
Coordinates:

In[1]:= x = HR + Ρ Cos@ΨDL Cos@ΦD;
y = HR + Ρ Cos@ΨDL Sin@ΦD;
z = Ρ Sin@ΨD;

Position vector:

In[4]:= p = 8x, y, z<;

Frame:

In[5]:= eΡ = SimplifyB
D@p, ΡD

D@p, ΡD.D@p, ΡD
F

Out[5]= 8cosHΨL cosHΦL, cosHΨL sinHΦL, sinHΨL<

In[6]:= eΦ = PowerExpandBSimplifyB
D@p, ΦD

D@p, ΦD.D@p, ΦD
FF

Out[6]= 8-sinHΦL, cosHΦL, 0<

In[7]:= eΨ = PowerExpandBSimplifyB
D@p, ΨD

D@p, ΨD.D@p, ΨD
FF

Out[7]= 8sinHΨL H-cosHΦLL, sinHΨL H-sinHΦLL, cosHΨL<

Check handedness:

In[8]:= Cross@eΡ, eΦD � eΨ

Out[8]= True

Dual basis (via arclength):

In[9]:= Rrule = 8Dt@RD ® 0<;

In[10]:= CollectAFullSimplifyADt@xD2
+ Dt@yD2

+ Dt@zD2E �. Rrule, 8Dt@ΡD, Dt@ΦD, Dt@ΨD<E

Out[10]= Ρ
2 Hâ ΨL2

+ Hâ ΡL2
+ Hâ ΦL2 HΡ cosHΨL + RL2

Dual basis (via attitude matrix):

In[11]:= A = 8eΡ, eΦ, eΨ<

Out[11]=

cosHΦL cosHΨL cosHΨL sinHΦL sinHΨL
-sinHΦL cosHΦL 0

-cosHΦL sinHΨL -sinHΦL sinHΨL cosHΨL

In[12]:= Simplify@A.Transpose@ADD � IdentityMatrix@3D

Out[12]= True

In[13]:= dΞ = 88dx<, 8dy<, 8dz<<

Out[13]=

dx

dy

dz



In[14]:= Evaluate@Table@8Σm<, 8m, 1, 3<DD =

Simplify@A.dΞ �. 8dx ® Dt@xD, dy ® Dt@yD, dz ® Dt@zD<D �. Rrule

Out[14]=

â Ρ

HR + Ρ cosHΨLL â Φ

Ρ â Ψ

Connection 1-forms (via attitude matrix):

In[15]:= W = Simplify@Dt@AD.Transpose@AD �. RruleD

Out[15]=

0 cosHΨL â Φ â Ψ

-cosHΨL â Φ 0 â Φ sinHΨL
-â Ψ -â Φ sinHΨL 0

Connection 1-forms (direct computation):

In[16]:= tor = 8Ρ, Φ, Ψ<;

In[17]:= frame = Table@etorPmT, 8m, 1, 3<D;

In[18]:= Simplify@
Table@Sum@D@framePmT, torPkTD Dt@torPkTD, 8k, 1, 3<D.framePnT, 8m, 1, 3<, 8n, 1, 3<DD

Out[18]=

0 cosHΨL â Φ â Ψ

-cosHΨL â Φ 0 â Φ sinHΨL
-â Ψ -â Φ sinHΨL 0
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