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Experimental characterization of two-particle
entanglement through position and momentum

correlations
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Quantum simulation is a rapidly advancing tool for gain-
ing insight into complex quantum states and their dynam-
ics. Trapped-ion systems have pioneered deterministic state
preparation and comprehensive state characterization, oper-
ating on localized and thus distinguishable particles’. With
ultracold atom experiments, one can prepare large samples
of delocalized particles, but the same level of characteriza-
tion has not yet been achieved®. Here, we present a method to
measure the positions and momenta of individual particles to
obtain correlations and coherences. We demonstrate this with
deterministically prepared samples of two interacting ultra-
cold fermions in a coupled double well®. As a first application,
we use our technique to certify and quantify different types of
entanglement*-5,

Ultracold atoms in optical lattice systems can be probed through
site-resolved imaging’. This procedure gives access to correlations
on the level of individual particles and directly reveals charge and
spin order in lattice systems”. Many important aspects of the avail-
able quantum states, however, are not accessible by position-space
imaging alone: properties such as long-range coherence, currents
and phase fluctuations are related to off-diagonal order, or coher-
ences, in the many-body states. Time-of-flight imaging of quantum
gases in momentum space can in principle probe such coherences®,
but has only been possible for systems of many particles, often
leading to inhomogeneous averaging. A central goal for ultracold-
atom experiments is the development of new methods that access
real-space order as well as coherences (Fig. 1a).

In this Letter we show that single-particle resolved measure-
ments of atomic momenta can reveal the coherence properties of
small systems®’. We demonstrate this for a Fermi-Hubbard double
well>"°, for which we measure two-body correlations in position and
momentum space (Fig. 1b). This approach enables us to tightly con-
strain the full density matrix of the two-particle system in different
regimes of attractive, repulsive or vanishing interaction.

The key motivation for such a characterization is to describe a
state through its entanglement properties''. The presence of entan-
glement certifies the non-separability of a state with respect to a
particular partitioning of the Hilbert space and constitutes the most
prominent difference between classical and quantum mechanics'>".
The characterization of entanglement can be useful for applications
in quantum metrology'’, for example.

In lattice systems of ultracold atoms, different types of entangled
states may occur: for states with exactly one particle per site, entan-
glement between internal degrees of freedom of localized particles
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Fig. 1| Detection of many-body systems in conjugate bases. a, A quantum
system is defined by its many-body wavefunction ¥(x) (grey). A system
with number fluctuations can be characterized naturally with correlation
functions in the positions x; or the momenta k; of its constituent particles.
b, We measure single-particle spin-resolved correlations in position and
momentum space for a two-site Fermi-Hubbard system, which we

use to infer information about the density matrix p of the initial state.

¢, The spinful Hubbard dimer forms a four-mode system. Different types

of quantum correlation, or entanglement, can emerge between subsystems
defined by spatial or spin partitions (A and B).

can be described by spin models similar to trapped-ion or super-
conducting-qubit systems. Such states can be created in optical lat-
tices' or through deterministic or probabilistic schemes in optical
tweezers'®"”. Conceptually more challenging situations occur for
indistinguishable, mobile particles: in such cases, particles are not
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Fig. 2| Correlations in the Hubbard dimer. a, The spin-resolved spatial correlation function (n,(a)n,($)) exhibits mostly double occupancies for attractive
interactions (left), no correlations in the non-interacting case (centre) and strong suppression of double occupancies for repulsive interactions (right).

b, For non-interacting particles, the momentum-space correlation function (n,(k)n,(k,)) (top row) is separable and shows an interference pattern in the
single-particle coordinates. The single-particle coherence is visible as side peaks in the single-particle momentum density (n(k,)) =(n,(k))) + (n,(k)))
(bottom row). For strong attractive (repulsive) interactions, single-particle coherence is suppressed, but interference patterns emerge along the diagonal
(antidiagonal), which signals the presence of two-particle coherence. ¢, Integrated momentum-difference and momentum-sum correlations, expressed as
pair correlators y(k) and &(k), respectively. Entanglement can be certified if the data extend into the grey-shaded regions. Error bars represent the standard
error of the mean and continuous lines are obtained from reconstructed momentum-space correlation functions (see Supplementary Information).

distinguishable by their spatial location and cannot be identified
as the carriers of quantum correlations. It is then more appropri-
ate to consider the mode entanglement between different spatial
regions'"", as measured in recent experiments'®”. How to fully
describe entanglement in situations with fluctuating local particle
number and symmetrization constraints enforced by quantum sta-
tistics has been the subject of intense debate in the literature*>**->*.
The scenario that we consider here allows the study of various
forms of entanglement in a single experiment (Fig. 1c): we popu-
late two spatial modes with two particles that are distinguishable by
their spin state’. From one point of view, entanglement between the
particles is driven by interaction-induced correlations between their
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motional states, which we identify experimentally. On the other
hand, we can focus on the entanglement between the two spatial
modes, which is largest in the non-interacting regime with maximal
particle number fluctuation. We verify and quantify entanglement,
both between the spin modes and the spatial modes, through mea-
surements of the Rényi entropy'*'’, and characterize its dependence
on the interactions in the system.

The experimental system consists of two °Li atoms confined
to a double-well potential formed by optical tweezers with a
waist of 1.15pm and a wavelength of A=1,064nm (ref. °). The
partially overlapping optical tweezers are tunnel-coupled with rate
J, and on-site interactions U between atoms in hyperfine states
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Fig. 3 | Evaluation of the concurrence from the measured correlation
functions. a, The dimer density matrix p contains the full state information
of real-space order as well as coherence properties. b, We obtain the

in situ populations directly from the position-space correlation function.
¢, The magnitude and phase of the single- and two-particle coherences
are encoded in the momentum-space correlation function as oscillations
along the one- and two-particle coordinates. d, The lower bounds C,, C,
of the concurrence certify entanglement (grey region) for all interacting
systems studied in our experiments, with error bars corresponding to

one standard deviation of statistical and systematic uncertainty (see
Supplementary Information). The side panels visualize the changing
character of the wavefunction, with its|1) and || ) components sketched in
blue and red. For strong attractive and repulsive interactions, the ground
state approaches two-body Bell states.

[1)=|F=1/2,mp=+1/2)and ||) =|F=3/2,mp=—3/2) are con-
trolled via a magnetic Feshbach resonance. Together, this results
in a Hubbard Hamiltonian

_ At A LAt qif
H=-] Z (Clolro + CrolLy) +U Z 1 1y (1)
o j=LR

642

NATURE PHYSICS

with spatial modes L and R, where ¢/ is the fermionic annihilation
(creation) operator of a particle with spin o on site i and 71, = éjt,éj(,.
As demonstrated previously’, we initialize the system with one par-
ticle per spin state near its ground state by adiabatically transferring
two deterministically prepared particles from a single optical twee-
zer to a dual-tweezer configuration. We then adiabatically tune the
tunnelling rate ] and the on-site interaction U via the depth of the
optical tweezers and the magnetic field, respectively.

We now demonstrate how to obtain the position-space order and
coherences of the experimentally initialized state. Our method is
similar to recent proposals®’ and in close analogy to two-photon
experiments working with near- and far-field correlations®: We
combine atom-resolved measurements of correlations in position
and momentum space, which we obtain through a novel, spin-
resolved free-space detection method™.

To access particle correlations in momentum space, we release
the atoms from the tweezers into a large, elongated optical dipole
trap. This allows expansion along the axis connecting the double
well, while confining the atoms in the perpendicular directions (see
Methods and ref. %°). After a ballistic expansion for one-quarter trap
period, the quantum state corresponds to the Fourier transform of
the initial state. By using resonant single-atom imaging and separate
exposures for the two spin states within each experimental realiza-
tion (cf. ref. **), we record the particle momenta k, and k, (Fig. 1b).
After several thousand iterations of the experiment, we can recon-
struct the momentum correlation function (n,(k,)n,(k,)).

To probe the spatial correlations we measure the occupation of
each site in a spin-resolved manner. We make use of a position-
mapping method, where we first project the quantum state on the
single-site occupation basis by quickly decoupling the wells and
then impart a site-specific momentum. This separates the spatial
modes after time-of-flight for direct spatially resolved imaging (see
Methods). We thus obtain the in situ density distribution and deter-
mine spin-resolved correlation functions (n,(a)n,(#)) (Fig. 1b),
where a, § denote the spatial modes {L,R}.

Figure 2 shows the measured spin-resolved correlation func-
tions for the Fermi-Hubbard dimer near its ground state for dif-
ferent interaction strengths (see Supplementary Information). As
theoretically expected, we directly observe that increasing repul-
sion (attraction) results in increasing anticorrelations (correla-
tions) in position space (Fig. 2a). Simultaneously single-particle
coherences disappear and a two-particle coherence appears, as
is visible in momentum space (Fig. 2b). We analyse the data by
[di(ny(x—d/ 2)ny(x+d [ 2))
/dK(ﬂT(K— d/2)){n(k+d]/2))
in the relative and centre-of-mass

extracting the pair correlators £(d) =

_ [d(ny(c+s/ 2)my(=x +5/ 2))
T [k (x5 / D) (my(—x +5/ 2)
momentum coordinates d=k, —k, and s=k, +k,, respectively, anal-
ogous to the noise correlation experiments performed in ref. *
(Fig. 2¢). For all measurements with interactions, the observed sig-
nal differs from 1, confirming the presence of pair correlations.

The observed correlations qualitatively agree with the expec-
tations for the ground state in this highly controlled scenario. An
essential question is how to use such experimental data to certify
and quantify entanglement'>~'***. Here, we are specifically interested
in entanglement between particles, which we treat as distinguish-
able via their spin. Qualitatively, this question can be addressed by
an entanglement witness (see Supplementary Information). The
witness probes incompatibility with general product states (grey
regions, Fig. 2¢) and from our data certifies entanglement between
particles for U/ JI2 5.

A quantitative measure of the strength of entanglement between
the particles is given by the concurrence®. Although its exact
determination requires knowledge of the full density matrix,
we can construct lower bounds as C;=2(|p,;|—+/PP) and
Cy=2(|py 4l —+/PrPay) (refs. '©***). Here, we have defined the

x(s)
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Fig. 4 | Entanglement entropy of the Hubbard dimer. a, To calculate
entanglement entropy, we reconstruct the density matrix with a Bayesian
quantum state estimation. The magnitude of the density matrix elements
is proportional to the area of the squares, normalized to 0.5. The argument
(arg) of complex-valued density matrix elements is encoded in the colour
scale. b, Entanglement can occur between different subsystems, which
may be taken to be the spatial or spin modes of the Hubbard dimer defined
in Fig. Tc. Entanglement is present if the Rényi entropy of a subsystem
exceeds the Rényi entropy of the full system. We observe entanglement of
spatial modes for all interaction strengths and entanglement of spin modes
at large interaction strengths. Error bars correspond to 90% credible
intervals. The lines show the mode entropies of the ground state of the
Hubbard dimer (see Supplementary Information).

density matrix in a position representation |f), where a and f
denote the spatial modes {L,R} of the |1) and |]) particle (Fig. 3a).
For C, and C,, we can extract the required quantities directly from
the measured correlations®: p;=P,; correspond to the popula-
tions of the spatial modes (Fig. 3b), while p, ,, p,; are two-particle
coherences that become apparent in the momentum correlations
as oscillations along the relative and centre-of-mass coordinates
(Fig. 3¢). A positive value of either C, or C, results in a concurrence
C(p) > max(0,C,,C,) > 0, which demonstrates the presence of entan-
glement (Fig. 3d).

Besides the entanglement between particles as measured by the
concurrence, we are also interested in spatial mode entanglement
between tweezer sites. Therefore, we study the entropy of entangle-
ment”, which compares the Rényi or von Neumann entropy of
generic partitions of a system to the entropy of the full system. If
subsystems individually have a higher entropy than the combined
system, this proves the presence of entanglement between them®.
We partition our system in spatial modes and spin modes (Fig. 1c),
which allows us to determine the role of either type of entanglement
in the different interaction regimes.

We can evaluate the entanglement entropy of subsystems
directly from our correlation measurements (see Supplementary
Information). Determination of the entropy of the full system,
however, requires knowledge of the full density matrix or collec-
tive measurements on multiple copies”. To evaluate those density
matrix elements that are not fully constrained by our correlation
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measurements (see, for example, the sums in Fig. 3¢), we implement
a Bayesian estimate of the density matrix® such that it remains pos-
itive-semidefinite (Fig. 4a and Methods). From this density matrix
we obtain a tightly constrained posterior distribution of the Rényi
entropy of the full system (blue circles, Fig. 4b). Comparing it to the
entropy of the different subsystems, we see that the entanglement
between spatial modes is largest for no interactions, while entangle-
ment between spin modes (which we identify with the particles)
grows with increasing interaction strength’.

This disparate behaviour of spatial and spin modes is an example
of the inequivalence of entanglement between different degrees of
freedom within the same state>'"*". The entanglement between spin
modes is the relevant quantity if the quantum state were to be used
for quantum information processing or communication, where
each party has control over exactly one spin sector. On the other
hand, the entanglement entropy of spatial regions reflects the cost
of classically representing a quantum state with particle number
fluctuations in real space. Our experiment realizes and probes the
smallest non-trivial quantum systems in which these inequivalent
notions of entanglement are both present.

These results show the potential of combined spin-resolved posi-
tion and momentum correlation functions as a tool to characterize
quantum states. The spin resolution and single-particle sensitivity
of the detection method can be maintained for systems with larger
particle number. It could be applied to continuum systems, for
example to superfluid droplets, or to measure order parameters in
fermionic superfluids with non-trivial orbital symmetries®. Further
applications extend to correlated few-body complexes such as indi-
vidual, isolated Efimov trimers or fractional quantum Hall puddles,
which could be mapped out completely in momentum space.

Online content
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Methods

Experimental set-up. The double-well potential was realized by two overlapping
optical tweezers with a waist of 1.15 pm and a wavelength of 1=1,064 nm. We
generated the two tweezers by applying two radio-frequency signals to an acousto-
optical deflector, which allowed us to control the separation of the tweezers a

as well as their relative and absolute depth. We prepared two °Li atoms near the
ground state of the double well with a separation of a=1.5 um using the procedure
described in ref. °. We performed adiabatic ramps of the relative depth of the
double well and then the magnetic offset field to increase the interaction strength.
In this way, a Hubbard dimer was realized with tunnel coupling J controlled by
the overall potential depth and with the interaction energy U tunable using a
Feshbach resonance.

Single-atom imaging. We detected the individual atoms using a free-space
single-atom, spin-resolved imaging technique” that provided a spatial resolution
of 4pm. The spin resolution was achieved by consecutive imaging pulses resonant
on the individual transitions of the |1) and || ) hyperfine states and imaging of the
fluorescence photons on different regions on the camera.

Momentum measurements. The momentum distribution was measured by
combining the single-atom imaging with a time-of-flight expansion. After
preparation, we switched off the double-well potential and let the quantum state
expand in a weak optical potential that was elongated along the double-well

axis with an aspect ratio of 8. After a quarter of the oscillation period along the
elongated axis, we detected the position of the atoms and integrated over the
directions perpendicular to the elongated axis of the potential. As the interactions
are negligible during the expansion, the unitary evolution in the trap mapped the
initial momentum distribution along the double-well axis to the position of the
atoms along the elongated axis of the weak trap. The observed lattice momentum
ki, was in agreement with our expectation based on the double-well separation and
the trap frequency during the time-of-flight. The data of the correlation function
(n,(k,)n,(k,)) were obtained by averaging ~4,000 spin-resolved momentum
measurements with a post-selection probability of >80%.

Position measurement. To resolve the in situ distribution of the atoms in the
double-well potential, we projected the wavefunction onto the individual wells
by diabatically increasing the trap depth of the double well. We then imprinted
a diametrical centre-of-mass momentum onto the on-site wavefunctions of the
two wells by a sudden change in the well separation to 3.2 pm together with an
expansion time of 6 ps. After that, we switched off the double well and performed
a time-of-flight expansion before detecting the atoms. The parameters were
optimized to obtain suitable magnification of the well separation as well as the
on-site wavefunction. We obtained a fidelity for identifying each atom in the
correct well of 99.4(3)%. The data for the spin-resolved spatial correlation
function (n,(a)n,(f)) were obtained from ~1,000 position measurements and
a post-selection probability of >80%.
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Evaluation of the density matrix elements. To determine the measured density
matrix p.,, of a prepared state p of the Hubbard dimer, we read off the populations
P, from the spatial correlation measurements. From the momentum correlation
measurements we can extract the coherences. We calculated the momentum
correlation function for p using the Fourier transforms of the single-particle basis
states ¢, =g(x+a/2) to g(k)eii“k/ 2 where g(x) denotes the Wannier function

and g(k) is its Fourier transform. Neglecting the envelope function g(k) in the
following, we obtain the momentum-space correlation function

(ny (ke (k) =1
+2R {(/)1)3 +/)2)4)}cosak1—25 {(pL3 + pm)} sinak,
+2R {(pL2 +/’3,4)} cosak,—23 {(pl’2 +/’3,4)} sinak,
+2R {p2)3}cosa(k1—k2)—25 {pzvs}sina(kl—kz)
+2R {ply4}cosu(kl+ k,)—2S {/)l,‘l}sina(k1 +k,)

where the real and imaginary parts of the density matrix elements are explicitly
written as coefficients of the trigonometric basis functions. This expression serves
for creating basis functions (Supplementary Fig. 2) to obtain the off-diagonal
matrix elements p, ,, p,, and so on. Note that we can only determine the sums
P13+ p,qand py,+ p,, of the single-particle coherences with our measurement.
For further details, see Supplementary Information.

Reconstruction of the density matrix. From the previously described method
we obtained only a subset of the parameters required to unambiguously describe
the density matrix of the prepared state. To avoid unphysical sets of density
matrices and to estimate the effect of the statistical and systematic uncertainties
from our data on the resulting density matrix entries, we reconstructed the
density matrix pyy;; using a Bayesian quantum state estimation as outlined in

ref. . All information about the experiment is contained in the likelihood function
L(p)=p(Mlp)/p(M), a distribution over the measured data M conditioned on
a certain hypothesis about the state p, which quantifies the relative plausibility
of the different possible states. The posterior distribution z{p)dp was obtained
by multiplying £(p) with a prior distribution ,(p)dp on the states. We chose the
Hilbert-Schmidt prior as uninformative prior over all physical density matrices.
The Bayesian mean estimate j,, . is then given by the mean of the posterior
distribution. The expectation value of an observable O can be calculated as

<O> = / O(p)x(p)dp with the errors given in terms of the credible interval of its
posterior distribution. With the Bayesian estimate of the density matrix, we can
evaluate the expected value of the Rényi entropy S=—logTr(p?) for the entire
system and for different subsystems.

Data availability
The data that support the plots within this paper and other findings of this study
are available from the corresponding author on reasonable request.
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