Closed Range Theorem

Let V be a Hilbert space and denote by Ry : V' — V' the Riesz isomor-
phism, Ryv(w) = (v,w)y, Yv,w € V. For any subset W C V we have
Ry(WH) = W C V'. That is, orthogonal complement corresponds to
annihilator. We identify V = V.

Let S be another Hilbert space and B € L(V,S’), that is, it is continuous
and linear. Its dual B’ € L£(S,V’), and a direct computation gives

Ker(B) ={veV:Bu(s) =0Vs e S}
={veV:Bslv)=0Vse S}=(RgB)"
Lemma 0.1. If B € L(V,S"), the following are equivalent:
1. Rg B is closed in S’.
2. Rg B = (Ker B')“.

3. There is a BY € L(RgB, (Ker B)*) and a constant ¢, > 0 such that
BBE =T on RgB and ¢||B%(g)|lv < llg||s for all g € Rg B.

4. For some constant c, > 0,

inf sup Bu(s)

= Cp.
veV 4eg9 HUHV/KerBHSHS

Proof. From above we have Ker(B') = (Rg B)* and so Ker(B')* = (Rg B)** =
Rg B. This shows (1) is equivalent to (2).

From (1) we have B : (Ker B)* — RgB is continuous and injective, so
it is necessarily an isomorphism, and this implies (3); (1) follows directly
from (3) since B is continuous.

Finally, we note the equivalence of (3) and (4) follows from that of

: Bu(s
¢y inf |lv+wlly < ||Bvlls and c|v||v/kers < sup ( )
weKer B s€S ”SHS




Corollary 0.2. Rg B’ is closed in V.

Proof. If s € (Ker B')* then Rg(s) € (Ker B )* = Rg B and so Rs(s) = Bv
where we define v = Bf(g). Thus we have ¢||v]|v < [[Rs(s)|ls = ||slls
from which there follows

Isll§ = Rss(s) = Bu(s) = B's(v) < |B's|lvllvllv < [1B's]lvllslls.

This implies ¢|s]|s < ||B's||ys (with the same constant ¢;) and hence that
Rg B’ is closed. ]

The Corollary shows Rg B is closed if and only if Rg B’ is closed, and
we have obtained the Closed Range Theorem.

Theorem 0.3. If B € L(V,S'), the following are equivalent:

1.
2.
3.

Rg B is closed in S'.
Rg B = (Ker B')“.

There is a right-inverse B® € L(Rg B, (Ker B)*) and a constant ¢, >
0 such that BB® = I on RgB and ¢,||B¥(g9)|lv < |lglls for all g €
Rg B.

. For some constant ¢, > 0,

. Bu(s)
inf sup = Cp.
veV 4eg9 HUHV/KerBHSHS

Rg B’ is closed in V',
Rg B’ = (Ker B)“.

There is a right-inverse B'® € L(RgB, (KerB')*) and a constant
cp > 0 such that BB® =1 on RgB' and c||BE(f)|ls < ||fllv: for all
feRghB.

For some constant c, > 0,

. B's(v)
inf sup
s€S yev HSHS/KerB’HUHV

Cp.



