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The diffusion of electric charge on a thin-film dielectric is described by an initial-
boundary-value problem for a parabolic partial differential equation on a planar
region. Consider the situation where conductivity on a given subregion increases to
large values and the corresponding limiting problem has the total capacitance of
that subregion all concentrated on the boundary of the complementary region. As
the conductivity increases, the convergence of the solutions to that of the limiting
problem is established, and convergence rates are obtained. The additional effect of
deleting this concentrated capacitance is also estimated.  © 1989 Academic Press, Inc.

1. INTRODUCTION

Consider the voltage distribution u(x,, x,, t) as a function of time >0
and position x = (x, x,) in the planar resistive layer Q of a thin film RC
structure shown in Fig. 1. A voltage gradient (= electric field) induces a
current J given by Ohm’s law, J = — G(x) Vu. The voltage difference across
the dielectric layer induces a charge of magnitude Q= C(x)u. These two
equations define the (distributed) capacitance C(x) of the dielectric layer
and the (distributed) conductance G(x) of the resistive layer; these are
dependent on the materials and their thickness in the structure.

Let 2, be a part of . Since the sum of the current coming into Q,
through its boundary 09, plus any outside charge sources of density F(x, ¢)
is equal to the rate at which charge accumulates in Q, the conservation of
charge requires that

- LQOJ-H”QOF(x, z)a&:%j%gdx.

If J is smooth we obtain from the divergence theorem

ffgo(%+v-J—F>dx=o
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for every such Q, < Q and, hence,
0
E (C(x) ulx, 1))~V -G(x) Vu(x, t)= F(x, 1)

as the PDE for the voltage distribution in €. Typical boundary conditions
on 0% are to specify at each point either the voltage, u(s, ), or the normal
current flow, J-n= —G(x)(du/0n), n being the unit outward normal on
09. Such boundary conditions together with the initial charge distribution
Qo(x)=C(x) u(x,0) lead to a well-posed initial-boundary-value problem
for the PDE above. Finally, we remark that if there is an interior curve S in
2 along which G(x) is not smooth then we have the interface conditions on
voltage and current,

=G(x)6u

du
usi=uls-, G5 =
S+

on

)
S-

where n is a consistent normal vector on S and S*, S~ denote limits from
the respective sides of S. Such interfaces arise when two such RC networks
are joined in series as indicated in order to fulfill a design requirement for
an abrupt transition in conductance or capacitance [7, 8].

In the construction of such networks it is common to place over a
portion 2, of the resistive layer 2 a very highly conductive material. For

I

FIGURE 2
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FIGURE 3

example, to fabricate effective contact points at the top and bottom of the
network in Fig. 2, highly conductive strips are added as shown in Fig. 3
thereby creating equipotential lines along top and bottom as contact points
[8, Chap. 7].

Furthermore, as a second example, note that the analysis of the circuit of
Fig. 3 can be significantly simplified if it can be reduced to a problem with
one spatial dimension, i.e., u(x, t)=u(x,, t) is independent of the horizon-
tal displacement x,. This symmetry can be essentially achieved by placing a
highly conductive strip along the extended interface as indicated in Fig. 4.

In the analysis of the networks that result from the addition of such
highly conductive layers it is convenient (and common in practice) to
assume that the conductivity of the added layer is infinite and to ignore the
capacitance under this layer, all of which is effectively concentrated on a
submanifold of lower dimension. Our objective is to study the original
initial-boundary-value problem containing a region 2, with a layer of
additional conductivity 1/e, ¢>0 small, its approximation by a related
limiting problem in which the capacitance of £, has been concentrated on
points corresponding to the components of €2, and then the additional
approximation obtained by deleting this concentrated capacitance. Similar
problems in dimension 3 arise in diffusion of a slightly compressible fluid
through a region with a singular permeability due to fracturing of the
medium [2, 117].

Our plan is to present in Section 2 the stationary case as an example of
perturbation for the operator equation (1/e) Au®+ Bu®=f* in a Hilbert

FIGURE 4
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space. It will be shown that «® converges as ¢ — 0 to the solution u of Bu=f
and Au=0, and we shall give successively sufficient conditions for weak
convergence, strong convergence, and for a linear rate of convergence. The
corresponding results for the evolution problem are presented in Section 3.
Here there arises a technical difficulty due to the lack of regularity of the
solution of the limiting problem. The effect of deleting the concentrated
capacity from the evolution problem will be estimated in Section 4.

The presentation in Section2 will show that the corresponding
stationary problems are related to eigenvalue problems in which the eigen-
value parameter appears in the boundary condition. Such problems have
been discussed in [5, 6, 11, 12, 137]. Convergence results for both stationary
and evolution problems as above were given in [1] as an example of
strong resolvent convergence and the associated convergence of the
semigroups generated by self-adjoint Sturm-Liouville operators in Hilbert
space. As we see below, such problems arise naturally as limits of standard
diffusion models with increasing conductivity or permeability on a sub-
region.

2. THE STATIONARY PROBLEM

We begin by stating a model boundary-value problem that arises from
the situation described in the Introduction. This is stated in an abstract
form as a problem for operators in Hilbert space and we describe the
convergence results in this context. Then we recover our model problem by
making an appropriate choice of Sobolev spaces and operators.

The model problem is given on a bounded domain Q in R? which is
written as a disjoint union Q=Q,u SuQ, where Q, and £, are sub-
domains and S < 022, N 0Q2,. The case where @ is not connected is an easy
but relevant modifiction of the discussion. Let I, 08, for j=0,1 and
assume [y and I'; do not intersect S. Let C(x) and G(x) be positive real-
valued functions on 2 and suppose that for each ¢ >0 we are given F*(x),
xeQ, and g%s), sel,. We are concerned with the boundary-value
problems

AC(x) u(x) =V -G(x) Vu'(x) = F(x), xeQ,, (2.1a)

iC(x)u“(x)—V‘<G(x)+%> Vu'(x)= F*(x), xef,, (2.1b)

ou’ 1\ ou®
€ = yt = — S 2.1
u |S| u IS()’ G on s, (G+ 8) on Soa on ( C)
ou’ N ouw® |
u| =0, an=00n6§2~1"0~1“,, <G+E>Fn~=g on I,

(2.1d)
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where 420 is specified. The interface condition (2.1c) refers to the values
on S obtained as limits from £, or £, and denoted by S, and S,,
respectively.

Our intention is to show that the solutions converge to that of the
problem

AC(x) u(x)— V- G(x) Vu(x) = F(x), xeQ,, (2.2a)
u(x)=uy, xes, (2.2b)
A j C(x) dxug +f G(s) 2 ds=j Flx)dx+ | g(s)ds,
2 s on 2 ry
ou
ul =0, G%:O on 02, ~I' ~S. (2.2¢)

The non-local boundary condition (2.2b) states that there is a common
value u, for the voltage distribution on S (due to the very high conduc-
tivity on Q,) and that the current flux is balanced by a charge on the
effective capacitance in €2, all concentrated on S.

For the abstract problem [3, 12] we have a Hilbert space V with norm
|- and we denote its dual by V'. Let 4 and B be continuous linear
operators from V into V' and assume that A4 is symmetric and non-
negative and that B is V-coercive. That is, there is a constant a >0 such
that

Bo(v) = o|lv|?, ve V.

Denote by V, the kernel of A; since A is symmetric it follows that
Vo= {veV: Av(v)=0}. Weak and strong convergence will be denoted by
— and —, respectively.

For each ¢>0 let f°e V' be given and consider the problem

1
u‘elV: <EA+B> ut=f* in V' (2.3)
Note that since (1/¢) 4 + B is V-coercive there exists a unique solution u* of
(2.3).

THEOREM 1. (a) Suppose {f°} is bounded in V' and f*— f, in V. Then
u®*—u in V where u is the unique solution of

ue Vy: Bu(v)=fyv), veV,. 2.4)

(b)) If f— fin V' (and so fy is the restriction of f to V), then u®* - u
inV.
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(¢} If also the range of A, Rg(A), is closed (and so it equals the
annihilator V& of Vo in V') and if | f*—fl, = O(e) then |u® — u|| = O(¢).

Proof. (a) If we apply (2.3) to u° and use the V-coercive property of B
there follows the estimate «fju®|| < || f°ll, so ||«°| is bounded in V. This
implies there is a subsequence, which we denote also by {#°}, such that
u*—u in V. Also, Au®*=¢(f*—Bu®) >0 so Au=0 and Bu®*— Bu in V',
From (2.3) follows

Buf(v) =f*(v),  veV,,

so letting ¢ — 0 leads to (2.4). This solution of (2.4) is unique so it follows
that the original sequence u° converges weakly to u. Note that the existence
and uniqueness of u# in (24) are a direct consequence of B being
V,-coercive.

(b) This follows directly from the estimate
£ 2 1 £ €
afu’ —ull* < EA+B (W —u)(w —u)y=(f*— Bu)(u’—u)

because the last term converges to zero.

(c) From (2.4) we have f— Bue Vg, and this is just Rg(4) so there
exists a

ueV: Au,=f— Bu.

With this we compute the functional
1
<§A +B> (W —u—eu)=f°—f—¢eBu,.

This functional is applied to u®—u — eu, to obtain
allu® —u—euy||> < (If* ~f1 + el Buyll) u® —u—euy.
From here we immediately see

llu, — ull <elluy | + (L) (S —f 1| + &l Bu,|l),
and this establishes the rate of convergence.

For an example of the application of Theorem 1 we return to the model
problem (2.1) above. With the notation introduced there, we let H'(£2) be
the Sobolev space [9, 127 of (equivalence classes of) functions v in L*(Q)
for which each distribution derivative d,v = dv/dx; belongs to L*(Q) for
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j=1, 2. Denote by Vo= (d,v, 0,v) the gradient, by n the unit outward nor-
mal on 022 and on ¢%2,, and the corresponding directional derivative by
d,v=Vv-n Let I'| be a subset of d§2, with positive measure (or capacity)
and define ¥ to be that subspace of H'(G) consisting of those functions
whose trace vanishes on I";. Define B: V- V' by

Bu(u)=f (G(x) Vu-Vo+ iC(x)u)dx, uveV,

where C, Ge L*(2), C(x)=0 and G(x)=a,>0 for xe G, and 4 >0. Note
that on the subspace V, |[Vv| 2, and ||v]| ;) are equivalent norms, so B
is V-coercive. Next define A: V> V' by

Au(v)=| Vu-Vodx, u,veVl,
29

where Q, is the above specified subdomain of Q. Then the kernel of A4 is
Vo= {ve V: vo=constant} where v, denotes the restriction, v, =v|,,, and
we see RgA4 < Vg, the annihilator of ¥V in V. In order to apply part (c¢) of
Theorem 1 we check the following.

Lemma 1. Rgd=Vg in V'

Proof. Let #: H'(Q,)—V be a continuous and linear extension
operator: for each ve H'(Q) the restriction v, satisfies vy = (Pv,),. Let
feVgE. Then foPeH'(Q,) and foPe {1} since if vo=1 on 2, then
Pvye V, and f(Pr,) = 0. By the solvability of the Neuman problem on £,
there exists upe H'(R,): Aug(w)=f(Pw) for we H'(R2,). For any
ve HY(Q) we have

Auo(v) = Aug(ve) = f(Pvy) = f(v)

since v — Pvye Vy. Thus, A(Pug)=fin V' so fe Rg(A4).

The remaining data f* in (2.3) is given as follows. Let F*e L*(R2) and
g°e L*(I,) for each ¢ >0, and define

f‘(v)=f F*(x) v(x) dx+f g5(s) v(s) ds, veV,
@ Io
where v(s) denotes the trace of v in L?(I,). Note that in V, we have
fe(v)=f Fé(x) v(x) dx+<f F*(x) dx+J g2°(s) ds> o, ve V,.
4 Q0 Iy

It is a standard exercise [ 12] to check that (2.3) and (2.4) are precisely the
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weak or variational formulations of the boundary-value problems (2.1) and
(2.2), respectively. To apply Theorem 1 we shall assume {F°} and {g°} are
bounded in L*(Q) and L*(I,), respectively.

(a) Assume also that F*—F in L*(Q) and that [, g°ds—§ in R.
Then f*—f, in V' where

fo(v)zjg Fix) v(x) dx+<L Flx) dx+§> be,  vEV,,

so we obtain u®* — u in V, where u is the weak solution of (2.2) with jgo gds
replaced by g in (2.2b).

(b) If in addition F*— F in L*(2) and g — g in L*(I,), then u* > u
in V.

(c) Finally, if ”FE*F”Lz(QO)+”ge_g”LZ(ro)=(9(3), then ||u*—uf, =
O(g).

Remarks. For applications it is the rate of convergence which is most
useful. The limit problem (2.2) is used to approximate (2.1) with a very
small ¢ >0, where 1/¢ is proportional to the thickness of the added conduc-
tive layer.

Nothing in the problem depends on the restriction to dimension 2; it all
holds in any dimension, although the intended application is relevant only
in the plane. See [2] for applications in higher dimensions.

The “eigenvalue” parameter occurs in the boundary on S in (2.2). This
shows explicitly that such a problem is a limit of a “standard” diffusion
model (2.1).

3. Tue EvoLuTiON PROBLEM

Here we study the convergence of the solution of the Cauchy problem
1
u;(t)+(—A+B> u (ty=1°(1), O0<t<T, uf0)=ug,
&

as ¢ » 0 where 4 and B are given as in Section 2. Results are obtained as in
Section 2 for weak convergence and for strong convergence. However, we
are able to establish the linear rate of convergence only under additional
conditions which imply the smoothness of the limiting solution. For
background on the solvability of implicit evolution equations that occur in
the following, it is sufficient to consult [4, 10, 11, 12].

Let the Hilbert spaces V, ¥, and operators 4, B be given as in Section 2.
Also let H be a Hilbert space containing V such that the imbedding Vg H
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is dense and continuous so H'G V' by restriction. Let C: H — H’ be the
Riesz isomorphism. For the evolution problem we shall need the Hilbert
space ¥ = L*(0, T; V) of square Bochner-integrable functions and its dual
¥~ L*0, T; V'). We shall use the same notation for A: V' — V' and its
realization 4: ¥ — ¥’ given by (Av)(t)= A(v(z)) at a.e. te[0, T]. For
each ¢>0 let f°e ¥’ and u{e H. Since (1/e) A+ B is V-coercive, there
exists a unique solution u, of

d 1
use“I/:E(Cue)+<—8-A+B)ue=f€ in?"’, u(0)=ui. (3.1)

This can be found in [11]; also see [4] for related results. The sense in
which the initial value is attained in (3.1) should be noted. Specifically, let
W be the image of J under the operator C; it is a Hilbert space with
the norm ||w||,=|C 'v], and C: ¥ > W is an isomorphism. It has a
continuous dual C’: W’ — V'’ for which

{Chyvdy=<h Cv>={Chv)=(h,v)y, heH, veV.
It follows that C’ is an extension of C: H - H' and that for each ue H’

sup{[(s, w)p|: Wl w <1} =sup{|<u, v3|: o]y <1} =lull )

so H' is the “pivot” space between W and V'. That is, |(u, w),|-
< |lully Iwll w», ue H', we W. This implies that for a solution u of (3.1), for
which we have Cue L?(0, T; W) and (d/dt)(Cu)e L*(0, T; V"), it follows
[3, 9] that Cu is continuous from [0, T'] into H'. This is equivalent
to u: [0, T] - H being continuous, so the initial condition in (3.1) is
meaningful.

We state our first results for (3.1) as follows.

THEOREM 2. (a) Suppose {f°} is bounded in ¥' and f*—f, in
¥ o= L%0, T; V{), and that {u})} is bounded in H with u,—u, in Hy, where
H, is the closure in H of V. Then u,—u in ¥°, where u is the unique
solution of

d
ue¥o=L0, T; Vo). = (Cou)+ Bu=fo  in ¥, ul0)=us, (32)

and C, is the Riesz isomorphism of H, onto H.

) If f*—>fin ¥’ and u§ — uy in H, then f|, = fo, u. = u in ¥, and
u(t)—u(t) in H at every te [0, T].

Proof. We shall identify H with H' and H, with Hy by way of C and C,,
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in the following; hence, we replace C and C, by the identity for the proof.
See below for additional remarks.

(a) Apply (3.1) to u, and thereby obtain bounds on |u,|,-
Nt 2o, 7y |1Butglly oy lleell 5 and (1/e) {5 Au,(u,) dr. Thus, there is a
subsequence, denoted again by {«,}, such that ¥, —~u in ¥", Bu,—~ Bu in
v u{T)—u" in H, and u,—u' in 73, but not in ¥"'. By lower semi-
continuity we obtain I Au(u) ds=0 so there follows
ue¥y u' + Bu=f, in ¥,!
For each ve C'(0, T; V,)) we have

(4T, 5(T)) 0 001 = [ wfs)w(s)) s+ [ o)l

so letting &£ — 0 yields

. T
(", v(T)) s — (g, v(0)) sy = fo (u'(v) +v'(u)) ds
= ((T), o(T))y; — (u(0), (0))
for all such v. This implies that u(0)= u, in Hy and u(T) = Proj,,(u"), the

indicated projection of H onto H,. This shows u is the (unique) soiution of
(3.2) and, hence, the original sequence converges weakly to u in ¥".

(b) First we verify

JT(%A n B) (u, — ) (u, — 1)

[ o =Bu—ui)u~w

[ 0= B =+ [ i)+ O~ QDI

Note that w,—u—0 in ¥, u,—u in ¥y u (0)->u(0) in H, and
|u(T) < |u”],; <liminflu,(T)|; by weak lower semi-continuity, so there
follows

T/1 T

lim sup | (;A + B)(ue—u)(u.;—u) <[ w0+ @IuO) — B3 =0.
0 0

Since B is coercive this shows u, —» « in 7~ as desired. Moreover, this shows

409/137/1-10
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lim, _, o $|u,(T)|% = 1u(T)|% so we obtain u,(T)— u(T) in H. This holds on
every interval [0, ¢], 0<t< T, so u(t) > u(r) in H for all te [0, T].

In order to obtain a rate estimate on the convergence we consider the
following sufficient condition on the limiting solution.

LEMMA 2. Assume v’ € V"' and that there exists a
u ¥ ujey’ and Au,=f— Bu—u' inv'. (3.3)
Then it follows that

[uAT) —u(T) —euy(T)| 3 + allu, —u—euy |5
S(Iué—uo|H+8lu1(0)|H)2+é(Hf”—fllw+6llu’1+Bu1||w)2~ (34)
Proof. First we compute in ¥"’ that
(u;—u’—su’l)+<%A+B) (u,—u—cu)=f°—f—e(u; + Buy).

Then we apply this to u, —u —eu, and integrate to obtain
3 (T) = u(T) — eu (T3, + ollu, — u—guy |5
< 5(Jug — tol p + &lu1(0)] )?
+ (175 =Sl +elluy + Buyll - )llu, — u—euy iy

Finally we give conditions on the data which lead to the preceding
conditions on the solution.

THEOREM 2(c). In addition to the assumptions in (b), we assume Rg(A4)
is closed in V', f,, fo € L*(0, T; H,), uge V,, and that f,(0) — Buye V. Then
(3.4) holds, so if | f*— S|y + lus— ug| y = O(e), then

sup Iue——u|H+“ue—u”1'=(9(8)'

o< T
Proof. There is a unique
we ¥y w + Bw=f; in L*0, T; H,), w(0) =/f4(0) — Buge V.

Set u(t) =u,+ [ w(s) ds; then integrate the equation for w to obtain

w(t)+ B || w(s) ds = £o(t)=£u(0) = w(0).
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It follows that

uu' € ¥y u' + Bu=f,in L*(0, T; H,), 1(0) = uy,

and this is the same wu that is the solution of (3.2). It follows that
u" e L¥0, T; Hy), Bu' € L*(0, T; H,), and that

d
= (fo—Bu—u')e L*(0, T; Hy) n L¥0, T; V)< L*(0, T; V')

since Hyc Hg V'. Finally, A: V — V' factors into an isomorphism of V/V,
onto Vg, so (3.3) follows with u,, v} € ¥"; hence, uj e ¥"".

Remarks. The Riesz isomorphism C: H— H' is determined by the
scalar product on H. Each closed subspace H, of H determines a decom-
position of H=H,® Hz, where Hy is the orthogonal complement, and a
corresponding decomposition of C=CyPy+C, (I—P,), where P,:
H — H, is the projection, C | is the restriction of C to Hg, and Cyh is the
restriction of Ch to H, for each he Hy,. Thus Cy: Hys Hy is the Riesz
isomorphism of Hy, and C, is an isomorphism of the orthogonal com-
plement Hy in H onto the annihilator Hy of H, in H'. Conversely, from
such a decomposition of C we recover H, as the kernel of the second
operator.

4. PERTURBATION OF CAPACITY

In this final part we show the effect of deleting altogether the concen-
trated capacity from the limiting problem (3.2). Specifically, the con-
tribution to the solution decreases linearly with the total perturbation in
concentrated capacity. The result of Theorem 3 is similar to known results
on singular perturbation of evolution equations; the situation below
requires special regularity conditions on the solution of the limiting
problem in order to obtain the rate estimates. Then we illustrate the
implications of Section 3 and Theorem 3 with an initial-boundary-value
problem corresponding to the model problem of Section 2.

For our last result we consider the effect of perturbing a part of the
leading operator C, in the Cauchy problem (3.2). Thus, we set
Cy=C,+6C,, 6>0, and let 6 — 0.

THEOREM 3. Let V, be a Hilbert space and B: Vy— V|, be continuous,
linear, and coercive. Let C, and C, be continuous, linear, symmetric, and
non-negative from V, to Vy; denote by V| the space V, with the semi-scalar
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product Ciu(v). Assume fo€ ¥y and uyeV, are given with fge v, ' and
Buy—f5(0)e V. Then for each 6 >0 the solution of

d
u,;e“//o:E(Cl+5C2)u5+3u5=f0in“//0 :

(4.1)
(C1+3C3) us(0) = (C, 4 6C,) ug
and the solution of
ue%:ggClu+Bu=f0in“/3§ Ciu(0)=Cuy, (4.2)
satisfy the estimates
llus —ull y,=0O(), (4.3a)
sup {C(us(t) —u(t)), us(t) —u(t) )2 = 0(3), (4.3b)
O0<r<T
sup (Cous(t) (1)), usl) —u(n)y 2 =oa*). 430
0<t<T

Proof. The existence and uniqueness of solutions of (4.1) and (4.2)
follow from [11] under more general conditions on the data f; and u,.
However, we need the solution of (4.2) to satisfy the additional conditions

d
E(Czu)e‘lfo’, Cou(0) = Cyuy. (4.4)

In this case we subtract (4.2) from (4.1), apply this difference to u; —u, and
integrate to obtain for 0 << T

1y +8C,)uty — ), s — ) + [ Blus — u)us—u) ds
0
<6 [ 1K(Couy, us—u>] ds

AWE o
<(3) (Gt # s i, ).

Since B is V,-coercive this leads directly to
UC +8C Y us—u), us —u)(T) + allus — ull5, < | (Cru) |15,

and, hence, the estimates (4.3).
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It remains to verify (4.4) for the solution of (4.2). Since f(0) — Buge Vi,
there is a solution of

ve%:%(Clv)+Bv=f0’in“I/"o’, C,v(0)=£y(0)— Buy.  (4.5)

Set u(r) =u,+ [4 v and integrate (4.5) to obtain
Cyo(1) + B(u(t) — ug ) = fo(1) = f6(0) + C; v(0).

Then it is clear that v=u'€ ¥ so u is the solution of (4.2) and in addition
satisfies (4.4) as required.

We shall show by an example how our abstract results in Theorem 2 and
Theorem 3 apply to an initial-boundary-value problem which describes the
diffusion models considered above. As in Section 2, assume we are given Q
and the functions G(x), C(x), but also assume C(x)=a >0, xe Q, and set
H = L*(Q). The spaces V, V, and the operator 4 are given as before; then
we have Hy= L*(2,)® R, a subspace of L*(Q,)® L*(2,)= H. The scalar
product and Riesz map of H are given by

Cu()=| Clx)ux)olx)dx,  wveH,
Q
and we define B: V- V' by
Bu(v) =J G(x) Vu(x) - Vo(x) dx, u,ve V.
Q

For each ¢> 0 let there be given
ui e LA(Q), Fie L}(Qx (0, T)), gte LA(Iyx (0, T)),

with corresponding bounds independent of ¢, and define f*e ¥’ by

)= L) Fé(x, 1) v(x) dx+'[ g°(s, t) v(s) ds, veV,te[0,T].

Iy

Then the Cauchy problem (3.1) is just a generalized formulation [3, 12] of
the problem

%(Cua)—V-(GVus)=F5 inQ,x (0, T), (4.6a)

%(Cuc)—v(((nl) Vu6>=F“ inQyx(0,T),  (46b)

&
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du,

1\ ou

= G — £

on |s, < + 8) on
=g°on(0,7), (4.6d)

=0 <G+1>a“5
22 ~Ty~Ty e/ on |,

u(,0)=u, on. (4.6¢)

on Sx (0, T), (4.6c)

So

“e|sl=ue|so, G

du,
on

usll"lzos

Note that the restrictions of f*(¢) to V, are given by

S =] Fox 0 ox) dx

2
+ (J F(x, t) dx+f g(s, 1) ds) 7 veV,,
(o)) Iy

where v, is the (constant) value of v on £, Assume F°—F in
LYR2x(0, 7)), [r,8%(s)ds—g(-) in L*0,T), uy—u, in L*£2,), and
fo,ugdx—@ in R. Then Theorem 2.a implies that u,—~u in
¥ = L*0, T; V) where u is the solution of (3.2) with

fo(t)(v):jg Flx, 1) v(x) dx+<£2 Fix, 1) dx+g(z)> v, eV,

The Cauchy problem (3.2) is just the generalized form [3, 12] of the
problem

g(Cu)—V-(GVu)=F in ©Q, x (0, T), (4.7a)
ul s = ugl1), LO C(x) dxué,(t)+LG?%ds= jgo F(x, )+ (1), (4.7b)
ulp, =0, G%=00n691~Fl~Son(O,T), (4.7¢)
u(- 0) =g on 2, u0(0)=17/L20C(x)dx. (4.7d)

If we assume F°—> F in L*(2x(0,7T)), g°—g in L*(Iy,x(0, T)), and
ui—uy in L), so then g(¢)= [, g(s, t)ds and ii={ uo(x)dx above,
then it follows by Theorem 2.b that we have strong convergence u, — u in
¥ and u,(t) - u(t) in L?(R2) at every t€ [0, T]. If in addition we assume
the limiting data satisfy F/dte L*(2 x (0, T)), § € L*(0, T), and

ug € Vy: Buge fo(0)+ V, (4.8)
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then from Theorem 2.c it follows that linear rate assumptions on the con-
vergence of F*, g°, and uj will imply a linear rate of convergence estimate
on u, in the corresponding spaces above. Thus, Theorem 2 describes the
approximation of (4.6) by (4.7).

Likewise we can apply Theorem 3 to describe the effect of deleting the
time-derivative term in the boundary condition (4.7b). This term is due to
the concentrated capacity jgo C(x) dx on the boundary S. Define

Clu(v)=f C(x) u(x) v(x) dx, C2u(v)=J C(x) u(x) v(x), u,vel,,

[oht 2o

so that V= L*(Q,). For 0<§ <1 problem (4.1) corresponds to problem
(3.2) and hence to (4.7) with C(x), xe€ 8, replaced by dC(x), xeQ,.
Likewise, problem (4.2) corresponds to (4.7) with C(x), x € Q,, replaced by
zero. The conditions of Theorem 3 are already met with the assumptions
above so it follows that estimates (4.3) are obtained. This shows explicitly
the dependence of the solution of (4.7) on the magnitude of the concen-
trated capacity.
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