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The (Geodesic Equation

What makes a straight line straight?

1 Flat Space

1.1 Rectangular Coordinates

What is the equation of a straight line? How about y = max + b7 In the
(Euclidean) plane, a more general equation for straight lines is

ar +by = c (1)
with a, b, ¢ constant. What are the key properties of straight lines?
o Straight lines don’t bend;
e Straight lines give the shortest distance between two points.

What does it mean to be straight? That the direction of the line does not
change. In other words, the unit tangent vector to the curve remains con-
stant.

Note that the speed does not need to be constant; only the direction
remains the same. However, if we are only interested in the shape of the line,
and not in the particular manner in which we move along it, it is convenient
to use a description in which the velocity itself is constant. One way to
do this is to use arclength itself as the parameter along the curve; such
parameterizations are also called unit speed.

In two dimensions, then, we can describe any curve by its position (z,y),
with the coordinates x and y being thought of as functions of arclength s
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along the curve. The unit tangent vector to the curve is then

T=ii+9j (2)
where we have used a dot to denote derivatives with respect to s. The
condition that the curve be straight is then that the acceleration vanish, or

equivalently that
T=0=9 (3)

1.2 Polar Coordinates

What does a straight line look like in polar coordinates? Radial lines are
easy; simply set ¢ = constant, or better yet set tan ¢ = constant (to get the
entire line). But what about lines which do not go through the origin?

We already know the answer! Inserting the standard relation between
polar and rectangular coordinates into Equation (1) immediately gives us

arcos ¢ + brsing = ¢ (4)

But that’s cheating; what if we couldn’t use rectangular coordinates?

Our first characterization of straight lines was that they do not bend,
or equivalently that they do not accelerate. The standard approach to the
notion of straight lines in arbitrary spaces is in fact to generalize this lack of
acceleration, thus showing that the (unit) tangent vector does not change.
However, this approach requires knowing how to differentiate vectors in arbi-
trary spaces. We choose to avoid this extra machinery, the covariant deriva-
tive, and seek a different path.

We also characterized straight lines as representing the shortest distance
between two points. We now explore this interpretation a bit further.

Suppose two points A and B, and a curve C' between them, are given. If
C is straight, it should also be the shortest path between A and B. So if we
slightly perturb C' (keeping the endpoints fixed), the length must increase.
This leads us to the calculus of variations.

Suppose the original curve C' is given by (7, ¢), again thought of as a
function of arclength s. Then the length of the curve is
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and we know that
ds® = dr? + r*d¢* (6)

in polar coordinates. Now consider a nearby curve, given by (r + dr, ¢ + d¢),
with 6r and d¢ (and their derivatives) suitably small. The arclength of this
nearby curve can now be computed as follows:

B
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tos = / Ja(r +6r)2 + (r + 6r)2 d(¢ + 66)° (7)

B
~ / Jdr? +12dg? + 2dr dor + 2r 67 dg? + 2r2de dSe

2
\ll+2dd5r+2r(5r <d¢> + 2r 2@£5¢ ds

A
B
/ ds ds ds ds d
A
B
-~ @ﬁ dg 2do d
~ Z( 5T+r(5r<d8> +7r dsd qb)
= < +—5r—|—r2 d¢ gz5>

(—ﬁ+ (52) o ()]

where we have discarded terms quadratic in 0r and d¢ (and their deriva-
tives) in both approximations, and integrated by parts in the last step. Note
however that dr and d¢ are zero at the endpoints, which we held fixed. Com-
paring the first and last expressions yields

/ —7 + mﬁ (7’2¢). 5¢} ds (])

where we have again used a dot to denote derivatives with respect to s.
But if C' is supposed to be the shortest path between A and B, then ds
must be zero, for any (reasonable) choices of §r and ¢! This is the variational
principle, which is entirely analogous to the vanishing of the derivative of a
function at a maximum or a minimum. We therefore conclude that C' is
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straight if and only if
Po= rd? 9)
7"2<b = constant (10)

To see that these equations are reasonable, we check that they are satisfied
by our known solution (4). Differentiating both sides of (4) yields

(acos ¢ + bsin ¢)i- + (—asin ¢ + bcos ¢)ré = 0 (11)
which leads to
(acos ¢+ bsin )72 = (—asin ¢ + beos ¢)? r? ¢ (12)

However, since we are using arclength, we know that

.2 5 19 [dr ’ 2 ((do 2_

Solving (13) for r, inserting the result into (12), and expanding both sides

yields

02

472 _
e a2 (14)

which agrees with (10). (Equation (9) follows from (10) using (13).)

2 Curved Space

2.1 General Case

We can repeat the above computation for any line element. Suppose that
ds® = gop dz® da® (15)

Letting ¢ — 2 + 02 leads to

B

S

B
+0s = /\/(gab +0gap) d(z® + 0z) d(z® + d2?) (16)
A
A

Repeating the construction above, the integrand will contain terms of the
form
8gap dz® da’ = Gab,c 02¢ dz® dx® (17)
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where we have introduced the notation of writing partial derivatives with a
comma, so that

agab
ab,c — 18
g by amc ( )
There will also be terms of the form
2gap Az Aoz’ = 2g,. dx® doxt (19)

where the factor of 2 is due to the symmetry between a and b, which in turn
reflects the symmetric nature of the line element.

Expanding the square root, then dividing through by ds and integrating
by parts as before leads to the general geodesic equation:

(grei*) = % Gabe i 37 (20)

2.2 Example: The Sphere
The line element on the sphere is

ds? = r* (d6? + sin®0 dg?) (21)
We therefore have

goo =17 gap =1"sin’0 (22)
with all other components zero. The geodesic equation therefore becomes

r26 = sinfcosf ¢’ (23)

r?sin’0 ¢ = constant

We can easily check these equations in two special cases, namely for the

equator (6 = 7) and for meridians (¢ = constant).

3 Conserved Quantities

In both examples above, one of the geodesic equations implied that some
quantity was constant. These particular conserved quantities are in fact the
same: the angular momentum of an object in circular motion.
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More generally, suppose that the metric coefficients g, are independent
of one of the coordinates, z¢. Then the right-hand-side of the geodesic equa-
tion (20) vanishes, which implies that

Gre ¥ = constant (24)
Let v be the vector field whose components (in a coordinate basis) are
v = 0" (25)
for some fixed value of ¢, so that

of

vvfzv.vf:axc

(26)

and denote the tangent vector (velocity) to the given path by w, so that
u® = g (27)

If gap.e = 0 (Va,b), then v is called a Killing vector, and the conserved quantity
can be written as
u - v = constant (28)



