OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION 08

March 28 and 29, 2005
Comprehensive examination for Spring 2005
PART I, Monday March 28, 9:00 am

General Instructions

This Comprehensive Examination for Spring 2005 consists of eight problems of
equal weight {20 points each). It has four parts. The first part (Problems 1-2)
is handed out at 9:00 am on Monday, March 28, and lasts three hours. TFhe
second part {Problems 3-4) will be handed out at 1:30 pm on the same day and

* will also last three hours. The third and fourth parts will be administered on

Tuesday, March 29, at 9:00 am and 1:30 pm.

Work carefully, indicate your reasoning, and display your work clearly. Even if
you do not complete a problem, it might be possible to obtain partial credit -
especially if your understanding is manifest. Use no scratch paper; do all work
in the bluebooks, work each problem i its own numbered bluebook, and be
certain that your chosen student letter {but not your name) is inside the back
cover of every booklet. Be sure to make note of your student letter for use in
the remaining parts of the examination.

If something is omitted from the staterent of the problem or you feel there are
ambiguities, please get up and ask your question quietly and privately, so as not
to disturb the others. Put all materiais, books, and papers on the floor, except
the exam, bluebooks and the collection of formulas and data distributed with
the exam. Caleulators are not allowed. Please return all bluebooks and formula
sheets at the end of the exam.

Use the last pages of your bluebooks for "scratch” wcrk separated by at least
one empty page from your solutions. *Scratch” work will not be graded.



Problem 1.

For a simple quantum harmonic oscillator with a Hamilbonian:

0 p
pw 2 Pg £2 2
H————Z -+ K:cm—wzm+2wm:n,

the allowed energies are B, = (n+ $)fw (n =10, 1, 2,...). Now suppose the
spring constant increases slightly: K -» (1 -+ €)K (perhaps we coal the spring,
so it becornes more rigid).

()

(b)

()

Find the ezact new energies. Expand your formula as a power series in e,
up to second order.

Now calculate the first-order perturbation in energy. What is the pertuz-
bation Hamiltonian ?¢’ here? Compare your result with part (a). Hini:
It is not necessary to calculate a single integral for obtaining the solution
in this part, for an arbitrary n value. But if you do solve this part by
calculating integrals, such a solution will also be accepted (all “tools” you
will need for that, i.e., equation for normalized SHO wavefunctions, and
some integrals, are provided below; caleulate the energy perturbation for
several n values and try to find a “pattem” and then write the sclution
for an arbitrary n value).

Calculate the second-order perturbation in epergy for the n = 2 state, and
again cornpare the result with that from Part {a). Hint: Now you have to
calculate integrals. You are allowed to accept withous proof that for SHO
states Yin, ¢ with |n — mf > 2, all {1h,]2°|9hm) matrix elements equal
Zero.

Formulae you may need:

_oqont o g e
'y’)n(w} B (;) Wﬂn(mf&)e where @ = —FL-“
The first few H,{¢) polynomials:
Hy=1, Hy =2, Hy = 4%~
Hiy = 8€% — 12¢, Hy = 1664 — 48¢2 + 12, Hy = 3265 — 160£3 4 120¢.

 m ot 13-5.-@n-1) [
-oow ¢ = 2801 qemtl
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Problem 2.

A small car went off the road and a small crane was called up to rescue the
car. However, the rescue was not very successful {see Fig.1, next page). The
interesting fact about this double-accident is that the crane was able to lift
the car on the substantial height before two of them turned over. This means
that there should be some mechanism other than the Archimedes buoyant force
for such an overturn. The set-up below deseribe a possible model yielding the
observed results. ' '

The "lever effect”.

Assume that both the car and the crane are cubes with two rows of wheels, and
that the "lever” of the crane is weightless and is attached to the middle of a
 platform {see Fig.2, next page). Assume further that the crane has a string of &
fixed length and lifts the car only via *]ever action”. As you can see, the effective
torque, applied by the car on the crane changes as the angle « is changed. Given
the width of the crane W, height of the crane H, mags of the crane M, mass of
the car m, and "effective” length of the crane lever L:

(i) write down the torque equation

(31) find the weight imposed onto the surface by the right (farthest from the
car) row of crane’s wheels

(iif) firdl the critical ahgle op when the crane tips over

{iv) find the ”stability condition™ - the combination of L, W, m, H, and M so
that the crane would be able to safely lift the car.

{v) Find the maxinmmum lever length of a crane lifting the car of its own weight

{vi) What is the dependence of crane stability on a crane height H? The
"height” of 3UVs is typically mentioned as main concern for their sta-
bility on the road. Explain the agreement/disagreement of the criterion
derived in (v) and the above concern.



Figure 1: The accident
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Figure 2: Schematics of the crane

L



Problem 3.

An electronic circuit board consists of thin conductive traces on one side of o
dielectric board and a ground plane on the other. To determine the impedance
of 4 single path on such a board one must know the capacitance and inductance
per unit length. It is reasonable to begin by assuming that the wire is very thin
compared to the thickness of the dielectric.

1. Determine the capacitance ?er unit length of a system consisting of a very
long thin wire oriented parallel to the conducting ground plane and lying
on top of a material of thickness a, permittivity ¢ and permeability jio.

2. Consider a time-dependent current applied to the wire and determine the
inductance of the same structure.

Problem 4.

An air conditioning system takes in air at 1 atm, 40°C, and 70 percent relative
humidity. It delivers air at 20°C and 50 percent relative humidity. The air
flows first over cooling coils, where it is cooled to a low temperature 7} and
dehumidified. The liquid is taken out at a temperature T}. Next, the air flows
"over & heating element where it s heated to the desired temperature.

{I) What is the temperature T; of the air when it exits the cooler?
{IT) Find the amount of heat removed in the cooling section.

{IIT) Find the amount of heat transferred in the heating section.

Express your results for parts (II) and (IIf) in kJ/kg dry air.” Assume dry air
has Cp = 1 kJ/(kg C). Treat both dry air and water vapor as an ideal gas, with
gas constant R, = 0.287 kJ/(kg C) for dry air and R, = 0.461 kJ [ (kg C} for
‘water vapor, Note that 1 atm is about 100 kPa.

Use data from the following table for saturated air:

T(C) | Pau (5Pa) | oy (KI/Kg)
16 1.23 2520
20 2,34 2538
30 4.25 2556
40 7.38 ] 2574
50 12.35 2592

where the last column is the enthalpy for the saturated water vapor.



Problem 5.

Part a. Consider a pair of two identical spins 51 = S3 coupled by the Heisenberg
exchange interaction. The interaction Hamiltonian in zero magnetic feld is:
H= —2J1281 Sg, where Ji3 is the exchange interaction constant. Let’s denote
Sr =8, +Sg, and the total spin number as Sy. What vafues can Sy tale? Show
that S is a good quantum number, so that the eigenvalues of the Hamiltonian
can be expressed as E{8p). Fmd the equation for B{Sp). Assuming that
81 = 8 = £ and J < 0 (antiferromagnetic coupling}, sketch the excitation level
scheme and label each level with its energy value, taking the lowest energy level
(ground state) as zero: Alsc, show the degeneracy of each Jevel on the graph.

Part b, Now consider a linear chain of three identical spins §; = Sy = S5 (with
S2 in the middle). The spin pairs §y, S; and S, S are exchange-coupled, with
the interaction constants Jig, and Jea, respectively. There is no interaction
betwesn the spins at the chain ends (Ji3 = 0). Write the Hamiltonian for this
chain. Again, we denote the total spin number as Sp, and now Sp = S +8+
S3. However, in the present situation of three spins Sy cannot unambiguously
express the orientation of individual spins 8. Therefore, it Is necessary to
introduce an additional spin guantum number Si5 defined by S5 = 81 + 8.,
Are S and S good quantur mumbers? For §) = §p = Sp = § = — , what
values can Sp and Sig take? List all possible states 19r, 813} (2 table wouid
probably be the best form). Note that not all combinations of the two quartum
numbers are possible! Derive the equation for the energy sigenvalues E(87, 813)
of a “symmetric” chain (i.e., for Jip = Jog = J). Compute the energy value (in
the units of J) for each state you have listed and write it in the same table box.
Determine which state is the ground state (for an antiferromagnetic chain, i.e.,
J < 0} and sketch a scheme of the first few excitation levels (there are too many
levels to plot them all}. :

Part . A slightly more complicated situation is a spin. triad usually called “an
open triangle”: in such a system, there is an additional interaction between the
spins Sy and 83, of different strength than between the two other pairs. Denote
the interaction constant for these two spins as Jiz = J'. Write the interaction
Hamiltonian, and derive the expression for the open triangle energy eigenvalues
B (ST) 5 13 ) .

Part d. Finally, based on the (¢) result, find the expression for energy eigenvalues
of a system usually referred to as a “closed triangle”, i.e., a spin trio with all
interaction constants equal (J1g = Jog = Jig = J). Is it possible to use a single
guantum number now? Again, draw the excitation level scheme.



Problem 6.

We consider the same accident as yesterday. A small car went off the road and
a small crane was called up to reseue the car. However, the rescue was not very
successful (see Fig.1 next page ). :

The "pendulum effect”

Assume now that a crane works by fixing its lever in some position and puiling
the string (Fig.2, next page). The lever change s not an issue now. However, if
the initial position of the car had some offset with respect to the crane, the will
start to oscillate and the crane may tip over. Here you should formally consider
this phenomenon.

(1)

e

(ii
(iit)

Assume that the car of a mass m on a string with length ! represents a
pendulum; assuming the motion in both angular coordinate ¢ and radial
coordinate r is possible, and using the equation r=I as a constraint, write

‘down Lagrangian for this pendulum. Derive the Lagrange equations of

motion.
Calculate the frequency and energy of oscillations

Use the constrained Lagrangian to calculate the force exerted on a string
when the car is at bottom-most position; relate this force to centripetal
force and to the energy of oscillations

Assume that the length of a string is changed slowly (with respect to
period of oscillations). Use the adiabatic invariant J = ‘}? pdeh = const
to show that the product of the periad of the oscillations and the energy
remains consbant

Use the results of (iii)-(iv) to calculate the force exerted on the string as
a function of a string length 1, initial string length Iy, and initial displace-
ment d. '

{vi) Find the relation between the M, m, L, Iy, @, h, and d under which
the crane in configuration shown in Fig.2 would be able to lift the car.
Assume that the car exerts a maximum torque when it is in bottor-most
position.




The accident

Figure 1

i et e

Schematics of the crane

Figure 2



Problem 7.

Determine the electrostatic potential inside a hollow metal wedge when the
potential is V., on the top surface and zero on the other four sides. The wedge is
a slice of a cylinder of radius R and length I, and its angular width is o == /2.
Useful relations:

n/2

/Sinm’d)sinlmédcj; _ sin ((m' —m)m/2)  sin((m' +m)n/2)
]

2(m! - m} 2{m’ - m)

R
R? '
f'fm(kmn'P}Jm{krnnp) pdp = ""2'"J7%1,+1 (kmnR)énﬂ'
9

\'

/

Figure I: The Wedge



Problem 8.

Congider the following situation. We put N molecules H-D {(hydrogen-deuterium)
in a bottle, and keep the bottle at temperature T.  The atoms collide and
can exchange components, so after a while we are in equilibrium and have Theg
molecules H-D, with the rest H-H and D-D. You are asked to caiculate Tieq,
the number of molecules H-D, a5 a functibn of temperature when equilibrium is
established. You are allowed to malke the following assumptions, First, the tem-
perature is only around room temperature, which means that all translational
and rotational degrees of freedom cen be treated classically. It also means that
the molecules are always in the vibrational ground state. Second, the electronic
bonds do not depend on the mass of the nucleus, hence the spring constants are
the same for all three molecules. Assume that the mass of an H-atom is my
and of & D-atom mp. Finally, the Helmholtz free energy for an idesl classical
mono-atomic gas ig

Figeat = —NkgT (log(;é}—)) - 1) (1)
with
4
no(m) = (4220 @)

FEaN

- ‘*‘\.
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Problem 4

An air conditioning system takes in air at 1 atm, 40°C, and 70 percent
relative humidity. It delivers air at 20°C and 50 percent relative humidity. The
air flows first over cooling coils, where it is cooled to a low temperature 7} and
dehumidified. The liquid is taken out at a temperature 7). Next, the air flows
over a heating element where it is heated to the desired temperature.

- (I) What is the temperature T} of the air when it exits the cooler?
(II} Find the amount of heat removed in the cooling section.

(III) Find the amount of heat transferred in the heating section.

Express your results for parts (II) and (II1) in kJ/kg dry air. Assume dry
air has Cp = 1 kJ/(kg C). Treat both dry air and water vapor as an ideal gas,
with gas constant R, = 0.287 kJ/(kg O) for dry air and R, = 0.461 kJ/(kg C)
for water vapor. Note that 1 atm is about 100 kPa.

Use data from the following table for saturated air:

T(C) Poat (k}?a') h.q (k‘]/kg)
10 1.23 2520
20 2.34 2538
30 4.25 2556
i | 7.8 2574
50 12.35 2592

where the last column is the enthalpy for the saturated water vapor.

The partial pressure of the water vapor at 20°C is 1.17 kPa, ( 50 % of the
saturated pressure). At the end of the cooling part of the problem the air is
completely saturated, and this must be at a pressure of 1.17 kPa, which gives
us & temperature of around 9°C, using the table provided.

We are dealing with a process at constant pressure, and hence we need to
use the enthalpy. The total enthalpy H is the sum of the eathalpy of the dry
air and the water vapor. The enthalpy per kg dry air is the sum of the enthalpy
of dry air per kg and the enthalpy of the vapor hy, multiplied by the mass ratio
of the dry air and water vapor:

ho==hy + —2hy
Mg
Because both follow the ideal gas law, we have:

Ty PUV PaV Py Pv
_— = — = }.062— = (.62
Mg RvT/RaT 0 62Pa 06 P - P,

where P is 1 atm. Therefore, the mass fraction of water vapor is initially:




My 7.38
=2 = 062 = 0.04
ma g0 a8~ 004

Hence at 40°C we have in step 1:

hi = ho (T = 0) + 40 x 1+ 0.049 x 2574

for the same at 9°C we have

hy = he(T' =0) +9 x 14+ 0.049 x 2518
Therefore the heat taken out is 31 + 0.049 x (2574 — 2518) = 33.7 kJ/(kg
dry air).
The air leaving the cooler now has P, = 1.17 kPa, and hence the mass
fraction of the water vapor going into the heater is

My 117
gy -O.62100” T = (L0073

The amount of heat needed to in the heating cycle is therefore:

(20— 9) x 1 4+ 0.0073 x (2538 - 2518) = 11.1 kJ/(kg dry air)
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Problem &

Consider the following situation. We put N molecules H-D (hydrogen-
deuterium) in a bottle, and keep the bottle at temiperature 7. The atoms
collide and can exchange components, so after a while we are in equilibrium
and have n., molecules H-D, with the rest H-H and D-D. You are asked to
calculate ngq, the number of molecules H-D, as a function of temperature when
equilibrium is established. You are allowed to make the following assumptions.
First, the temperature is only around room temperature, which means that all
translational and rotational degrees of freedom can be treated classically. It also
means that the molecules are always in the vibrational ground state. Second,
the electronic bonds do not depend on the mass of the nicleus, hence the spring
constants are the same for all three molecules. Assume that the mass of an
H-atom is my and of & D-atom mp. Finally, the Helmholtz free energy for an
ideal classical mono-atomic gas is

n
Fygear = +NkpT (iog(m) - 1) (1)
(Corrected for minus sign error)

with .

2)

3
MEsT ?
no(T) :( e )

Suppose we have L molecules H-D, and hence L(N — L) molecules H-H and
D-D. This gives for the free energies:

1 1
F(LTV) = Faa(5(N ~ L),T.V) + Fup(L, T, V) + Fpp(5(N = 1), T,V)
where the free energy for a species is

1
Fygp (L, T, V) = Figeal (L,T, V) -+ Frot(L; T, V) + §Lﬁw(}

and where we use M = mg + mp in all three terms. Similar for HH and
bD.
We also need to include the entropy of mixing:

.

.

N
(3(V = L)V — L))

(N-L)))

SRR

Sinia = kplog 7i ;A kp(NlogN—Llog L—{N-1IL)log{

If we include-this in-the fre‘é'énefgy, we have



Fap(L,T,V) = @dea;(L T Vy+ FrolL, T, V} + Lﬁw@ *?'kBTLiOg{ )

Equilibrium follows from LF 0, which gives
1
0= "‘.LLHH( (N L), T, V) + pup(L,T,V) - —upp( (N -L),T,V)
We have
Hideat = kpT log( (T) )
and since the rotational degrees of freedom are classical, too, we have (note

that these are independent)

HProt = “kBTIOg(Zrot)
Hence

I? 1 "
JIES kBTIOg(m) + tho + kpl

where at all places we need to use the appropriate mass (and moment of
inertia, and frequency) ta evaluate the answer. From

' 1 i

we get

2 LY
kpT log( jif (HH(T)EHF)%«RJBTIO (VI(V (DD{TI)J};_DD)-%éh(wo(HH}“kwe(DD

2

L
2kpT] fiwg(H
o s gy zEp) D)

or

a4 I 4 nHH{T}ngD (T} ZHHZDD

rat “rot

( (NI} nEPM2  [zEP) )
log =
" (o(HD) ~ wo(HH) - wo(DD))
ST (wo Wy 0
We know that ng « m#. For rotations we only have two degrees of freedom

and since the length of the molecules is the same, we have Z,, o m. Finally,
we have wo = 4/k(;3 + 1), and hence:

PN



| (N~L}* (mg+4+mp)® \ _
log( 244 (2?7%.1{)%(2?%12)%) -

WE 2\/_£_+~L_\/i_\/i>
2kpT myg  mp mm mp

which can easily bero}ved for L.
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