Physics 411 Midterm Answers 9 November 2005

Name and ID Number:

Ask for guidance if you are confounded by a question.

1. (35 points) Kirchoff’s Laws and the potential divider.

Ry

(a) Suppose that a constant (DC) potential V, is applied to the left side of this circuit. Use
the concepts of conservation of energy and charge to derive the expression for the potential
V5 across Rs.
(7 points) By conservation of energy and Ohm’s Law, Vo, = V; 4+ Vo = [1 Ry + [2 Ry, and
by conservation of charge I; = Iy = I. So, V, = I(R1 + R2), or I = V,/(R; + Ra2). Then,
Ve Ry

Vo=IRy= —2—Ry=Vo—— .
2 2T R+ Ry Ri + R»

(b) Now consider the R||C section and derive the expression for the total impedance of this
section as function of frequency w.
(7 points) Since the potential across a resistor is linear in I by Ohm’s Law and since the
potential acoss a capacitor is linear in the current as well, for the parallel combination of a

capacitor and resistor we can write V' = IZ¢| g. By conservation of charge, I = Ip+Ic =
V/IR+V/Zc=V(1/R+1/Z.). Then,

gV V. i 17" RZe _
“IfBTT TVQA/R+1/Z) |R ' Zo|  R+Zc
R/Zu)C R R —itan~! wRC

T R+1/iwC  1+iwRC VIt o?RC?

(c¢) Using this result, write the expression for the potential V5(w) across Ry when V(w) =
V,e™? is applied to the left side of the circuit.

(7 points)
Vo = 0721%2”0 — A= _ZRllc .
R1+ZR2||C R1+ZR2||C
One way to express A is
B Ry B Ry
o (1 + inQC)(Rl + RQ/(l + inQC)) N Rl + RQ + inlRQC
= e e’ | where 8 = —tan~! M

\/(Rl + R3)? + (wR1R2C')? Ry + Ry
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Another more awkward way is to use

B =/1+w?R3C? and o = —tan ' wRyC' |

Rgeia
A= —"—"°——.
R B + Rge'™

(d) If Ry =100 © , Ry = 1000 Q and C = 1uF, at what frequency will |Va| = V,/2?
(7 points) Using the first form above,
Ry 1

1
Al = 2 2 3 2
\/(Rl + Rz) + (leRQC)

R% 1 2 2 2
(i o) + RO 1 Pt )"+ (WRiaC)” = 41

o AR3—(Ri+ Ry)*  4°—-1.21x10°
- RIR3C? 106 x 104 x 1012
we~1.7x 10" - v ~28x10° Hz

=28 x 108

(e) At this frequency, how much power is dissipated in each element of the circuit when
Vo =10 V?
(7 points) Consider only the instantaneous power dissipated at the peak of the waveform,
since we have not adquately discussed time-averaged power. P; and P, are the powers
dissipated by R; and Ro. The capacitor is a non-dissipative object from a physical per-
spective and from a mathematical perspective because the current and potential differ in
phase by /2.
V. (Vo/2)% 25 V?

P=-I= = =0.25 W
1= R, 10092
|74 (V,/2)2 25 V?

Py=-°J, = — =0.025 W
27 92 R 100092
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2. (20 points) Input and output impedance.

(a)

Explain how to measure the open-circuit potential and the output resistance of some signal
source at a particular frequency. Draw a clear picture, and explictly write any equations
you would use.

(10 points) Determine V,., the open-circuit potential, by measuring the output potential
without a load resistor, that is, with R = oo. Then, choosing R ~ R, (an inspired guess),
measure the output potential V and calculate Ry, using

Voc
Rout:R<V—1> .

Rout

‘/oc R V= WIZ{J’_R%C

Signal Source

Explain how to measure the input resistance of an instrument at a particular frequency.
Draw a clear picture, and explictly write any equations you would use.

(10 points) Determine V., the input potential, by measuring the potential without a
resistor, that is, with R = 0. Then, choosing R ~ R;, (another inspired guess), measure
the potential V' and calculate R;, using

Rin =

Vi :
P

Measurement Instrument
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3. (45 points) Analyze the following circuit in the frequency domain, assuming that the inductor

is ideal.

Vo(w)

o

—LRQQQQ,

L

no resistance

c
|
!

O

(a) Consider the circuit to be two consecutive filters with transmission functions A;(w) and

Az(w).

Use physical reasoning and the concept of impedance to explain thoroughly the
behavior of the each filter at low, intermediate and high frequencies.

Clearly indicate

where current is or is not flowing at low, intermediate and high frequencies.

(4 points) At low w, the current only flows through Ry because Z is very small and Z¢

is very large.
L

—LRQQQQ,

no resistance

Vo(w) large I

o

R
small T

O

(4 points) At medium w, the current flows through Ry and Rs about equally because Zp,

and Zo are finite.
L

—LRQQQQ

no resistance

Vo(w) I

o

O

(4 points) At high w, the current flows equally through R; and Rs because Z¢ is very
large, but very little total current flows because Zj, is very small.

L

——RQQQQ

c
||

no resistance

Vo(w) small T

R
small T |
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(b) Derive the expressions for the transmission or response functions A;(w) and As(w). Write
the expression for Az (w) in terms of an amplitude |A;yq(w)| and a phase factor e®.

(9 points)
Al e R e 1 — 1 6*itan_1wL/R
R+iwl 1+iwLl/R 1+ w?L?/R?
Ay = R = L — 1 pitan™" 1/wRC
R+1/iwC 1—i/wRC 1+ 1/w?R2(C?
A=A1A, ! 1 i(tan~! 1/wRC—tan~' wL/R)

~ T+ 2L2/R2 \/1+ 1/u?R2C?
Notice that when w = 1/v/LC = w,, the phase of A is tan~! % % — tan~! %\/g =0.
(c) Sketch |A1(w)], |A2(w)| and |Atptqr(w)|in dB versus logw. Sketch the phase of Ayppqr(w).
(9 points) Since A = Ay x Ag, log A = log A1 + log As.
This graph was generated by lr+cr_filters.mws.

Transmission Amplitude of LR, CR and LR+CR Filters
L=200uH r=0 C=1.4uF R=100
0
LR CR
-101
—20+ y LR+CF
%730 //
E-40 //
<so] //
//
-60 /
/
—704 //
-80 1 2 3 5 6
log f
(3 points)

This graph was generated by lr+cr_filters.mws.

Transmission Phase of LR, CR and LR+CR Filters
L=200uH r=0 C=1.4uF R =100

0.4+

I
[N}
h

LR+CR

Phase in units of Pi

S

|
1
IS
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(d) Prove that the frequency at which the maximum in the transmission occurs is w, =
1/vVLC.
(6 points) At the peak in log |A| in the previous graph, log|A;| = log|As|. So,

1 1

A (wo)| = |A2(wo , = -
10l = lAeen)| = | 1577 = [=ormme
L 1 1

(e) What is the slope of log |Aptai(w)| versus logw as w — oo and as w — 0

(6 points)
1 1
’A‘ - 2712 2 2 P22
V1+w2l?/R? \/1+ 1/w?R2C
1
log A = —_[log(1 + WrL?/R?) + log(1 + 1/w?R?C?)]
Asw — 0,

log A — —% log(1/w?*R*C?) =logw + log RC',

so the slope is +1.
As w — oo,
1
log A — — log(w?L?/R?)) = —logw —log L/R ,

so the slope is -1.
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