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Homogenization of a pseudoparabolic system
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Pseudoparabolic equations in periodic media are homogenized to obtain
upscaled limits by asymptotic expansions and two-scale convergence. The
limit is characterized and convergence is established in various linear cases
for both the classical binary medium model and the highly heterogeneous
case. The limit of vanishing time-delay parameter in either medium is
included. The double-porosity limit of Richards’ equation with dynamic
capillary pressure is obtained.
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1. Introduction

Pscudoparabolic equations arise in a range of applications from radiation with time-
delay [1], degenerate double-diffusion and heat-conduction models [2,3] and
resolution of ill-posed problems [4] through recently developed applications in
level set methods [5] and models of lightning propagation [6]. They were first
analysed in [7-9]; see [10] for an extensive review and bibliography. Here we are
interested in a degenerate pseudoparabolic equation arising from modelling dynamic
capillary pressure in unsaturated flow; specifically, we study the case of flow in
heterogeneous media in which the coefficients are periodic on a fine scale.

The classical Richards equation for flow through a partially saturated porous
medium with porosity ¢(x) and permeability K(x) takes the form
u(t, x) ke, (u(t, x))

+ V- K(x) ————= V(P.(u(t, x)) — pGD(x)) = 0, (1)
ot o

P(x)

where u denotes saturation, and gravitational effects depend on depth D(x) and
(constant) density p. Here k, (1), P(u) denote relative permeability and capillary
pressure relationships, respectively. This standard model follows from Darcy’s law
extended to multiphase flow and conservation of mass [11,12] with the assumption
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that atmospheric pressure of air is constant. The model has been analysed in [13—15]
and elsewhere.

The experimental determination of the pressure—saturation relationship
p=—P.u) is based on the assumption that this is an instantaneous process,
although in reality it requires substantial time to approach an equilibrium before
measurements can be taken. This led to the introduction of dynamic capillary
pressure [16] in which P.(u) is replaced by P gy,(u) = P.(11) — r@ with 7>0. Other
dynamic models had been introduced earlier [17,18]; see [19— 22] for supporting
experimental evidence. A similar model was derived in [23] by homogenization from
standard two-phase models with special interface conditions.

The dynamic capillary pressure model of [16] leads to the nonlinear
pseudoparabolic equation
3u(l x) K (u(t, x))

w

V1(x)

#(x) + V- Kx)———

Ky (u(t, x))

w

V(P(u(t, x)) — pGD(x))

_VK() w

— 0. )

When written in terms of pressure u — — P.(u) (see Section 4) and linearized about a
known solution ug, with k(x) = K(x) ko (”0) , ¢ replaced by qb and 7 by é, Equation (2)
takes the form

| 120

8u(t X) (l X)

P(x) -V K(X)V(u(l x) + 7(x)p(x) ) =V «k(x)pGD(x).  (3)

If the convective term is dropped, i.e. set D(x) =0, we obtain

Bu(l x)

e V- k9 (a0 + 709000 57 ) 0. @)

In realistic porous media there is substantial variation of ¢(x) and K(x), as well as
the nonlinear relationships k,.(-), P.(-), 7(-) in (2). Consequently the coefficients in
linearized models (3) and (4) vary similarly. In this article we derive homogenized
models for (2) and (4), and in particular for the special case of binary media in which
d(x), K(x), t(x) and consequently «(x) oscillate between two respective constant
values. See [24,25] for further discussion of heterogeneous dynamic capillary pressure
models, references and numerical results.

The multiscale analysis is aided by the structure of the pseudoparabolic system

ou(t, x) 1

o —) (u(l, x) — v(t, x)) =0, (5a)

(K(x)Vv(t x)) +ﬁ(v(t x) — u(t, x)) =0, xeQ. (5b)
This system is equivalent to a single equation: if we eliminate v we obtain the
pseudoparabolic equation (4) for the variable u(z, x); v satisfies a similar equation. It is
supplemented with corresponding boundary and initial conditions. Here we take
homogeneous Dirichlet boundary conditions

P(x)

w(t,s) =0, a.e. se€i, (5¢)
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and the initial condition
d(x)u(0, x) = p(x)u.(x), a.e. xeQ. (5d)

The well-posedness of the system (5) follows from very general assumptions on the
coefficients and initial function. The following suffices for our purposes here.

THEOREM 1.1  Assume that functions ¢(-), «(-), ©(-) € L°(2) are given, each with a

strictly positive lower bound, and let u,(-) € LX(2). Then there is a unique pair
u(-) € H'((0, T); L*(R)) and v(-) € L*((0, T); H)(Q)) such that u(0,-)=u,(-) and

[ (66052000 -5 ) = e 0) 009 = )

+ k(x)Vv(t, x) - Vw(x)) dx=0 (6)

for all ¢(-) € LX) and ¥(-) € H)().

Corresponding results hold under much more general conditions of
non-negativity of the coefficients. See [10,26-29]. The initial value u, need be
chosen only with ¢(-)"?u,(-) € L*(). Also, the a priori estimates show explicitly that
u—v—0ast—0.

Our objective is to homogenize the system (5) and thereby the corresponding
pseudoparabolic equation (4) when the coefficients depend (periodically) on a small
parameter e. The precise description of coefficients will follow below. Bensoussan
et al. [30] briefly investigated the homogenization of pseudoparabolic equations as an
example for which the limiting problem is of a different type, and perhaps non-local,
not even a partial differential equation. (See [30] Chapter II, Section 3.9, pp. 318,
338.) We shall see below that this occurs when certain variables are eliminated or
hidden. The limited regularity and estimates for solutions of the corresponding
pseudoparabolic equation (4) makes the homogenization more delicate. Only in
special cases there is a purely upscaled limit.

In Section 2, we obtain the formal asymptotic expansion of the solution for the
linear equation (4) in the classical case and find the dependence of the limit on ¢ and 7.
The analysis and homogenization of the linear system (5) by two-scale convergence is
developed in Section 3 for e-periodic binary coefficients and includes cases of T — 0
with parabolic or first-order kinetic systems as limits. Finally, Section 4 contains the
asymptotic expansion for a nonlinear highly heterogencous case arising from
Richards’ equation with dynamic capillary pressure.

2. Asymptotic expansion

First we introduce periodic coefficients into the pseudoparabolic system (5) and use
formal asymptotic expansions to obtain the limiting problem as the period scale ¢ >0
tends to zero. Let Y denote the unit cube in RY, let there be given the Y-periodic
functions @(»), ©(y), «(y) and then define ¢*(x) = ¢(3), T°(x) = 7(3), £ (x) = «(3).
The three functions ¢°, t°, «° are the respective e-periodic coefficients in (5), so the
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corresponding solution u°, »* to (5) depends on e. We write these as formal

asymptotic expansions
o) o0 Y
W(x) = ehutx ), VEx) =Y etnhxy), y=", 7
2 e 2 el : )

with each u,(t, x, -), v,(t, x, -) being Y-periodic.

Substitute (7) into (5) and collect terms by powers ¢” for p > —2. Note that the
gradient V=V, —i—évy is used in calculations where y=ux/e. The ordinary
differential equation (5a) gives (at p=0)

auy(t, x,y)
ot

o) Lt x.3) = (%) = 0
()
The initial condition will always be assumed to be independent of the local
variable, ye Y.
The procedure for the elliptic equation (5b) is standard [30-32]. Equating to zero
the coefficient of £~ in the expansion of (5b) gives

=V, - k(P)Vyro(t,x,y) =0, yeY.

With the Y-periodic boundary conditions on vy, we conclude that V,vy(z, x,y) =0,
and so vy = vo(1, x) is independent of y € Y. From the combined coefficients of ¢ ' in
the expansion of (5b) we obtain

=Yy k(PVyyi(t, X, y) + Vivo(t, X)) — Vi - (1) Vyvo(t, x) = 0.

The last term is null, so the function v(t, x, y) is the solution of an elliptic periodic
boundary-value problem on Y, and we can represent it in terms of Y-periodic
solutions w;(y) of the cell problem (see (17))

—V, k(»)(Vywj+€)=0, j=1...N

This representation v(¢, x, y) = Z/ 1 a)](y) o vo(t, x) (up to a function of x) w1ll be
used to compute the effective tensor «* below. Finally, collecting terms with £° in the
expansion of (5b) gives

-V, K(y)(V},.vz + Vo) = Ve - k(0)(Vavo(2, x) + V(L x, )

( )(Vo(l ,X) — up(,x,)) =0
Integrate this equation over Y. The first term vanishes due to Y-periodicity of each
v, and the second becomes the effective elliptic contribution with the tensor «*. The
third term gets averaged to yield the second equation of the system

1
BT ol x.3) = wf0) =0, (52)
—V - &*Vy(t, x) + ﬁ(vo(t ,X) — up(t, x,y))dy =0, (8b)

the first being copied from above. The effective tensor «* is obtained in this
calculation as «j; = [, k(P)(V,wi(¥) + ) - (Vy0; () + ¢;)dy.
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Only if the product ¢(-)z(-) is constant we get u(?, x, y) = uy(t, x) independent of
y €Y, and in that case we can eliminate vy from the system to obtain the upscaled
pseudoparabolic equation

L Oup(t, x) oug(t, x) _
ot ot

The homogenized porosity is the average ¢"= [y¢(y)dy and the homogenized
time-delay is the harmonic average v = (/[ Yﬁdy)_l. In the general situation, u,
depends also on the local variable y € Y, and then the limit system (8) is partially
upscaled, a combination of the local equation (8a) and the upscaled (8b). We will
make similar but much more interesting calculations below when ¢(-) and 7(-) are
piecewise constant.

— V" Vuy(t,x) — V- k*Vo*t* 0. 9)

3. The pseudoparabolic system

Next we extend the models to include binary media of classical or highly
heterogeneous type, and then we obtain the homogenized limit problems by
two-scale convergence.

3.1. The heterogeneous micro-models

We use a binary medium to emphasize the dependence of singularities on geometry.
Let the unit cube Y be given in open disjoint complementary parts, Y and Y,
so Y1NY,=¢and Y is the interior of ¥; U Y>. We denote by x;(») the characteristic
function of Y; for j=1,2, extended Y-periodically to all of R"Y. Thus,
x1(") + x2(y)=1 for a.e. y in RY. It is assumed that the sets {y e R": x;(y)=1} for
j=1,2, have smooth boundary, but we do not require these sets to be connected. The
corresponding e-periodic characteristic functions are defined by

X .
4@ =x(5), xeRY. j=12,

and these naturally partition the global domain € into two sub-domains, Q} and €5
by Q@ ={xeQ: xi(x) =1}, j=1,2. We use the characteristic functions as multi-
pliers to denote the zero-extension of various functions. Let '=0Y;NadY,N Y be the
part of the interface between Y; and Y, that is interior to the local cell Y. Then
I = 9Q] N a5 N Q represents the corresponding interface between Q] and Qf that
is interior to Q. We denote by y; the boundary trace of functions on Y; to I and by y;
the boundary trace of functions on €7 to I'°. (See [29,33].)

3.1.1. The classical case

Let the strictly positive lower-bounded functions ¢;(-, ), k;(-, -), (-, -) € L*(£2; C(Y))
be given, and define Y-periodic functions in L*°(; Li(Y)) by

o, y) =i (x,y), k(x,y)=ki(x,p), (x,y)=71(x,»), yeY;, j=12, xeQ.

The subscript # denotes the subspace of Y-periodic functions in any function space.
Corresponding functions on Qf are defined by

¢;(x)z¢,(x,§), K;(X)EI(/<X,§>, r;(x)zz_,-(x,f), xeQ, j=1.2,

&



1270 M. Peszynska et al.

and the coefficients for the pseudoparabolic system (5) are given by

¢ () = XL ()P} () + XI5, (10a)
() = 26 () + X, (10b)
() = X (T ) + KT, (100)

These are e-periodic on the fine scale. Theorem 1.1 gives a unique solution of the
e-problem: u(-) € H'((0, T); L*(2)) and v*(-) € L*((0, T'); H)(S2)) satisfy

[ (0™ e+

o (0 = (1) () = ()

+ K (x)VV (1, x) - le(x))dx =0 (11)
for all ¢(-) € L*(2) and ¥(-) € HY(Q), together with the initial condition (0, -) = u,(-).
The initial value u, is independent of &.

If the coefficients «f are continuous on Qf, the strong form of (I1) is the
transmission problem

¢£(x)% + Tgix) (5(1,x) —v*(1,x)) =0, xeQ, (12a)
—V - (kS () V(1 X)) + ﬁix) (¥t x) — u*(1,x)) =0, xeQf, (12b)
—V - (k5()V* (2, X)) + t;x) (1, %) — u'(1,x)) =0, x5, (12c)
Vvt s) = vy (L, 9), (12d)

K (S)VVE(1,8) - v = K5V (1, 8) - v, seT”, (12e)

where v denotes the unit outward normal on 9. We have homogeneous Dirichlet
boundary conditions

Vi(t,s) =0 a.e. s€0%, (12f)

and the initial condition #°(0, x) = u,(x), a.e. x € Q. This is the exact micro-model.
If «° is continuous on I'®, there are no interface conditions and (12) reduces to the
single system (5) over 2. Even then, the fine-scale dependence on the coefficients and
geometry make it numerically intractable for realistically small values of £>0.

3.1.2. The highly heterogeneous case

In the highly heterogeneous case, the permeability is scaled by & in the second region
Q5, so the flux is given by —&«5(x)Vy® in Q5:

() = X () + X505 (). (13)
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Then the system (11) becomes

# () aug a2 Taéx) (W (Lx) = v(1.2) =0, xeQ, (14a)

—V - (kS () VY (1, X)) + rfix) (6, x) — u'(1,x)) =0, xeQf, (14b)
—V - (K5 () V¥ (1, X)) + =) (¥t x) —u(t,x)) =0, xeQs, (14c)
(e, s) = y5r°(t,s), (14d)

KE(S)VVE(L, s) - v = 2 k5(5)VVE(L,s) - v, seTl”. (14e)

The e-problem for the model developed by Arbogast et al. [34] is recovered by
letting t° — 0.

3.2. Homogenization of the classical case

3.2.1. The two-scale limit

Let the coefficients in (5) be given by (10). Denote the gradient in the y-variable
by V,, and use the symbol “2* to denote rwo-scale convergence [35].

LemmA 3.1 For each £>0, let u(-), v°(-) denote the unique solution to the
pseudoparabolic e-problem (11). These satisfy the estimates

1220, 7)< ) + IV Nl 20, Tyt < G

so there exist

(i) a function U in L*((0,T) x Q: L5(Y)),
(i) a function v in L*((0, T); H\(Q)),
(ili) a function V in L*((0, T) x H}#(Y)/[R),

and a subsequence, hereafter denoted by u®, v°, which two-scale converges as follows:

w2 UGt x, ), (15a)
ye 3 v(t, x), (15b)
v 2 V(t, x) 4+ V. V(t, x, ). (15¢)

This suggests use of the corresponding test functions

G(x) = @(x,x/e),  Y(x) = Y(x) + eW(x, x/e),
where ¥ € Hi(Q), ®,We C°(Q; C(Y)). Setting these in (11), we obtain

/Q (q)‘E(X) ausgz, X) D(x,x/e) + ngx) (us(t, x) — (e, x)) (Cb(x, x/€) — (Y(x) + eW(x, x/s)))

+ &5 (X)VVE(t, x) - V(Y(x) + skll(x,x/s)))dx =0.
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Take the limit as € — 0 to obtain the two-scale limit system

[ (00 ™2 0000 4 (050 = (1 0) (050) = )

+ K(x,y)(Vv(l, x)+ V, V(1 x, y)) . (Vw(x) + V,W(x, y)))dy dx =0, (16)

for all @, v, ¥ as above, and U(0, x, y) = u,(x). From the uniqueness of the solution
of the initial-value problem for (16), it follows that the original sequence u°, V*
two-scale converges as above.

In order to eliminate the function V(¢, x, y) from this system, we use the periodic
cell problem: for each k=1,2,..., N, define w, by

wr € LA Hi(Y)) :
/ K(x, ) (Vyor(x, ») + ex) - V,¥(x, p)dy = 0 for all We LX(Q; H(Y)). (17)
Y

(Let us ask that [ywi(x,y)dy=0 to fix the constant.) Then we have the

representation V(¢ x,y) = Zfi | 3"§§;,x)w,-(x, ). Specify similar test functions

W(x,y) = Z/N: | "'gg) wj(x,y) above to obtain the following theorem.

TaEOREM 3.2 The limits U, v in Lemma 3.1 are the solution of the partially
homogenized pseudoparabolic system

UeH'((0,7); L*( LA(Y))), veL*((0,T); H)(RQ)):

aU(t, x,y) 1 _ B
[ (0000 2 00000 4 (Ul = (00) (0005) = ) v

N
+ / (Z () Mx) aw(x)) dx=0, forall ®eL*(Q; LYY)), v HY(Q), (18)

=1 0x, i ox 'j

and U(0, x, y) = u,(x), where the effective coefficients are given by

0 = /Y KTy, ) + &) - (Vs (x.) + € ).

3.2.2. Summary
The strong formulation of the system (18) is

!
e EED o Uy —ste0) =0, yevo %
/ ! (W(t,x) = U(t, x,y))dy — V- *V¥(1,x) = 0. (19b)
Yr(x9y)

This extends (8) from e-periodic coefficients to those which depend also on the slow
variable, x € Q.

Consider the case of a binary medium in which each of ¢, 7,€ L™(Q) is
independent of y € Y;. Then the same is true of

Ul(ls X)n S Yl P

U(t,x,y) =
) {Uz(r,x>, vevs,
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and we have the homogenized binary system
U1, x) | Y1

| Yl |¢1 (X)T + T (X) (Ul (t5 .X) - V(t’ X)) = Os (203’)
Palgat) 2D T';;') (Us(t.) = v(t, )) = 0, (200)

| Y] | Y>|
71(x) 7 (x)

This is the binary medium analogue of (9).

(V(Za X) - Ul(l9 X)) +

(W(t,x) = Us(t, x)) = V- £*Vi(t, x) = 0. (20c)

3.3. Homogenization of the highly heterogeneous case
3.3.1. The two-scale limit

Here the permeability is given by (13), so we obtain weaker a priori estimates and
correspondingly weaker convergence results.

LemMmA 3.3 For each £>0, let u(-), v°(-) denote the unique solution to the
pseudoparabolic e-problem (11). These satisfy the estimates

Il 220, 7)< + 1V 20, 7<) + IV 20, Tyaney) + 16V 20, 7yan sy = G,
so there exist

(i) a function U in L*((0, T) x Q: L5(Y)),
(i) a function vy in L*((0, T); H)(R2)),
(iil) a pair of functions V; in L*((0, T) x Q; H#(Yj)/IR), j=1,2,

and a subsequence, hereafter denoted by u®, v°, which two-scale converges as follows:

W (1, x) 3 Ut x, ), (21a)

X 2 (), (21b)

KV 2 0 (DY x) + Y, V(1 x, )], (2lc)
KoV 2 (W Valt, x. ), 21d)

ex5 Ve 2 X(V)Vy Va(t, x, p). (21e)

The function ¥V, satisfies y,(V5(¢, x, y) = vi(x), y € I'. (See [36].) These suggest use
of the corresponding test functions

B B Y1 (x) + eWi(x, x/¢) 1 xeQf,
() = (x. x/e), Ylx) = { Wy(x, x/€) + eW(x,x/e) :xeQE,

where ¥y € H)(Q), @, ¥ € C(Q; Cr(Y)) and WreCP(RQ; CP(Yy) with
o2 Ws(x, ) =¥ (x) on I. Setting these in (11) yields

/ <¢>8 aufg, ») d(x,x/e)+ XE () (us(l, X)— vs(t,x)) (CD(x, x/€) — (Y1 (x) + e¥(x, x/s)))
Q 1(x)

X5(x)

S

(1 (2, x) = (1, X)) (P(x, x/€) — (Wa(ox, x/€) + eV (x, X/€)))
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+ X1 (R () VY(E, x) - V(i (x) + eWi(x, x/¢))
+ X505 (x0)eVVE(L, x) - eV(Wa(x, x/e) + eV (x, x/s)))dx =

Take the limit as e — 0 to obtain the two-scale limit system

/f(¢( LD g,y 290 (0, 3) = w10,0) (@00, 0) — 91 (9)

‘Cl(xry)
%,yy)) (Ut x,9) = Va1, ) (D(x, ) = ¥a(x, 1)

+ 1 (W1 (e, (Vi x) + Vi Vit x, ) - (VY (x) + VWi (x, )

+ Xz(y)lcz(x’ y)v} V2(la xay) : qu'Z(an’))dy dx = 0’ (22)

for all @, yrq, ¥, ¥, as above, and U(0, x, y) = u,(x). The uniqueness of the solution
to the corresponding initial-value problem shows that the original sequence
converges to it.

As before, we can represent each V(¢ x, ) by a cell problem: define wi(x,y) by

o € L*(S2: Hy(Y1)) : / K1 (x, ) (Vyor(x,») + ) - VWi (x, p)dy = 0
Y

for all Wy € L*(Q; Hy(Y1)), / wi(x, y)dy = 0. (23)
]
Then we have Vi(z,x,y) = va | 3”‘8(£ 9 wi(x,y), and we specify the test functions
U (x,y) = Z;i . "‘/gféx) wj(x,y) above to obtain

TraEOREM 3.4  The limits U, vy, V> in Lemma 3.3 are the solution of the partially
homogenized pseudoparabolic system
UeH' ((0 T); LQ(Q L2(Y))) vi € L*((0, T); H)(R)).
Ve L2((0,T) x Qi HY(Y2))  with yValp = vy :

f f o) D gy X(l(yy))(v(z,x,w—vl(z,x))(d>(x,y>—w]<x))

L (1, ) = Vil ) (903, 2) — Walx. )y dx

TZ(X’ y)

a 3V1(f X) vy (x)
+/§2(Z () Xi dx; )

ij=1

+ f / (X, V)V, Va(2, x, p) - VyWa(x, y)dy dx = 0,
QLJY,

for all ® € L*(Q; Li(Y)), 1 € H(Q), Wi e L*(Q: Hy(Y2)) with yWs|r = 1,
(24)

and U(0, x,y) =u,(x), where the effective coefficients are given by

ki) = /Y 16 )V, 0%, ) + €) - (V30 (x, ) + € )dy.
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Next we separate the components of the system. First write the part over Y,

au(t, x,y)

1
d(x, ) o + o) (U(t,x,y) = Va(t,x,y)) =0 and

(Va(t, x,») = U(t, x,¥)) = Vy - k2(x, )V, Va(t, x,7) =0,  y€e Yy,
'L'Q(X,y)

VVZ(lvxay) = V](I,X), ye I,

and then substitute these back into (24) and use Stokes’ theorem on Y, to get

1
/ f <¢>1( WD) )+ (U(t,x,y)—v1<r,x>)(<1><x,y>—wl(x»)dydx
Y, Tl(xay)
N
+ /Q (;K;;(xﬁvgzx)a‘gf))dx+ fQ /F (X )V, Va(t,x, ) - vd Sy (x)dx =0,

3.3.2. Summary
The strong form of the partially homogenized system (24) is

oU(t,x,y)

1
¢1(Xay) ot +'L’1(X,y)(U(l’X,y)_VI(ZDX)):0’ J/EYI,

1
_/Y 71 (x, ) (vi(#, x) = U(t, x,y))dy — V - " Vv (1, x)

+ / k2(x, )V, Va(t, x,p) - vdS =0, (25a)
r

and for each x € @,

aU(t, x,y) 1

¢2(X’y) ot +t2(x,y)(U(l’x’y)_ VQ(I,X,)/)) =

(VZ(I’ X, J/) - U(t’ X, y)) - V}’ : K2(x>y)vy Vz(t’ X, y) = 03 ye YZa

)/VQ([, X,y) = Vl([a X), ye I (25b)

(X, )

Note the coupling in the system: the function v; from (25a) is input to (25b), and the
total flux from (25b) is the distributed source in (25a).

Suppose now that ¢; and 7, are independent of y € Y, and therefore so also is
u(t,x)=U(t, x,y), y € Yy. Then (25a) is homogenized:

¢1(x )Bu(tl %) EX) (u(t,x) — v1(1,x)) =0,
. EX) (vl(t,x) u(t, x)) _Yle K*Vvi(t,x)
|; i k20, )V, Va(t,x,y) - vdS =0, (26a)
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and for each x € Q,

aU(t, x,y)
ot Ta(x, )

(VZ(I’ x,J/) - U(t’ x’y)) - Vy : Kz(an’)Vsz(f, x’y) = 03 ye YZa

yVa(t,x,y) = vi(t,x), yerl. (26b)

¢2(X, y)

(U(l, X,y) - VZ([9 X,y)) =0,
7:2(x9y)

Note that (26a) is the upscaled fissured medium system, and (26b) is the local fissured
medium system at each x € Q.

3.4. Vanishing time-delay

Suppose that 7{ = o(e) in the classical system (12). Then [[u® — v*|| 12 (y1) = o(e'?), so in
the limit we obtain U(z,x, )y, =w(,x). Choose test functions @(x,y)=
¥(x)+eW¥(x, y) in the weak form, with the equations added, and take the limit to
get the homogenized mixed parabolic—pseudoparabolic system (compare (20))

9

(%) v(;;x)—V-K*Vv(l,x)—i— /Y = y)(v(l,x)—U(l,x, M)y =0,  (27a)
U |

) D (U (0) =0, yeTa @Th)

with effective porosity ¢} (x) = [ v, ®1(x, p)dy. Then (27a) is a parabolic equation with
a memory term determined by (27b). See Peszynska [37] for results and additional
references to memory functionals in parabolic equations; also see [31] for first-order
kinetic models.

Suppose that 7 =o(e) in the highly heterogeneous system (14). Then
U(t,x,y)ly,=vi(t,x) and instead of the system (25a) we obtain the homogenized
parabolic equation

8V1(l, x)

#i0

— Vi *Vn(t, x) + / k2(x, )V Va(x, ) - vdS = 0. (28a)
r

Suppose that 75 = o(e) in (14). Then U(z, x,y)|y,= V>(t, x,y) and instead of the
system (25b) we obtain the local parabolic equations
aVa(t,x, y)

¢2(xn y) ot

- v}’ ' ’CZ(X»J’)V,V Vz(la X, J/) = 07 S Yz, (28b)

yVa(x,y) =vi(x), yerl. (28¢)

If both vanish in the limit, then we recover the Arbogast—-Douglas—Hornung [34]
double-porosity model (28) of a fractured porous medium.

4. Partially saturated flow with dynamic capillary pressure
4.1. Microscopic equations

Let us consider the unsaturated flow in a highly heterogeneous medium 2 with the
e-periodic structure of Section 3. Here Y, is the matrix block and Y; is the
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surrounding fracture domain. Each of the subdomains Q¢ is characterized by a rock
permeability tensor K, a porosity ¢', the relative permeability ki (u') and the capillary
pressure function P!(u'). Here ' denotes the saturation in €. The fluid has constant
viscosity u and density p. It has been observed that the dynamic effects in capillary
pressure equilibrium are much more significant in media with low conductivity than
those with high conductivity, so we assume that the unsaturated flow can be locally
described by the original Richards equation (1) in the fracture domain ] and by the
pseudoparabolic Richards equation (2) in the porous matrix 5:

¢ 3;’ +V- —Klk‘( WV(PLu') — pGD(x)) =0, xeQi, (29a)
R LT RSP 202 o’ e
¢§+8 V-;Kk(u)v P(u)—r8 — pGD(x) 0, xeQi. (29b)

Hereafter for simplicity we set depth D(x)=x;. Introduce p'= —Pi(u),
u = aol(ph), (ph) =i1("kfv(u"), so o/(-) is inverse to —P'(:), and Equations (29a)
and (29b) can be rewritten as

13“1(171)

¢! =, = V- (PH(VP' + pGes) =0, (30a)
302 ( 2 2
el a(tp )_ oy K*(p*)(Vp* + vl (p ) + pGes) =0, (30b)
and are subject to the interface conditions
B 2( 12
pl :pz +1 aa([p ), ere, (30¢)

do?(p?)
ot

/cl(pl)(Vpl+pGe3) v=g¢ Kz(pz)(V + Vv + Ge3> v, xel?, (30d)

where v is the unit normal on I'* out of €5, and the initial conditions are

P'(x,0) =pl(x), xeQf, i=1,2. (30e)

4.2. Asymptotic expansions
We shall expand the solution in powers of ¢ in the form

Pi(fax):Pé([»an/)+5Pi(taxa)’)+gng(laxa)’)+"'a i= 1529 (31)
where p}; are Y-periodicin ye Y;for k=0, 1,2,.... Following methods of [38,39], we
develop various nonlinear quantities 6(p) in powers of ¢ by

0(p") = 0(py) + 0/ (pp)(p' = 1) + 6" (o) (P = p)*/2 + -+~

= 0(pp) + 0/ (P)ep| + 205 + ) + 0" (pp)ep) + &b + - )2 /2 4 -

= 6(p}) + &8/ (p) P + €20 (Ph) P + 6" (PO () /2) + - -

= 0(ph) + €6, + &0, + - - -, for appropriate 8,6;,..., i=1,2.
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Now, we substitute (31) into the microscopic model and expand the gradient
according to the relation V=V, +_ LV,. Then, we collect terms by powers of e.
From (30a) we obtain three equatlons for the combined ¢ 2 ¢! and &° terms when
xeQ,yel:

Vv, - (' (pp)Vypg) = O, (32a)

Vo (KU PDVapl + Vypl + pGes) + & Viph) + V- (€ (phVipl) =0, (32b)

o' (py) R
¢! TO —V,- (K‘(pé)(vxpé + V,p| + pGes) + Kivypé) =V, - (" (pO)(Vip] + Vyp3)
+7(Vaph + Yy} + pGes) +£LV,p)) = 0. (320)

First, equations for £° from (30b) and (30c) for x €  are

da’(p? ao
¢2%°) -v -xz(pé)vy(pé +1 a(” )> =0, yen, (33a)
P 202
pé +t o (7o) =p} yel. (33b)

ot 0

The ¢!, ¢” and &' equations of (30d) for xeQ, yeT are
K (p)Vyph - v =0, (34a)
(€' PDVapy + Vipl + pGes) + £ Vyph) v =0, (34b)
(K (PO)(Vapi + Vipd) + &1 (Vapy + Vyp) + pGes) + @Vypé) "V

= i( pg)vy< Pt o ;[”0)> - (34c)

Equations (32a) and (34a) form an elliptic system for p} in terms of y. Since its
solution is independent of y, it follows that p) = pi(#,x), so all terms with
V,ps vanish.

Equations (32b) and (34b) form a linear elliptic system in y whose solution p} can
be represented in terms of p}. Define w;(y) for j=1,2,3 as the Y-periodic solution of
the cell problem (compare (23))

Viwj=0 foryeY, (35a)
Vywj-v=—e-v=—v foryel. (35b)

Then from Equation (32b) we obtain the representation

iy, ) = Zw;(y)( °(x )+ pG83,> (36)
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Now, we locally average (32c) by integrating it over Y, to remove the y-variable
and get

Aot
Y1l — % (” ) / Vi k' (p))(Vipy + Vypi + pGes)dy
Y
= [ 9 (<t Vb + R+ 90l 4 pGe)dr. ()
Y,

Apply the divergence theorem to the second integral above, use (34c), make a second
application of the divergence theorem, and use (33a) to obtain

/ V- (Kl(pé)(pr% + Vyp) + R (Vapy + Vypl + pGes))dy
Y

= / (Kl (PO(Vapi + Vyp3) + R\ (Vaph + Vypi + pGes)) -vdS
Y
aa2 2
=— / Kz(pﬁ)vy(pg +T (p0)> -vdS
Y, ot

30[2 2
e
Y t

¢2 3“2(170)

Y

The first integral in (37) is evaluated using (36). Its integrand becomes (with implied
summation)

Vi - k' (pg)(Vpy + Vypi + pGes)

ad Bpo aa)] 8p0
= G§ G§
P [ (Po)( o (8 + pGé3; | + pG83;

0 0 0,
ol en) (@]

Define the effective fracture permeability tensor K* = {Kj;} and the macroscopic
fracture porosity ¢* by

Jw

K* Kl )j
ke / (8

Y] yk

_,k)dy, P* = Y19
We also define

* 1 1 1

K*(p) = m Kk, (e ().

Then, the equation for pj is

o' (p))
3

80[2 2
¢ — Vo - k5 (pO)(Vipy + pGes) = — ¢2%°) d
Y>
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4.3. Summary
The complete system of flow equations for p)(x, ), p3(x,y,?) is given by
P 1 1 B 20,2
¢ % + ¢ % dy — Vo - 1" (py)(Vapy + pGe3) =0, xeQ, (38a)
Y
302 ( 2 302( 2
P g o () 0 yer, G
P 2¢ 52
R yer (380)
Po(x.0) = pl . (¥). pa(x.p.0) =pi . (x). ye Y. (38d)

This is the double-porosity model consisting of the upscaled equation (38a) together
with the distributed family of local boundary-value problems (38b), (38c) for x € Q.
It is a nonlinear analogue of the system (28a), (26b).
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