PH 451 Solutions of HW #2 Winter 2026
(due January 21, 2026)

. Mclntyre 9.9 (expectation values by integration and by operator method).
i) Write the wave function using the constant g = mo/h:

?(x)= (:::]A e = {ﬁa } S0

The expectation value of position is

()= g)(x) x @y (x)de =[x\, (x) dx=0
by symmetry since ‘tpo x ‘2 is even. For momentum:
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i1) Now do the same for all states but using the operators @ and al.

a= JZiilmico(_ip + ma)x)
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X = Ymo (a + a)

()= (nfslm) = | (nla’ + al)
_ /ﬁ[(n\af\nﬂ(na\n)]: [l Lt 1)+ ()]
- fzi[\/m(nn+l>+\/r_z(nn—l)]=0 since (n|m)=5

(p)=nlpln)= | (nla! ~aln)
_ /ﬁ[@an)_(n\a\n)]: = [{nl S 4 1) (o 1)
_ /ﬁ[\/ﬁ(n\nﬂ)—\/;(nn—n]:o since (n|m)=5,.
Note also that (n‘a2 ‘ n) =0 and (n‘(af )2 ‘n) =0 in a similar manner, so that
(x2)= (n|x*|n)= 2:@ (n\(aT +a)2 |n)= Y
/:

=—(n\aTa+aaT\n)=%(n\/;\/;+\/m\/m‘n)
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All of these agree with part (1)



iii) The uncertainty principle is AxAp > h/2 where

- /((x— (x>)2> = \/(xz)— (x)2 = \/(xz) since {x)=10
= (o= (2" = J(p*)- (pY’ = {(p*) since (p)=0

The uncertainty relation is obeyed for all states and the minimum uncertainty is realized in
the ground state (Gaussian wave function).

. Meclntyre 9.14 (expectation values)

a) To solve this problem, write the state in terms of energy eigenstates. Rather than
calculating the coefficients using spatial overlap integrals, try to write the state in a way that
makes it obvious which energy states are included. First write out the harmonic oscillator
functions to see how they relate to this state. To simplify notation, use the standard variable

change &= /mofh x= pfx:

pu(x)= () & = (—) (2 A
R O
%(x)=(ﬁm[4?x2 e =(£) Glaget -2Je = (£) 442 -2

= e‘fszzzqao(x)(#)?; 56752/2—% (#) [24’2 —1]3‘52//2=\E¢2(x)(§)%
The initial wave function is thus
w(x,0)=A(1-3/Ex + 2525 |e ™2 = A(1-3fx + 25 )e ¥
= A(1-3£+28)e 7 = 4(2(1)-3(§) +1(2£ 1)) ¥
(=) o) 20 (0)+ 30,()

Switching to bra-ket notation, we have



w(0)=C(2]0)-£1)++2[2)
where C is the normalization constant. Normalize to find C
1=[(w(0) w(0))|=|C (2(0|- £ (1|+V2 (2])(2/0)- 1) +2[2))
=lc*(4+3+2)=2|C” >C=%
Now find the expectation value of the energy:

(E)= g,EnsoE,, =Y (n+3)hop,

=[(aly O = (045 (210) =5 1)+ 2123 = {240}~ a1y 2 (nf2)]
= A(45.%0-"_ 6r¢1+25 )
(EY=Y (n+1)hw£(48,,+%5,,+25,,) = Fho[41+33+23]= Fho[2+ 2 +5]
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. Commutator algebra
(a) Show that the following are true. You don't need to reflect on the physics,

[4(5+€) |- A(B+€)-(+ €)d - A+ AC—(Bi+ EA)[ . 5]+[ 4]

( the distributive law holds)

~

A,BC|=ABC-BCA=ABC - BAC- BCA+ BAC
~ {48 BA)C+ Bl-CA+ AC)
_[4B]C+B[AC]
(b) Show that [_f:, j}] = jhi. Hint: operate on a general wave function and use the position

representation of the operators.

The right hand side SHOULD be an operator, because the left hand side is, but it looks like a
number. We interpret the number as being multiplied by the identity operator, which can
take many forms, depending on the situation. In matrix mechanics, for example, it’s a square
matrix with the number 1 as every diagonal element.

To prove the identity, operate with the commutator on some arbitrary function of x,

[%.5]o= [x,—ih j—x}a(x) - —ih{x,ih %}b(x) - —ih{x%qﬁ(.ﬂ - %(xq‘)(x))}
— _ih{xM_di¢(x)_xM} ——ih{xm—qb(x)—xw}

dx dx dx dx dx
= ihg(x)

Be very careful about the chain rule and what is operating on what. Now if
[x,p]#(x) = iig(x) then [x, p] =ikl with the bold 1 the identity operator.



HO Ket Representation Wave Function Representation | Matrix Representation
Hamiltonian N ) n 2 [ 1 o)
Hzp—+%ma)‘)?2 HI —h—£+lma)23|c2 sho 0 0
2m 2m dxz 2 0 3k 0
=(aia+§)ha)n HO
0 0 Jhe
Et{genvalues E =(n+i)nw E =(n+1)he E, =(n+i)he
0
Hamiltonian | #=0.1,2,3,... n=0,1,2,3,.. n=01273,..
Normalized | |n) |n> 0@ (x) (1) (o)
eigenstates of 2 0 1
Hamiltonian YA - | 10Y0 ., ho , U
o(x)=(z) (e |10 o |- MO
£= /%x : 0
Matrix Xnm = <n|X|m> = Xnm = (integral) 0 V1 0 ..
elemer.lt./matrix 5 == f:: @n(X)x@y, (x)dx (note ' h vi o0 V2o
of poimon me (Vm&ym—1 +Vm + 16, 1m41) that harmonic oscillator X =(matrix)= =" 0 vZ 0
operator wavefunctions are real) :
(see Eq. 9.96 in MclIntyre)
Matrix 3 . [ame Pnm = (integral) = 0 —ivl 0 ..
element/matrix | Prm = <nlPim>=-1 |== (Vimdnm-1 = 112 000 (—ih) 222 g P ( W1 0 —iv2 w
of momentum | \/m 15, .,,) dx P -= (matrix)= ’T 0 iV2 0
operator ' \ : /

(see Eq. 9.96 in Mclntyre)




