Problem 3 Monday afternoon 9

An ideal paramagnet satisfies the equation of state (Curie’s law),

D
M=—H
T 7
where M is the magnetization, H the magnetic field, T the absolute temperature, and D a constant.
An internal energy U is independent of M, following that dU = Cj;dT, where C); is a constant
heat capacity. Assume that the paramagnet is used to create a Carnot engine and that the engine
operates between temperatures T}, and T, such that Ty > T..

(a) The first law of Thermodynamics for the magnetic system is written as
dU =dQ —dW =TdS + HdM.

For an adiabatic process, show that
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where M}, (M.) is the magnetization at T}, (T.), when the magnetic field is Hy, (H.).

The Carnot cycle takes the following steps:
e 1 — 2 isothermal demagnetization at T' = Tj,, Mo < M;
e 2 — 3 adiabatic demagnetization, T}, — T,, M3 < M
e 3 — 4 isothermal magnetization at T'=T,, My > M3

e 4 — 1 adiabatic magnetization, T, — T}, My > M.

(b) Determine the heat transfer AQ and the work performed by the system AW for each of the
four steps.

(¢) Sketch the Carnot cycle in the (M, T)-plane and in the (M, H)-plane.
(d) Prove that the engine has efficiency
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An ideal paramagnet satisfies the equation of state (Curie’s law),
D
M = ?H,

where M is the magnetization, H the magnetic field, T’ the absolute temperature, and D a constant.
An internal energy U is independent of M, following that dU = Cj;dT, where C); is a constant
heat capacity. Assume that the paramagnet is used to create a Carnot engine and that the engine
operates between temperatures T and 7T, such that T > T..

(a) The first law of Thermodynamics for the magnetic system is written as
dU =dQ — dW =TdS + HdM.

For an adiabatic process, show that
Hy,M,

1 T},
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where M}, (M,) is the magnetization at T}, (T¢), when the magnetic field is Hy, (H.,).

Solution:
For an adiabatic process, d@ = 0, therefore dU = —dW, where dU = Cjp;dT and —dW =
HdM . Using the equation of state, we obtain

T
CandT = HAM = 5 MdM (11)
dr
= CuD— = MdM (12)
Th dT Mh
= / C]MD? = MdM (13)
T. M.
T, 1
= CyDln ?" = 5 (M} — M) (14)

c

The equation of state leads to

T, _ DHu/My _ HyM, 15)
Tc DHC/MC HcMh.

Therefore,
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The Carnot cycle takes the following steps:
e 1 — 2 isothermal demagnetization at T' = T}, Mo < M,
e 2 — 3 adiabatic demagnetization, Ty, — T, M3 < M>
e 3 — 4 isothermal magnetization at T' = T,, My > Ms
e 4 — 1 adiabatic magnetization, T, — T}, My > My.

(b) Determine the heat transfer AQ and the work performed by the system AW for each of the
four steps.
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Solution:

e 1 — 2 isothermal demagnetization at T = Ty, My < M;

For an isothermal process, dU = Cjp;dT = 0, therefore dQQ = dW = —HdM. Using the
equation of state, we obtain

T
dQ = dW = —EthM (18)
Ty [z T
= AQu =AWy =-L [ MdM = 2 (ME - M2) >0 (19)
D Ju, 2D

e 2 — 3 adiabatic demagnetization, Ty, — T,., M3 < M

For an adiabatic process, d@) = 0, therefore

AQ23 = 0. (20)
Since dW = —dU = —C\ydT,
Te
AWas = —Cuy dT = Cy (T, — Tv). (21)
Th

e 3 — 4 isothermal magnetization at T' = T,, My > M3

T

dQ = dW = ——=MdM (22)
D
T, [Ma T. , )
= AQsqi=AWsy = — == MdM = ——5(M? — M2) <0 (23)
D Ju, 2D

e 4 — 1 adiabatic magnetization, T, — Ty, My > My.
Since the step is an adiabatic process,
AQsu = 0. (24)

Since dW = —dU = —Cy,dT,

Th

c

(¢) Sketch the Carnot cycle in the (M, T)-plane and in the (M, H)-plane.
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Solution:
In the (M, T)-plane,

e 2 — 3 adiabatic demagnetization, Ty, — T,., M3 < M

%(Mg —~ M?*) =CyDln %
= & = exp <M22 - M2)
T 2CN[D
M? — M2
2CN[D )
e 4 — 1 adiabatic magnetization, T, — Ty, My > My.

= T(M) :Thexp<

Similarly,
M2 _ M2
T(M) = TC exp (26(]\41)4>
T
M? — M3
1T T(M)=T, exp( 20D ) ‘/
2/ 1
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In the (M, H)-plane,

e 2 — 3 adiabatic demagnetization, Ty, — T, M3 < M
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e 4 — 1 adiabatic magnetization, T, — Ty, My > My.

Similarly,
1.
H(M)= —=Mexp (

M? — M?
D

2Cy D

('8

HM

Solution:
The total work performed by the system is

AW = AWig + AWz + AWy + AWy
Since AW1s = AQ12, AW34 = AQ34, and AWo3 = —AWyy,
AW = AQ12 + AQ34.
The engine efficiency is

AW
AQr
A
_ 1 + Q34
AQ1
T, M2 _ M2
= 1)
ﬁ(Ml - M2)
T. M} — M3
Ty, MZ— M2
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From Eq.(15), we obtain

Thus,

Monday afternoon

T)
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