be taken to remember that o; = +o7.
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