PH 551 Winter 2026
Solutions of Homework #5

Problem 1

10.15 The state ||p'_> is
|lyr_)=-%(/200)+|210))
The expectation value of the dipole moment d =—er is
()= (v | ex|wr_) = —e((200] + (210)x % (|200) +210))
=—e4((200(r|200) +(200|r|210) +(210|r|200) +(210|r|210})

The first and last terms are zero by symmetry and the other two terms are complex
conjugates of each other. Hence we need to find

(200r[210) = [ i3} (r-6.9) (xi +yj+ 2k ) wilh (r.6.9)r" sin drdedy
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The azimuthal integrals I;Fcosq)d{p and j:xsinqbdqb are both zero. The remaining polar
integral gives 2/3, yielding

(200|r|210)=i432xrr4 1= | gy
16ma; 3 -0 2a,
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The expectation value of the dipole moment is
(v_|alyr_) =—e4((200]r[210) + (210]r|200))
= —e%(—?&aol} + —SGUE]
=3eak

which means it is aligned with the applied electric field, as expected [see Fig. 8.9(b)].



Problem 2

10.23 a) For the unperturbed case (¢ = 0) we have

100
H,=V,[0 1 0
00 4

with eigenvalues E, =V, E, = V,;, E5 = 4V, and eigenvectors

1 0 0
|IH={0].|2)=|1]. |3)=|0
0 0 1

Note that |1) and |2) are degenerate and |3) is nondegenerate.



b) Now look at the perturbation of the nondegenerate |3) state. First we need to write
the perturbation Hamiltonian H' = H - H,

0 2& O
H=V|2e 0 3e
0 3 0
The first-order energy correction is
E® =(n®|H’|n)
£§13 — (3(0}‘}']" 3[0]) -0
EP=0
The second-order energy correction is
2 2
O = Z' |k O O) [(30]E2)
= EV- E“” E®-E©® E®-EY
P e

A IANY
Hence the corrected energy is

E,=E® +EP + E? =4V, +0+3£%,

E,=V,[4+3€ ]

¢) Now look at the perturbation of the degenerate |1) and |2) states. Here we need to
diagonalize the perturbation Hamiltonian within that 2x2 space:

0 2 0
) 0 2
H=V,|2¢e 0 3e|= H,=V,
2e 0
0 3 0
Diagonalizing gives
-A 2&V,|
26V, -A|

(~2)(-A)-(22%)" =0
(A*—4eV})=0
A== 26V,

E=E"+E" =V, +2&V, =V, (1+2¢)
E,=EP +EP =V, -2V, =V,(1-2¢)




d) The degenerate levels split linearly, while the nondegenerate level has a quadratic
dependence and is repelled by the one lower level it is coupled to, as expected.
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Problem 3
10.24

3 g 0 O

v e 3 2 0

S %0 28 5 e
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a) For the unperturbed case we have
3
0
0

=V
0

with eigenvalues E; = 3V, Ez =3Vy E5 =5V, E = TVO and eigenvectors

0 0
0 1 0
)= H= =
0

0 1

oo w O
o ot D O
- o o O

Note that |1) and |2) are degenerate and |3) and |4) are nondegenerate.
b) Let's first do nondegenerate perturbation theory for the |3} and |4) states. First
we need to write the perturbation Hamiltonian:

0 e 0 O

, e 0 2 0
H=%lo 2 0 &
0 0 £ O



The first-order corrections are
EV = (n(‘}) | I_}fl n[ﬂ])
ES =(39|&|3)=0
Eilj <4 (o) 4m)> 0

Hﬁ'

So we need to go to second order for these states
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Thus the energies to second order are

3
E. =V, |5+=¢
,-v|s+2¢]

1
E,=V,|7T+=¢
| 7+3¢]

Now look at the perturbation of the degenerate |1) and |2) states. Here we need to
diagonalize the perturbation Hamiltonian within that 2x2 space:

0 ¢ 0 0
) e 0 20 ) 0 €
H =V = H/,=V,
0 2 0 ¢ " e 0
0 0 € 0

Diagonalize this



-1 €V,

eV, -4
2t —(ev,) =0
A==tV

The corrected energies are

E =E® +E® =3V, + ¢V
E,=E® +E® =3V, — ¢V,




Problem 4

(a)
11.9 Recall the angular momentum commutation relations
(I, |=ind s [ I, |=id, 5 [J.d, )=k,

[.0,]= [, ]=[F.0.]=0
Taking commutators with the hyperfine Hamiltonian gives (recall that the electron and
proton spin operators commute)

| H,,.8% |= [ srs’f] [[ss]_ 1[51+5J+Sk52]_
:EI-{i[sI,sz]ﬂ[s).,sz]+k[sz,sl]}:0

[H;ff]:[%S-[,IE]:%S{I,F]:%S-[Ixi+f).j+fzk,ll]:
:iS-{i[Ix,Iz]+j[I},IZ}+k[IE,IZ}}:D

| Hy.S, |= [ 5[5} — S +S,1,+5.1,.5, |

= AlL[s.8 T+ [5,5. ]+ 1[S.5.]]

ﬁ{s}.rx -S.1,}#0

= i{—ms}fx +ihS, I} = .

hl
[ Hy, 1 |= [ su] =[S +S,1,+SI.1, ]|

_F{gx[fx,rz}u s}_[f_,f_]+s_[f_,r_]}

= %{—ihf}_.?x +HIRLS, }=—= “Airs,-15,)#0



(b)

11.7 The ladder operators are
S.=S,+iS, I =1 +i,
S.=8,-iS, IL=I-i,
Solve these for the Cartesian components:
=3(S.+5) L=3(L+L)
S,=3(S,-S) 1,
and substitute to get
SI=SJ, +S I +SI =3(S.+S )31 +1)+3(S.-S)F(L. -1 )+51,
=4S, 1, +S I +S1 +S1I)-%S.1.-S1I -SI+S1)+S1,
=1(S. I +S.1)+51,

Problem 5

11.4 a) A spin 3/2 system has s (or j) equal to 3/2 and so has four possible states with
(or my) equal to +3/2, +1/2, -1/2, and -3/2. The four eigenstates are

|3 3 31 3 -1 3 -3
|Sms>_‘515>= Eai)a E:E): 5:?)

The eigenvalue equations are

SZ

s, = s (s-+ )3 sm, )= 5022,

Sz‘sm;) = m;h‘smd,) =




b) The matrices representing S* and S, are diagonal in their own basis—the |sm;> basis
with the diagonal eigenvalues from above:

B2 0 0 0
G| 0 ®W 0 o0
0 0 L@ 0
0 0 0 LA
30 00
0 in 0 0
S =
1o 0 -la 0
0 0 0 -—3n

c) Generate the matrices representing S, and S, by noting that S, =35, £i5;, which
gives

First generate S, using

Si‘sms}: ﬁ\/(s(s-l- 1)- m;{m; + l))‘s,ms il)
which gives the matrix elements

(s'm’|S.|sm,)= {s'm;‘h\/(s(s +1)—m, (m, + l)) |s,m, +1)
= ?LJ(S(S+ 1)-m, (m, + 1))
1)

( (s'm’|s,m, £1)
:ﬁJ[s(s+1)—m5(ms )

55 m m =l

I+



Hence

0 V3 0 0
0 0 2¢ O
S, =
0 0 0 3
0 0 0 0
O 0 0 0
gz V3 0 0 0
- 0 22 0 0
0 0 V3 0
This gives
0 3 0 0
Bl 3 0 2 0
s ==
200 2 0 43
0 0 3 0
0 -3 0 0
Bl i3 0 -2 0
S, ==
20 2 0 -i3
0 0 &3 0

d) To find the eigenvalues of S, diagonalize the matrix

-2 Brf2 0 0
NE Yo R A 0
0 B —A 32
0 0 B2 -A
=—A(-A(4* - 31° /) - n(-2R)) - V30/2(\3R/2(27 - 302 /4) - (0))
= A2(A* - 30%/4) - 3K 4 (2% - 3R [4) - A*K?
0=(2>-31/4) - A%

det(S, — AI)




Solve to get
(A* —30%/4)=2AR
*FAR-3R°[4=0

2 2 4

Which gives the four values
S _3 h R 3R
2727 27 2

as expected.



