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Pseudoparabolic equations in periodic media are homogenized to obtain upscaled limits by
asymptotic expansions and two-scale convergence. The limit is characterized and convergence
is established in various linear cases for both the classical binary medium model and the
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obtained.

Keywords: homogenization, pseudoparabolic equations, fractured porous media, dynamic
capillary pressure

AMS Subject Classification: Primary 35B27, 35K70; Secondary 74Q10, 76S05.

1. Introduction

Pseudoparabolic equations arise in a range of applications from radiation with
time delay [1], degenerate double-diffusion and heat-conduction models [2, 3] and
resolution of ill-posed problems [4] through recently developed applications in level
set methods [5] and models of lightning propagation [6]. They were first analyzed
in [7-9]; see [10] for an extensive review and bibliography. Here we are interested
in a degenerate pseudoparabolic equation arising from modeling dynamic capillary
pressure in unsaturated flow; specifically, we study the case of flow in heterogeneous
media in which the coefficients are periodic on a fine scale.

The classical Richards equation for flow through a partially-saturated porous
medium with porosity ¢(z) and permeability K (z) takes the form

¢()—, o

V (P.(u(t,2)) - pGD(x) =0, (1)

where u denotes saturation, and gravitational effects depend on depth D(z) and
(constant) density p. Here ky,(u), P.(u) denote relative permeability and capillary
pressure relationships, respectively. This standard model follows from Darcy’s law
extended to multiphase flow and conservation of mass [11, 12] with the assumption
that atmospheric pressure of air is constant. The model has been analyzed in [13—
15] and elsewhere.

The experimental determination of the pressure-saturation relationship p =
—P,(u) is based on the assumption that this is an instantaneous process, although
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in reality it requires substantial time to approach an equilibrium before measure-
ments can be taken. This led to the introduction of dynamic capillary pressure [16]
in which P.(u) is replaced by P gyn(u) = Pe(u) — 7%7; with 7 > 0. Other dynamic
models had been introduced earlier [17, 18]; see [19-22] for supporting experimen-
tal evidence. A similar model was derived in [23] by homogenization from standard
two-phase models with special interface conditions.

The dynamic capillary pressure model of [16] leads to the nonlinear pseu-
doparabolic equation

ou(t, )
a fw

¢(x)

kw(u(t, x))

— V- K(z) .

When written in terms of pressure u — —P,(u) (see Section 4) and linearized about

a known solution wg, with x(z) = K(x)w, ¢ replaced by ¢%’uo and 7 by 7,

Hw
the equation (2) takes the form

ou(t, x)

o) 20D g @)V (uft,2) + (@) () 2D

ot

) =V k(z)pGD(z). (3)

If the convective term is dropped, i.e., set D(x) = 0, we obtain

Ou(t, )
ot

Oou(t,r)\
pm ) =0. (4)

o(x) -V H(.%')V(U(t, x) + 7(z)p(x)

In realistic porous media there is substantial variation of ¢(x) and K (z), as well
as the nonlinear relationships &y, (+), P.(:), 7(-) in (2). Consequently the coefficients
in linearized models (3) and (4) vary similarly. In this paper we derive homogenized
models for (2) and (4), and in particular for the special case of binary media in
which ¢(x), K(x), 7(x) and consequently x(z) oscillate between two respective con-
stant values. See [24, 25] for further discussion of heterogeneous dynamic capillary
pressure models, references and numerical results.

The multiscale analysis is aided by the structure of the pseudoparabolic system

6(x) a“gt’ ) - (195) (u(t,2) — v(t, z)) = 0, (5a)
V- (5@ Vo(t,2)) + (1x) (vt 2) — u(t, z)) = 0, reQ. (5b)

This system is equivalent to a single equation: if we eliminate v we obtain the
pseudoparabolic equation (4) for the variable u(t,z); v satisfies a similar equation.
It is supplemented with corresponding boundary and initial conditions. Here we
take homogeneous Dirichlet boundary conditions

v(t,s) =0, a.e. s€ I, (5¢)
and the initial condition

d(z)u(0,z) = p(z)us(z), ae. z e (5d)
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The well-posedness of the system (5) follows from very general assumptions on the
coefficients and initial function. The following suffices for our purposes here.

Theorem 1.1: Assume that functions ¢(-), k(:), 7(-) € L>®(2) are given, each
with a strictly positive lower bound, and let u.(-) € L2()). Then there is a unique
pair u(-) € HY((0,7); L*()) and v(-) € L*((0,T); HY(Q)) such that u(0,-) = u (")
and

[ 0025 ota) + s ult,) — 0(0,2) (o) — 6(2)
Q
+ k(z)Vou(t,z) - Vi(z)) dz =0 (6)

for all p(-) € L*(Q) and ¥(-) € HY(Q).

Corresponding results hold under much more general conditions of non-negativity
of the coefficients. See [10, 26-29]. The initial value u, need be chosen only with
d()?u,(-) € L*(Q). Also, the a-priori estimates show explicitly that u — v — 0
as 7 — 0.

Our objective is to homogenize the system (5) and thereby the corresponding
pseudoparabolic equation (4) when the coefficients depend (periodically) on a small
parameter £. The precise description of coefficients will follow below. Bensous-
san, Lions and Papanicolaou [30] briefly investigated the homogenization of pseu-
doparabolic equations as an example for which the limiting problem is of a different
type, and perhaps non-local, not even a partial differential equation. (See Chapter
IT, Section 3.9, pp. 318, 338.) We shall see below that this occurs when certain
variables are eliminated or hidden. The limited regularity and estimates for solu-
tions of the corresponding pseudoparabolic equation (4) makes the homogenization
more delicate. Only in special cases is there a purely upscaled limit.

In Section 2 we obtain the formal asymptotic expansion of the solution for the
linear equation (4) in the classical case and find the dependence of the limit on
¢ and 7. The analysis and homogenization of the linear system (5) by two-scale
convergence is developed in Section 3 for e-periodic binary coefficients and includes
cases of 7 — (0 with parabolic or first-order kinetic systems as limits. Finally,
Section 4 contains the asymptotic expansion for a nonlinear highly-heterogeneous
case arising from Richards’ equation with dynamic capillary pressure.

2. Asymptotic Expansion

First we introduce periodic coefficients into the pseudoparabolic system (5) and
use formal asymptotic expansions to obtain the limiting problem as the period
scale ¢ > 0 tends to zero. Let Y denote the unit cube in RY, let there be given
the Y-periodic functions ¢(y), 7(y), x(y) and then define ¢°(z) = ¢(%), 7°(x) =
7(2), K°(z) = K(Z). The three functions ¢°, 75, k° are the respective e-periodic
coefficients in (5), so the corresponding solution v, v* to (5) depends on . We

write these as formal asymptotic expansions
oo [o.¢]
ua(ta l’) = ngup(tvxay)v Ug(th) = ngvp(t7$>y)v Y= ’ (7)
p=0 p=0

with each wy(t,z,-), vy(t,x,-) being Y-periodic.
Substitute (7) into (5) and collect terms by powers P for p > —2. Note that
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the gradient V =V, + %Vy is used in calculations where y = x/e. The ordinary
differential equation (5a) gives (at p = 0)

auO (t) xZ, y)

P(y) ot + T(ly) (uo(t,z,y) — vo(t, z,y)) =0.

The initial condition will always be assumed to be independent of the local variable,
yey.

The procedure for the elliptic equation (5b) is standard [30-32]. Equating to zero
the coefficient of €2 in the expansion of (5b) gives

—Vy k(y)Vyvo(t,z,y) =0, y € Y.
With the Y-periodic boundary conditions on vg, we conclude that V,vy(t,z,y) = 0,

and so vg = vg(t, x) is independent of y € Y. From the combined coefficients of =1
in the expansion of (5b) we obtain

_vy : ’%(y)(vyvl(ta xz, y) + vzv(](tv fL‘)) R K(y)vyvo(t¢ SL’) =0.
The last term is null, so the function vy (¢, z,y) is the solution of an elliptic periodic

boundary-value problem on Y, and we can represent it in terms of Y-periodic
solutions w;(y) of the cell problem (see (17))

—Vy'/f(y)(vywj+ej):0, j=1...N.

This representation vy (¢, z,y) = Z;V:1 wﬂy)%vo(t, x) (up to a function of z) will
J

be used to compute the effective tensor x* below. Finally, collecting terms with £°
in the expansion of (5b) gives

— V- k(y)(Vyva + V1)

— V- £(y)(Vavo(t, ) + Vyvi(t,2,y)) +

1
(UO(tv .73‘) - uﬂ(ta €, y)) =0.
()
Integrate this equation over Y. The first term vanishes due to Y- periodicity of

each v,, and the second becomes the effective elliptic contribution with the tensor
k*. The third term gets averaged to yield the second equation of the system

8u(](tv xz, y) 1

¢(y) ot + T(y) (UO(t7 Zz, y) - UO(ta $>) = 07 (83“)
—V - K*Vy(t, x) + /Y 7_(1y)(v0(t,w) — ug(t, z,y))dy =0, (8b)

the first being copied from above. The effective tensor x* is obtained in this calcu-
lation as k%, = [y, k(y) (Vywi(y) + e5) - (Vye5 (y) + €) dy.

Only if the product ¢(-) 7(-) is constant do we get uy(t, z,y) = ug(t, z) indepen-
dent of y € Y, and in that case we can eliminate vy from the system to obtain the
upscaled pseudoparabolic equation

* 8’&0(15, 33')

« s Oug(t, )
ot 4

1) — V- k*Vuy(t,z) = V- k*Vo = 0. (9)
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The homogenized porosity is the average ¢* = fy ¢(y) dy and the homogenized

-1
time-delay is the harmonic average 7™ = ( fY %dy) . In the general situation,

up depends also on the local variable y € Y, and then the limit system (8) is
partially upscaled, a combination of the local equations (8a) and the upscaled (8b).
We will make similar but much more interesting calculations below when ¢(-) and
7(+) are piecewise constant.

3. The Pseudoparabolic System

Next we extend the models to include binary media of classical or highly-
heterogeneous type, and then we obtain the homogenized limit problems by two-
scale convergence.

3.1. The Heterogeneous Micro-models

We use a binary medium to emphasize the dependence of singularities on geometry.
Let the unit cube Y be given in open disjoint complementary parts, Y1 and Y3, so
Y1 NYz =0 and Y is the interior of Y3 UY2. We denote by X;(y) the characteristic
function of Y; for j = 1,2, extended Y-periodically to all of RYN. Thus, Xi(y) +
Xa(y) = 1 for a.e. y in RY. It is assumed that the sets {y € RV : X; (y) = 1} for
7 = 1,2, have smooth boundary, but we do not require these sets to be connected.
The corresponding e-periodic characteristic functions are defined by

X .
X5 (z) = X, (g) reRY, j=1,2

and these naturally partition the global domain €2 into two sub-domains, Q2] and
Q5 by QF = {:c €N:X5(z) = 1} , j =1,2. We use the characteristic functions as
multipliers to denote the zero-extension of various functions. Let I' = 9Y1NdYoNY
be the part of the interface between Y7 and Y, that is interior to the local cell Y.
Then I'* = 095 N 005 N € represents the corresponding interface between Q] and

(25 that is interior to 2. We denote by 7, the boundary trace of functions on Y; to
I' and by ~5 the boundary trace of functions on Q5 to I'. (See [33], [29].)

3.1.1. The Classical Case

Let the strictly positive lower-bounded functions ¢;(-,-), #;(-,-), 7j(-,:) €
L>(Q; C(Y;)) be given, and define Y-periodic functions in L>(€Q; L7, (Y')) by

H -

(ZS(.T,Q) = ¢]($’y)a K’(Ivy) = ’ij(xay)u 7'(95,?/) = Tj(x’y)7
yeY;, j=12, xzeQ.

The subscript # denotes the subspace of Y-periodic functions in any function
space. Corresponding functions on Qj are defined by

gbj (z) = ¢ (1}, g) , /{? () = Ky (:L', E) , 7';: (x) =75 (:L‘, g) ,
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and the coefficients for the pseudoparabolic system (5) are given by

¢°(z) = Xi(2) 91 (2) + x3(2)d5(), (10a)
R () = X1 (2)R1 (2) + x5(2) w5 (2), (10b)
7 (2) = xi (@)1 (2) + x5(2)73 (2). (10¢)

These are e-periodic on the fine scale. Theorem 1.1 gives a unique solution of the
e-problem: u®(-) € H'((0,T); L*(Q)) and v°(-) € L?((0,T); H}()) satisfy

| @2 ol + s (1) = 07 (1. 9) (o) — (0)
Q

+ K5 (2) Vo (t,z) - Vip(z)) dz =0 (11)

for all o(-) € L*(Q) and ¥(-) € H}(Q2), together with the initial condition u®(0,-) =
tx(+) . The initial value u, is independent of &.

If the coefficients x5 are continuous on €25, the strong form of (11) is the trans-
mission problem

F@ T Tszx) ((t,2) — o°(t,2) = 0,z € O (12a)

V- (K (@) VR (£ @) + szx) (v (t2) — w(t,)) = 0, € O, (12b)
LV (55(@) Ve (2) + T;x) (F(tr) —w(te) =0, € Q5 (120)
Vv (L, s) = 7305 (1, s), (12d)

K ()Y (1, 5) - v = K5(5) Vel (1, ) - v, s € T%, (12¢)

where v denotes the unit outward normal on 9€2]. We have homogeneous Dirichlet
boundary conditions

ve(t,s) =0 a.e. s €0, (12f)

and the initial condition u®(0,z) = wu.(z), a.e. x € Q. This is the exact micro-
model. If k€ is continuous on I'?, there are no interface conditions and (12) reduces to
the single system (5) over ). Even then, the fine-scale dependence on the coefficients
and geometry make it numerically intractable for realistically small values of £ > 0.

3.1.2. The Highly-Heterogeneous Case

In the highly-heterogeneous case, the permeability is scaled by €2 in the second
region 25, so the flux is given by —e2x5(z)Vo© in Q5:

K7 (2) = X5 (@)r5 () + x5 (2)R5 (). (13)
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Then the system (11) becomes
ous (t, x) 1
€ € € —
% (x) T + () (u (t,z) —wv (t,x)) 0,z €9, (14a)
1
—V - (k] (z)Vv°(t,2)) + =) (v°(t,z) —us(t,z)) =0, z € Qf, (14b)
1
2,6 € 1 € € €
—V - (e%K5(2)Vo© (t, 2)) + =) (v°(t,z) —us(t,z)) =0, z € Q3, (14c)
2
Y (t, s) = 1v°(t, s), (14d)
K5 (s)Vvi(t, s) - v = e2k5(s) Vi (t, s) - v, s € T, (14e)

The e-problem for the model developed by Arbogast, Douglas, and Hornung [34]
is recovered by letting 7° — 0.

3.2. Homogenization of the Classical Case

3.2.1.  The Two-scale Limit
Let the coefficients in (5) be given by (10). Denote the gradient in the y-variable

by V,, and use the symbol «27 to denote two-scale convergence [35].

Lemma 3.1: For each € > 0, let u®(-), v°(:) denote the unique solution to the
pseudoparabolic e-problem (11). These satisfy the estimates

1w 20,1y x ) + V¥ L2 0,1y 2 (0)) < C,

so there exist

(i) a function U in L*((0,T) x Li(Y)),
(ii) a function v in L*((0,T); H5(S2)),
(ii) a function V in L*((0,T) x Q; Hy (Y)/R),

)

and a subsequence, hereafter denoted by u®, v®, which two-scale converges as fol-

lows:

w5 U(tz,y), (15a)
vt 2ot z), (15b)
Vo' 2 Vo(t, z) + V,V(t, 2, ). (15¢)

This suggests use of the corresponding test functions

pla) = (x,z/e), P(a) = Y(2) +e¥(z,2/e),
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where ¥ € H}(Q), ®,¥ € C° (Q; C;EO(Y)) Setting these in (11), we obtain

o, L Ous(t,x)
| @™ e

(u(t, ) — v (t,2)) (P(z, z/e) — (¥(x) + e¥(z,x/e)))
&5 (2) Vo (t, @) - V(Y(x) + e¥(z, 2z /¢))) do = 0.

()

Take the limit as ¢ — 0 to obtain the two-scale limit system

// (z,y) ttx y)<1>(:v7y)

gy Ut aw) =t ) ((,y) - (@)

+ Kz, ) (Volt,z) + YV, V(t,2,y)) - (Vo(2) + Vy¥(z,y))) dyde = 0. (16)

for all ®, v, ¥ as above, and U(0,z,y) = u.(z). From the uniqueness of the
solution of the initial-value-problem for (16), it follows that the original sequence
u®, v°® two-scale converges as above.

In order to eliminate the function V (¢, z,y) from this system, we use the periodic
cell problem: for each k =1,2,..., N, define wy by

wi € LQ(Q;HJ%(Y)) :

/Yﬁ(x,y) (Vywi(z,y) + ex) - Vy¥(z,y)dy = 0 for all ¥ € L*(; H#(Y)) (17)

(Let’s ask that [, wi(z,y)dy = 0 to fix the constant.) Then we have the repre-
sentation V (¢, x,y) = Zf\il %wi(ae, y). Specify similar test functions ¥(z,y) =

ZN oY ()

=1 o, w;(z,y) above to obtain

Theorem 3.2: The limits U, v in Lemma 3.1 are the solution of the partially
homogenized pseudoparabolic system

Ue H'((0,7); L*(; LL(Y))), v € L*((0,T); Hy(Q)) :

// 6Utt:v y)<1>(m,y)

+ T(x o) (U(t x,y) — v(t, ac)) (CD(x y) — ¢(w))) dy dx
L Ou() 0Y(a)
+/Q(i§_:1f£ij(1:) o oz, )dx:(],

for all ® € L*(Q; LL(Y)), ¥ € Hy(Q), (18)
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and U(0,x,y) = u(x), where the effective coefficients are given by

Kij(z) = /Y’i(ft,y)(vywi(x,y) +ei) - (Vywj(a,y) + e;) dy.

3.2.2.  Summary
The strong formulation of the system (18) is

U (t 1
(,ﬂc,y)Jr

Hy)—5; (@, y)

(U(t,z,y) —v(t,z)) =0, yeY, (19a)

/ ;(v(t,x) —U(t,x,y)) dy — V- *Vo(t,z) = 0. (19b)
y 7(2,9)

This extends (8) from e-periodic coefficients to those which depend also on the
slow variable, x € Q.

Consider the case of a binary medium in which each of ¢;, 7; € L>®(Q) is
independent of y € Y. Then the same is true of

Ui(t,z), yeY,
UQ(tux)v y€Y27

Ult,z,y) = {

and we have the homogenized binary system

Wiloa(e) 5+ T ) - uiea)) =0, (20)
Yalonf) 2 1 DL (Ut ) = ot ) =0, (201)
Y1 |Ya|
@) (v(t,z) — Uh(t,2)) + %(v(t,x) — Us(t,z))

—V-k*"Vu(t,z) =0. (20c)

This is the binary medium analogue of (9).

3.3. Homogenization of the Highly-heterogeneous Case

3.3.1. The Two-scale Limit

Here the permeability is given by (13), so we obtain weaker a-priori estimates
and correspondingly weaker convergence results.

Lemma 3.3: For each € > 0, let u®(-), v*(-) denote the unique solution to the
pseudoparabolic e-problem (11). These satisfy the estimates

1wl 22 (0,myx ) + 10l L2 0,1y x )
0%l L2 .y o)) + 1€v% | 2oy (g)) < €

so there exist
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(i) a function U in L*((0,T) x ; Li(Y)),
(ii) a function vy in L*((0,T); H}(9)),
(iti) a pair of functions V; in L?((0,T) x QH#(YJ)/[R), j=1,2,

and o subsequence, hereafter denoted by u®, v¢, which two-scale converges as fol-

lows:
W (t,z) > Ut z,y),
07 2 Xyt @),
X{Vv® 2 X1 (y)[Vor(t,x) + V,Vi(t, z,y)],
X50° 5 Xa(y)Valt, 2, y),

EX5VV° 2 Xa(y) Yy Valt, 2,y).

(21a)
(21b)
(21c)
(21d)

(21e)

The function V; satisfies v2(Va(t, z,y) = vi(x), y € I'. (See [36].) These suggest

use of the corresponding test functions

1(x) + eV (z,x/e) cx € Qf,

plr) = Oz, x/e), p(r) = {\I/z(x,x/s) +eV(z,x/e) x5,

where ¢ € HY(Q), ®,U; € C5° (Q;C;f(Y)) and Uy € O (Q;C;f(}@)) with

72Pa(z, ) = ¢1(x) on I'. Setting these in (11) yields

out(t, x
PRGN

™

+ ’T‘jg)) (0 (t, @) — v (t,2)) (B(x, 2 /e) — (1(x) + eV (2, 2/e)))
)

G (u(t,z) — v°(t,2)) (P, z/e) — (Vo(z, x/e) + eVy(z, z/e)))

5 (2)
+ X1 (2)R1(2) VoS (¢, 2) - V(i1 () + Wi (z, z/e))
+ X3(2)R5(2)eVo© (t, z) - eV (Vo (z, z/e) + ey (z, z/¢))) da

o<

_l’_

\]

Take the limit as € — 0 to obtain the two-scale limit system

// t i y)<1>(:v7y)

N X1(y) (U(t,z,y) — vi(t,2)) (D(z,y) — P (x))

(2, y)
( x2(y ;) (Ut 2,y) - Valt,2)) (B(z, ) — Wl )
+x1(y y)(Voi(t,z) + VyVi(t,z,y)) - (Vi (z) + VyPi(z,y))

+ x2(y)r2(x,y)Vy Va(t, z,y) - VyVa(z,y)) dy dz =0,

=0.

(22)

for all ®, vy, ¥;, Uy as above, and U(0,z,y) = us«(x). The uniqueness of the
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solution to the corresponding initial-value problem shows the original sequence
converges to it.
As before, we can represent each Vi (¢, x,-) by a cell problem: define wi(x,y) by

w € L3(Q; HYL (V1)) / k1 () (Vywn (@, y) + ex) - Vol () dy = 0
Y

for all ¥y € L*(; Hy (1)), / wr(z,y)dy = 0. (23)
Y

Then we have Vi (t,x,y) = Zfil 6”55;’33)%(3:, y), and we specify the test functions

Uy (2, y) = Zjvzl a’g;@wj(x, y) above to obtain

Theorem 3.4: The limits U, vy, Vo in Lemma 3.3 are the solution of the partially
homogenized pseudoparabolic system

U e H'((0,T); L*(2 LE(Y))), v € L*((0,T); Hy (),
Va e L2((O,T) X Q;H#(Yg)) with YValr = vy :

[ 0o ™ 0w + 2D @1(1,5,) — on(0)) (9(09) — 1 (2)
QJY

T1(x,y)
+ 7_26(21_(?/;) (U(ta x, y) - VvQ(ta x, y)) (q)(l" y) - \IJQ('ra y))) dy dx
N
—f—/Q ( Z n;‘j(az) 3113(;@) 8§;im)) d:c—i—/ﬂ/y ko(z,y)VyVa(t,z,y)-Vy¥a(z,y) dy de = 0,
i,j=1 t >

for all ® € L*(Q L4(Y)), v € HY(Q),
Uy € LP(Q; Hy(Ya)) with yWslp =41, (24)

and U(0,x,y) = u(x), where the effective coefficients are given by

Hfj(‘r) - / Kl(xv y)(vywi(xv y) + ei) ’ (Vywj(x’ y) + ej) dy.

1

Next we separate the components of the system. First write the part over Y5

oU(t,z,y) 1
(Z)Z(x?y) ot + 7'2(33,y)
1

7—2(:(}7:‘/)

(U(t,z,y) — Va(t,z,y)) = 0 and

(w(taway) - U(tax7y)) - Vy : H2($>y)vy‘/2(ta907y) = 07 (RS Y2>

YWalt,z,y) = vi(t,z), y €T,
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and then substitute these back into (24) and use Stokes’ theorem on Y5 to get

/Q/Y (le(xay)wq)(xvy)
1

* T1(z,y) (U(t’ z,y) — vt x)) (Cb(x, y) — ¢1($))) dy dx
al N vy (t, z) 01 (x
+/Q (”zjl Iﬁj(l‘) 16(531 ) Tg;i )) dx+/ﬂ/Fmg(x,y)Vy%(t’x,y).ydswl(x) dr = 0.

3.8.2.  Summary
The strong form of the partially homogenized system (24) is

b1(2.1) aU(gtx,y) + n(i m (Ut z,y) —vi(t,z)) =0, ye,
1 *
/yl (g (62) — Uz y) dy = V- Vet 2) (250)

—|—/ ko(z,y)VyVa(t,z,y) - vdS =0,
r
and for each z € €,

oU (¢ 1
(,ac,y)Jr

$2(z,y)— 5, D) (U(t,z,y) — Va(t, z,y)) =0,
7-2(11; y) (‘/é(taxay) - U(taxvy)) - Vy . liz(x,y)Vy%(tax7y) = 07 y S YZ,

YWalt,xz,y) =vi(t,z), yeIl. (25b)

Note the coupling in the system: the function v; from (25a) is input to (25b), and
the total flux from (25b) is the distributed source in (25a).

Suppose now that ¢; and 7 are independent of y € Y7, and therefore so also is
u(t,z) =U(t,x,y), y € Y7. Then (25a) is homogenized:

o1 (z) a“gjt’ ?) | lex) (u(t,z) — vi(t,2)) =0,

1

- n|

@ (vi(t, @) — u(t, x)) V- k*Voui(t, z) (26a)
1

+ / ko(x,y)VyVa(t,z,y) - vdS =0,
V1l Jr
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and for each z € €,

oU(t,x,y 1
P2(,y) (at ) + D) (Ut z,y) — Valt,z,y)) =0,
1
mo(z,y) (Va(t,z,y) = U(t,z,y)) — Vy - ka(z,y)VyVa(t,z,y) =0, y € Ya,

YWa(t,z,y) = vi(t,z), y €. (26b)

Note that (26a) is the upscaled fissured medium system, and (26b) is the local
fissured medium system at each z € €.

3.4. Vanishing time delay

Suppose that 77 = o(¢) in the classical system (12). Then [[u® —v%||p2(v,) = o(e'/?),
so in the limit we obtain U(¢,x,y)|y, = v(t,x). Choose test functions ®(x,y) =
Y(x) +e¥(z,y) in the weak form, with the equations added, and take the limit to
get the homogenized mixed parabolic-pseudoparabolic system (compare (20))

¢7(x) %gt,x) -V - &"Vou(t,z) + /Y M(v(t,x) - U(t, x,y)) dy =0, (27a)
bo (2, ) out,zy) , 1 (U(t,z,y) —v(t,z)) =0, y€ Y, (27b)

ot T2 (LIZ‘, y)

with effective porosity ¢7(z) = fY] ¢1(x,y)dy. Then (27a) is a parabolic equation
with a memory term determined by (27b). See Peszyiiska [37] for results and ad-
ditional references to memory functionals in parabolic equations; also see [31] for
first-order kinetic models.

Suppose that 77 = o(e) in the highly-heterogeneous system (14). Then
U(t,z,y)|ly, = vi(t,z) and instead of the system (25a) we obtain the homogenized
parabolic equation

ovy(t, )

o1 (z) 5 V- k*Vui(t,z) + / ko(z,y)VyVa(z,y) - vdS = 0. (28a)

T

Suppose that 75 = o(¢) in (14). Then U (¢, z,y)|y, = Va(¢, x,y) and instead of the
system (25b) we obtain the local parabolic equations

IVa(t,z,y)

¢2 (x7 y) ot

—Vy- mg(x,y)Vng(t,x,y) =0, yeYs, (28b)

YWa(z,y) =vi(z), yel. (28¢)

If both vanish in the limit, then we recover the Arbogast-Douglas-Hornung [34]
double-porosity model (28) of a fractured porous medium.
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4. Partially-saturated Flow with Dynamic Capillary Pressure

4.1. Microscopic Equations

Let us consider the unsaturated flow in a highly-heterogeneous medium €2 with
the e-periodic structure of Section 3. Here Y5 is the matrix block and Y is the
surrounding fracture domain. Each of the subdomains ) is characterized by a
rock permeability tensor K, a porosity ¢’, the relative permeability k%, (u'), and
the capillary pressure function P?(u’). Here u’ denotes the saturation in Qf. The
fluid has constant viscosity 1 and density p. It has been observed that the dynamic
effects in capillary pressure equilibrium are much more significant in media with low
conductivity than those with high conductivity, so we assume that the unsaturated
flow can be locally described by the original Richards equation (1) in the fracture
domain 2 and by the pseudoparabolic Richards equation (2) in the porous matrix
Q5:

1
1
16(;“;—1—V-MK11€110(u1)V(P1( Y~ pGD(z)) =0, x €, (29a)
0u2 1 au
297 4229 S K2K2 (42 2,2y ou”
¢ ot +e°V MK ky,(u )V(PC (u?) -7 B pGD(x))

=0, z€ (29D)

Hereafter for simplicity we set dgpth D(z) = z3. Introduce p' = —Pi(u?), u® =
al(ph), k'(p') = iK’kfﬂ(u’), so a'(+) is inverse to —P%(-), and equations (29a) and

(29b) can be rewritten as

8 1/,,1
ot Oza(tp ) _v. Rl(pl) (vpl + pGe3) =0, x€Qf, (30a)
2 o2 (p2
¢28aa(tp ) — &2V - k2 (p?) (Vp? +TV8 8Stp ) + pGes) =0, x€Q35  (30b)

and are subject to the interface conditions

20,2
p' =p2+Taaa(tp), xel®, (30c)
&' (p') (Vp' + pGes) - v
20,2
=%k (p?) (Vp? —|—TV8 a(p ) + pGes) -v, x€I®, (30d)

where v is the unit normal on I'* out of 25, and the initial conditions are

p'(2,0) =pl(z), z€Q i=12 (30e)

4.2. Asymptotic Expansions

We shall expand the solution in powers of € in the form

pz(t7$) = p%)(twray) —f-é‘pzl(t,l‘,y) + 52pé(ta$’y) + e 1= 1727 (31)
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where pi, are Y-periodic in y € Y; for k =0,1,2, - - -. Following methods of [38, 39],
we develop various nonlinear quantities #(p) in powers of £ by

0(p") = 6(pp) + ' (D) (P — pb) + 6" (Ph) (0" — Pp)*/2+ -+
= 0(pp) +6'(p )(€p1 +epy 4o ) + 0" () (ept + PPl + )22+ -
= 0(pp) + 0’ (p6)p + 7 (0 (ph)ph + 0" (1) (P1)*/2) +
= 0(ph) + 0 + €205 + -, for appropriate 61,65, , i =1,2.

Now, we substitute (31) into the microscopic model and expand the gradient ac-
cording to the relation V = V, + lv Then, we collect terms by powers of e.
From (30a) we obtain three equatlons for the combined 72,71, and £° terms

when z € Q,y € Y7:

Vy - (' (06)Vypp) =0, (32a)
V, - (5 () (T + Ty} + pGeg) + ALV, i) (320)
+ V- (5 (p)) Vypo) =0,
dalt .
$ W) G (5 ph) (Vaph + Vypl + pGes) + ALV, 00)

ot
= Vy - (K" (95)(Vapy + Vyp3) (32)
-H%%(pr(l] + Vyp% + pGes) + I%%Vyp(l)) = 0.

First, equations for % from (30b) and (30c) are for = € Q

8 202 8012 2
PO v, R, () <o yen (sma)
Do (p?
p%%—T 8(tp0):pé’ yel. (33b)

The e~ 1,€% and ¢! equations of (30d) for x € Q, y € T are

K (pO)VypO v =0, (34a)
(H zpo + Vypl + pGes) + /%%Vypé) v =0, (34b)
(k1 (p xp} + Vyp3) + £1(Vepp + Vypi + pGes) + i3 Vypg) - v (34c)

2(,,2
= K2 () Vy <p3 + raaaip0)> v

Equations (32a) and (34a) form an elliptic system for p{ in terms of y. Since its
solution is independent of y, it follows that p} = p}(¢,z), so all terms with Vyp(l)
vanish.

The equations (32b) and (34b) form a linear elliptic system in y whose solution
pi can be represented in terms of p(l). Define wj(y) for j = 1,2,3 as the Y-periodic
solution of the cell problem (compare (23))

Vzwj =0 for y € Y7, (35a)
Vyw; -v=—ej-v=—v; foryel. (35b)
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Then from equation (32b) we obtain the representation

N,y t Zw] < o, (x t)+pG53]> (36)

Now, we locally average (32c) by integrating it over Y] to remove the y-variable
and get

13a()

Y| Ve - 61(05) (Vepp + Vyp1 + pGes) dy

Yi

LV (K" (96)(Vapi + Vypb) + #1(Vapg + Vypi + pGes)) dy. (37)

Apply the divergence theorem to the second integral above, use (34c), make a
second application of the divergence theorem, and use (33a) to obtain

Y (K" (06) (Vapi + Vyph) + 41 (Vapp + Vypi + pGes)) dy

= /8 (' () (Vapi + Vyp3) + £1(Vapy + Vypi + pGes)) - vdS
Y1
6 2(,2
:/ K2 (05) Vy (p%+7 = (p0)> cvdS
aYs ot

8 2(,2
/ Vy - K2 (pg)V (P0+7' 88?0)) dy

2304(

gb 0) dy.

The first integral in (37) is evaluated using (36). Its integrand becomes (with
implied summation)

Y(p0)(Vapg + Vypi + pGes)

(
0 opt  Ow; [0

=5 [Kl(p(l)) < Po | 95 ( 2o +pG53J> +p053k>]
Tl ox

_ 0 | (9w i
= 2 |:KI (pp) <8yk +<5]k> (8 —i—pG(SgJﬂ .

Define the effective fracture permeability tensor K* = {7, } and the macroscopic
fracture porosity ¢* by

Ow; N
Jk—Kl/Y (ay’i‘f‘éﬂc) dy, ¢ = ’YIWI

We also define
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Then, the equation for p[l) is
8a1 pl (90[2 p2
5P G, ) (Tuh + Gen) = — [ Py
ot Y, ot
4.3. Summary

The complete system of flow equations for p(z,t), pi(x,y,t) is given by

L0a (pg) 2 00 (p})
V- ﬁ*(pé)(vg;pé + pGes) =0, x€Q,
aa2 2 (9042 2
¢28(tp0) = Vy - K (05)Vy <p% +7 a(tp0)> =0, yeYs,  (38D)
2/, 2
pg+ T(%daipo) =py, yeT, (38¢c)
pé('r7 O) = pilnit(x)a p%(l‘, Y, 0) = piQnit(m)a Yy € Y2' (38(1)

This is the double-porosity model consisting of the upscaled equation (38a) together
with the distributed family of local boundary-value problems (38b), (38c¢) for z € .
It is a nonlinear analogue of the system (28a), (26b).
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