PH 551 Solutions of HW #2 Winter 2026
(due January 21, 2026)

. Mclntyre 9.9 (expectation values by integration and by operator method).
i) Write the wave function using the constant g = mo/h:

?(x)= (:::]A e = {ﬁa } S0

The expectation value of position is

()= g)(x) x @y (x)de =[x\, (x) dx=0
by symmetry since ‘tpo x ‘2 is even. For momentum:
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i1) Now do the same for all states but using the operators @ and al.
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- fzi[\/m(nn+l>+\/r_z(nn—l)]=0 since (n|m)=5
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Note also that (n‘a2 ‘ n) =0 and (n‘(af )2 ‘n) =0 in a similar manner, so that
(x2)= (n|x*|n)= 2:@ (n\(aT +a)2 |n)= Y
/:

=—(n\aTa+aaT\n)=%(n\/;\/;+\/m\/m‘n)
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All of these agree with part (1)



iii) The uncertainty principle is AxAp > h/2 where

- /((x— (x>)2> = \/(xz)— (x)2 = \/(xz) since {x)=10
= (o= (2" = J(p*)- (pY’ = {(p*) since (p)=0

The uncertainty relation is obeyed for all states and the minimum uncertainty is realized in
the ground state (Gaussian wave function).

. Meclntyre 9.14 (expectation values)

a) To solve this problem, write the state in terms of energy eigenstates. Rather than
calculating the coefficients using spatial overlap integrals, try to write the state in a way that
makes it obvious which energy states are included. First write out the harmonic oscillator
functions to see how they relate to this state. To simplify notation, use the standard variable

change &= /mofh x= pfx:

pu(x)= () & = (—) (2 A
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= e‘fszzzqao(x)(#)?; 56752/2—% (#) [24’2 —1]3‘52//2=\E¢2(x)(§)%
The initial wave function is thus
w(x,0)=A(1-3/Ex + 2525 |e ™2 = A(1-3fx + 25 )e ¥
= A(1-3£+28)e 7 = 4(2(1)-3(§) +1(2£ 1)) ¥
(=) o) 20 (0)+ 30,()

Switching to bra-ket notation, we have



w(0)=C(2]0)-£1)++2[2)
where C is the normalization constant. Normalize to find C
1=[(w(0) w(0))|=|C (2(0|- £ (1|+V2 (2])(2/0)- 1) +2[2))
=lc*(4+3+2)=2|C” >C=%
Now find the expectation value of the energy:

(E)y=Y Ep, = (n+i)hop,

9=y () = (a2 (210)= 1) +3212)] = 220n]0) - (1) + 32 ]2
(45n0+ 6r¢1+25 )
(E):Z (n+ Dho#(48,,+36,,+28,,) = kho[4t+3$3+235| = Fho[2+F+5]
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3. Momentum space wave function
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HO Ket Representation Wave Function Representation | Matrix Representation
Hamiltonian - P . 2
H=p7+%ma)2)?2 HI —h—i+lma)2x2 ( %ha) 0 0 .- \
2m 2mdx* 2 0 3h 0
=(aia+§)ha)n HI s
0 0 she
Eigenvalues | £ = (n+ 1) E = (n+1)ho E, = (nt o
Of Ed A Ed A H
Hamlltonlan nZO,.l,Z,S,... nZO,.l,Z,S,... ’1,':{),],2._,3j e
Normalized | |n) | n) e (x) (1) (o)
eigenstates of 2 0 ]
Hamiltonian _(meV =y 0)01 , O , O
o.(5)=(=) gz (@er |10 5 | T
[me : 0
={5x N
Matrix Xnm = <n|X|jm> = Xnm = (integral) 0 V1 0 ..
element/matrix % =" 0 (X)x@ (x)dx (note that Vi 0 V2 -
iy —— (Vm&pm-1 +Vm + 16 o0 PniXIXPm I
of position 2maw ( mm-t nm1) harmonic oscillator wavefunctions | X "= (matrix) = |——| 4 5
operator are real) :
(see Eq. 9.96 in Mclntyre)
Matrix Pnm = <n|Pjm> Pnm = (integral) = 0 —ivli 0 ..
element/matrix - [hme o o () (—ih A (%) dx iV 0 T
of momentum |~ YTz (\/ﬁ&l,m—l - f‘°° on(X) (i) dx P ‘= (matrix) = hmo ;
2| 0 W2 o0
operator vm+1 5n,m+1) :

\

(see Eq. 9.96 in Mclntyre)
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