OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #96

March 29 and 30, 2004
Comprehensive examination for Spring 2004
PART I, Monday March 29, 9:00am

General Instructions

This Comprehensive Examination for Spring 2004 consists of eight problems of
equal weight (20 points each). It has four parts. The first part (Problems 1-2)
is handed out at 9:00 am on Monday, March 29, and lasts three hours. The
second part (Problems 3-4) will be handed out at 1:00 pm on the same day and
will also last three hours. The third and fourth parts will be administered on
Tuesday, March 30,

Work carefully, indicate your reasoning, and display your work clearly. Even if
you do not complete a problem, it might be possible to obtain partial credit -
especially if your understanding is manifest. Use no scratch paper; do all work
in the bluebooks, work each problem in its own numbered bluebook, and be
certain that your chosen student letter {but not your name) is inside the back
cover of every booklet. Be sure to make note of your student letter for use in
the remaining parts of the examination.

If something is omitted from the statement of the problem or you feel there are
ambiguities, please get up and ask your question quietly and privately, so as not
10 disturb the others. Put all materials, books, and papers on the floor, except
the exam, bluebooks and the collection of formulas and data distributed with
the exam. Calculators are not allowed. Please return all bluebooks and formula
sheets at the end of the exam.

Use the last pages of your bluebooks for "scratch” work separated by at least
one empty page from your solutions. "Scratch” work will not be graded.



Problem 1.

A spinless particle of mass M moving freely in the absence of forces, in one
dimension, is described at time t = 0 by the wave packet

[ Cll—cos(2n§)] for 0Lz L
¥(2,0) = { 0 otherwise

You need not evaluate any integrals that arise in this problem, except for part b.

a. Find an expression for the constant C.

b. Find an expression for the momentum components (p,0) . Try to eval-
uate the integrals.

¢. Estimate the uncertainties in the position and momentum, Az and Ap .
Show that your answer satisfles the uncertainty principle.

d. Give an expression for the wave packet at a later time t, ¢(z,t) =7

e. What happens to the center of this wave packet as a function of time?
What happens to Az 7 What happens to Ap 7

Problem 2.

A skater weighs 650 IV . The area of contact between the skates and the ice is
10~% m?2. The temperature of the ice is —4°C. The latent heat of fusion for
ice is 320 kJ kg~!. The density of ice is 920 kg m™3. The density of water ig
1000 kg m~2%. Determine whether the ice under the skates will melt or not.



Solution to problem 1

a. Cis determined by the normalization condition that the total probability is 1

L L
1= [dx [y@R=1CP [ dx [1-cos@ux/L)]?
0 0
1 . :
C= 7 times arbitrary phase factor
J dx [1-cosQmx/L)P
0
o—ipx/T I e—ipx/ﬁ
b. yp,0) = [ dx yix 0) = dx CT 1 —cos(2ny/L)]
-0 \/ 2’J’Eﬁ 0 \/2751;1
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c. from the half-wave-function points, Ax=L /2
from the denominator of \pfp, 0), Ap=2(2nR/L)
check uncertainty principle: Ax Ap~ 2xh > /2 y
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H2p2 «© —
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. . L . .
e. Wave function remains centered on x =7 . Ap constant, Ax increases, eventually like 7 77



S-U @m‘L - 5a }y Problem 2.

A skater weighs 650 N . The area of contact between the skates and the ice is
10-% m?. The temperature of the ice is —4°C. The latent heat of fusion for
ice is 320 kJ kg~'. The density of ice is 920 kg m~%. The density of water is
1000 kg m~?. Determine whether the ice under the skates will melt or not.

We will need to use the Clapeyron formula. If we follow the Gibbs free energy
along the coexistence curve we have (suppressing the constant value of N )

G (pco(T) ¥ T) = Gy (pco (T) H T)

Take the temperature derivative, using

6G)
i w1
(813 TN
oG
(57),, ="
we get
dPeo 17 BP0 o o
Vo (1) = Sw = Vimgs (T — S;
or
oo oy . Sw = Si
arT (T) = Vi ~ Vi

This equation or a variation of it is also OK as the starting point for the solution.
Derivation is not needed, but can easily be done.

If we take the entropy per kg and the volume per kg and use the relation
L =TAS for the latent heat we get

dpeo . Ly
dr (T) = T (v — vg)

Using the numbers from the problem, and taking T' ~ 300K

dpco —320_ EJ kgml
PRI - i
(1000 kg m—3 820 kg m"3)

dp ~320
_d% (T) m 300 220-1000

EJm~® Kt

1900x 920
oo o 4 X 920 s s
T2T) s g kI 0 K

%%E(T} 712,500 kJ m™% K1 =125 x 10° N m™* K1



The extra pressure due to the skater is

Ap =650 % 10° N m™?

hence

dpco =t 650 X 105
AT“AP(dT (T)) = Tosxi L NP K

which is sufficient to melt the ice.



Problem 3.

An induction heater consists of a simple set of coils, such as a solenoid, in
close proximity to the object to be heated. Such a heater is said to be very
efficient, that is, most of the applied electromagnetic power becomes thermal
power in the object. Your task is to determine the efficiency of a simple version
of an induction heater. The only loss mechanism is assumed to be radiation.
The device of length L consists of n loops per unit length with radius R, with
R > L. A small solid cylinder of aluminum with radius a << R and length
b << L is placed at the center of the coil with the axis of the cylinder aligned
with the axis of the coil. The conductivity of the object is 0. The frequency at
which current I(t) is applied to the coil is w.

(a) What is the time-averaged power delivered to the cylinder?

(b) What is the time-averaged power dissipated as electromagnetic radiation?

Problem 4.

Two mass points of mass m; and ms are connected by a string passing through
a hole in a smooth table so that my rests on the table surface and my hangs
suspended. Assuming o moves only in a vertical line, what are the generalized
coordinates for the system? Write down the Lagrange equations for the system,
and, if possible, discuss the physical significance any of them might have. Reduce
the problem to a single second-order differential equation and obtain a first
integral of the equation. What is its physical significance? (Consider the motion
only so long as neither m; nor my passes through the hole.)
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SJJ ~Djm } Lo } v Problem 4.

Two mass points of mass m; and my are connected by a string passing through
a hole in a smooth table so that m; rests on the table surface and my hangs
suspended. Assuming ms moves only in a vertical line, what are the generalized
coordinates for the system? Write down the Lagrange equations for the system,
and, if possible, discuss the physical significance any of them might have. Reduce
the problem to a single second-order differential equation and obtain a first
integral of the equation. What is its physical significance? (Consider the motion
only so long as neither m; nor my passes through the hole.)

Generalized coordinates: position of mass m; on circle: radius r and angle ¢.
If the length of the string is R, we have r < R. The height of mass my is r — R,
which is zero when this mass touches the tabile.

Kinetic energy of particle 1:

1 1 . ;
K: = Emgvf = Sy ((?‘)2 +r2(q5)2)
Kinetic energy of particle 2:

1 1 .
Ky = émgvg = émg(r)z

Particle 1 has no potential energy. Potential energy of particle 2:
Vy = mag(r ~ R)

Lagrangian:

L=ty (97 + @) + gmar)? - maglr ~ F)

18-

d L -
pn {ma? -+ maf) = mﬁ"(ﬁﬁ)2 —mag

Lagrange equations:

which gives:

d .
pr (mﬂ'2 qﬁ) =0
The first equation says that the total acceleration of the system along the radial
direction is related to the centripetal force and the gravitational force. The
second equation is conservation of angular momentum. Denote the value of the
angular momentum by L. This gives



mir*¢ =L
Use this in the first equation:

. L?
(m1 + ma )i = mart mag

Multiply by 7:

12
my 4+ me )P = F — Magr
( ) p—

Integrate:

2

1 .
§(m1 +mg) ()2 = — — agr + Cy

2'm,1 re

where Cp turns out to be the total energy!



Problem 5.

The y mesons are bound states of a heavy "charmed” D quark with a D
antiquark, each with spin 3% and mass Mp = 1880MeV/c® (twice the pro-
ton’s mass). The quark mtera,cts with the &nthuarlc by a central potential
V(r) ~ ~%agh where ag ~ 1.0 measures the strength of the strong interac-
tion. Their rclatlve motion is described by a p state (orbital angular momentum
L=1).

{a) Give the possible energies, degeneracies, and total angular momenta of
the ground state and excited states of the x meson.

(b) In addition the quark and antiquark interact by a spin-spin interaction
Hgs = Sl Sg"a‘ where ¢ is a fairly small positive constant and 81 and
S, are the spins of the quark and antiquark respectively. Find the degen-
eracies and total angular momenta of the ground state and excited states
of the y meson, and give approximate expressions for their energies (you
need not evaluate radial integrals}.

Problem 6.

In a particular solid there are N electrons. Each electron can be in one of two
states, either with energy 0 or energy F, with E > 0. The distribution of these
electrons over the states is governed by the Fermi-Dirac distribution function

o -1
(e""é'% + I) .
(a) What is the limit of the chemical potential if the temperature goes to
zero?

(b) Calculate the chemical potential for low temperatures, one term beyond
the result in (a).

(¢) Calculate the low temperature limit of the heat capacity.

(d) How do the resuits in (a), (b), and (¢) change if the high energy state has
degeneracy G7

(¢) How do the results in (a), (b), and (¢) change if there are an infinite number
of states available, each singly degenerate, and with energies B, = nE7



Solution to Problem 5

Compare to hydrogen atom, three differences:

MeMp

i) two equal mass particles = reduced mass is Mp/2 instead of P

ii) two spin-1/2 particles, like electron + proton, need to include both spins.

L. 4 he .
iii) potential is ~3 o5 instead of Coulomb potential

22 e2 Thc Te
V = s e :ma""_
r "lic ¥ ¥

) 4
so need to substitute 3 o for o= 1/137

(a) Assume non-relativistic, need to check after computing energy.

1 M,
Then E, = 2Mpc? — %ﬁg , Rydberg = ”ﬁ’(%o&s) 2 ——2“1':")"02 =~ 830 MeV < 2Mpc? = 3760

MeV

barely non-relativistic, better for large 7.

n is a total quantum number, at least L+ 1, p-state = L =1 so n =2 or greater.
Spin doesn't affect energy, add two spin-1/2 for total spin 0 or 1
Add to spatial angular momentum to get total angular momentum J=L + S

Quantum numbers #LSJM . For each J, 2J+1 values of projection M,

addL=1toS=0 toget J=1, (2J +1) =3 states

. (2x0+1) states

or add L=1toS=1toget J=0,1,0r2 (2x1-+1) states
(2x2+1) states

altogether 1+3+5 = 9 states



1 state with J =0
foreach n>2,| 2 o0 (2J+1) = 6 states withJ=1| altogether 12 states for each £y .
2J +1 = 5 states with J= 2

(b) Degenerate perturbation theory = diagonalize Hys in subspace of given n .

Hys diagonal when $2 = (81 + S2)? is, since
1 Y g ] 11 1]
81782 =75 (§2-812-82) =5 (S -G+ - Qi+ )

3 (1/4forSﬂ1)
T \B3Mfor S=90

Now, for each n> 2 there are 3 S=0statesand 9 S= 1 states with JL structure above,

energies shifted by
o0
(nLSJM | Hgs [nLSIM ) = a (S [$1°52/S ) frzdr R (r)? ;137
where R,z (7) is the radial wave function ’
The ground state has » = 2, and S = 0 from the sign of S12, soJ= 1, degeneracy =3

The first excited state has n =2, and S=1, soJ =0,1,2, degeneracy =9

This pattern repeats for each higher ».



Solution to Problem 6.

In a particular solid there are NV electrons. Each electron can be in one of two
states, either with energy 0 or energy E, with E > 0. The distribution of these
electrons over the states is governed by the Fermi-Dirac distribution function

amp -1
(ekBT + 1) .
(a) What is the limit of the chemical potential if the temperature goes to

Zero?

(b} Calculate the chemical potential for low temperatures, one term beyond
the result in (a).

(¢) Calculate the low temperature limit of the heat capacity.

{d) How do the results in (a), (b), and (c) change if the high energy state has
degeneracy G7

(e) How do the resultsin (a), (b), and (c) change if there are an infinite number
of states available, each singly degenerate, and with energies B, = nE?

At zero temperature all electrons are in the state with energy 0. At a very small
temperature some will be in the state with the higher energy. Since particles
are conserved, we have:

1- (eFF + 1)—1 - (ef—ﬁ"’i + 1)"1

(t L3

ekt 1
%57 + 1 eFat 41
1 _ i

6F§fn+lmef_;?&+1

and these are equal if y = %E This holds for all temperatures! So the answer
to (b) is the same as the answer to (a).
The internal energy follows from

1 1
[V = NE-—gor—— i N F e
efBT +1 e%}f;i + 1

The heat capacity is equal to

o (6U) ve—E ¢FET
v = e =
arT VN 2kBT2 (eﬂ%q—, " 1)2




o
EZ eTFpT

Cy = 2Nkg
kpT? (e"ﬂ%’f + 1)2

For very low temperatures the exponent goes to infinity and we get

E2
4L T?

. B
e TEpT

Cv =~ 2Nkp

which goes to zero exponentially.
Tf the higher state has degeneracy G the equation to solve in part (a) is

~ (B 1) =a(e rﬁﬂ)’l
or

1 G
exf;—’f‘-i—l ef_;;:%—{-l

For very low temperatures this is

P _E-p
T o8~ o

—p = kpTlog(G) — E +

1 1
TR —2—E - ékaTlog{G)

and the erergy is

v A B
eFET +1 VGe™eT + 1

which is for low temperatures:

U = NEVGe 757
Hence both U and Cy get an extra factor of f
In the last case we have:

= 1

1=2 ==

0 € FBT k]

For very low temperatures we expect again that p ~ %«E since the higher states
will have a very small occupation. Therefore, for low temperatures:



e¥BT %E PRTY %ekgl(}_”émek‘gl)

B2

e*sT m{lie

457

E 24
B

g ] -5
= log(1 -+ e“;?f) v efsT

1 B
1A é(E——kBTe HpT)

which has an exponentially small temperature correction compared to the an-
swer in {b} before.



Problem 7.

Symmetry in a physical situation often yields surprising simple functional forms
for measurable quantities such as fields and potentials. Consider the case of two
very thin rings of radius g oriented perpendicularly to the 2 axis and positioned
with the centers at z = +b. The total charge is -+@ on the upper ring and
—() on the lower ring, and the charge densities are uniform on both rings. The
length R is defired as the distance from the origin to any point on the rings. For
the special case b/R = 1/3/5, the electrostatic potential and field have special
forms. :

(s) Find the charge density p(7).
(b) Determine ®(7) and E() for r > R including contributions up to I = 4.

(¢} Determine ®(7) and E(7) for r < R including contributions up to [ = 4.

Problem 8.

Consider a very long string of identical masses m connected to nearest neighbors
by identical springs with spring constant . In equilibrium, all springs have the
same length. These masses can only move along the direction of the string. The
deviation for mass number n from equilibrium is z,{t}). Mass n is connected to
masses 1 — 1 and n -+ I only. The string is very long, so the effects of the end
points can be ignored.

(a) Give Newton’s equations of motion for this system.

(b) Calculate the normal modes of this system, and calculate the frequency
spectrum.

(¢) Show that the normal modes are travelling waves, and determine the phase
velocity.

(d) The central mass is now replaced by a different mass m + A. Consider
the foliowing situation. A wave comes in from the left with frequency w.
A% the central mass this wave is partly transmitted and partly reflected.
Calculated the transmission and reflection coefficients.
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3

(20 points) Symmetry in a physical situation often yields surprising simple functional forms for
measurable quantities such as fields and potentials. Consider the case of two very thin rings of
radius ¢ oriented perpendicularly to the £ axis and positioned with the centers at z = #+b. The
total charge is +Q on the upper ring and —@Q on the lower ring, and the charge densities are
uniform on both rings. The length R is defined as the distance from the origin to any point on
the rings. For the special case b/R = \/37—5, the electrostatic potential and field have special
forms.

(a) Find the charge density o(F).
Answer (2 points):

M(r— R
p(7) = pupper (F) + Prower(F) = ~—(~T—r—-2 [6(cos @ — cos ) — 6{cos B — cos (7 — a))] .
That A = Q/2na follows from
®§(r—R) i . .
Pupper (F)AV = 21 A ——r dr | 8(cosf — cosa)sinfdf = 2rARsina = &
0 JO

and the fact that Rsino = a. This can also be obtained from

/Plower(ﬂdv = =27 ARsinq = —Q
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and the fact that Rsin{z — o) = a.
(b) Determine $(7) and E(#) for 7 > R including contributions up tol=4

Answer (9 points}:
For r > R,

3= Zin and &, = ZZ +1 ,H Z Vi () i -

m=—1

Symmetry dictates that only m = 0 can contribute, so

g = / p(v")riYio(Q)rzdra!Q

Ql + 1 ’2?1- OO l'l'l 4 ' .
= A — dgéf S(r—R)y*dr | Pcos8)[5(cosf — cosa) ~ d(cos b — cos (w — a))] sin 8df
0 0 0
a QA [ %%R”l sin o [Py(cos @) ~ Py(cos (m — a))] -

Using cos {7 ~ o) = — cos v and Py(~z) = (-D'Px),

1
Qo = 22/ %:—Rl“ sin Py {cos &) [1 - (ni)l] .

Hence, go = 0 if | is even. The first non-zero term is

9] B R einae =920 2 Re
g16 = 27 A 4?TR sinacosa (2] = 20Q 47ch,osac.

The [ = 3 term is zero by symmetry

1
qe,euQ?r)\\/zi R45ma2(5cm a—3cosa)(2] =0,

since cos® & = 3/5. The final result for I < 4 is

9
B(r > R,0) = 4nAR?sin a cos a:m?;%g = EQbCOS

¥

T2

since b = Rcosc. Note that the dipole moment is 5= 2Qb2. Finally,

E=-Vo= %—(2 cos 97 + sin 80) ,
T

(c) Determine ®(F) and E(7) for r < R including contributions up to [ = 4.
Answer (9 points):

Forr < R,
dar
(I)l == l Z }/Em Q)Ilm>
-]
where )
7
Ty = [p]+1 Y’I'm(ﬂ)dv

Page 2
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Again, only m = 0 contributes. Since the ¢ and ¢ integrations are the same as in part (b),
I must be odd, and I3y = §. The radial integration is

©§r—R) 1 4, 1
f() —-—-—-—T‘—"M“;I_i'_—l?"d?"m'ﬁ.

Hence, only [ig contributes,

= QWA\/ZE;%ZSEMM COS ¢ .
So,
d(r < R,8) = 47r)\]% sin @ eos xcosf = ——g?br 08 f = —%l%—bz
Finally,
E=-Vb= —%@z e w%%’z,

for » < R. This properly becomes 0 as & — 0 and as o — 7/2.

Page 3



Solutions for Problem 8.

Consider a very long string of identical masses m connected to nearest neighbors
by identical springs with spring constant . In equilibrium, all springs have the
same length. These masses can only move along the direction of the string. The
deviation for mass number n from equilibrium is z,(¢). Mass n is connected to
masses n — 1 and n + 1 only. The string is very long, so the effects of the end
points can be ignored.

(a) Give Newton's equations of motion for this system.

(b) Calculate the normal modes of this system, and calculate the frequency
spectrum.

(c) Show that the normal modes are traveliing waves, and determine the phase
velocity.

(d) The central mass is now replaced by a different mass m -+ A. Consider
the following situation. A wave comes in from the left with frequency w.
At the central mass this wave is partly transmitted and partly reflected.
Calculated the transmission and reflection coefficients.

Mpin = —k(2Tn — Tnt1 — Ln-1)

But m, = m. Try solutions
mn(t) — ez(nqb—wt)
__mw2ez(n¢—~wt) - _5{2 . ezqﬁ _ e—-zdﬁ)ea(ngbwwt}
~mw? = —r(2 — 2 cos(¢))
9 % .0 1
=24 s
w' = —4sin (z¢)

2

These are the normal modes.
For the phase velocity we need to find the solutions for

rp1 (E+ A) = 24 (1)
' This gives



¢ = wAt

and hence the phase velocisy is w.

Now we change the central mass into m + A. We can combine all normal modes
with the same frequency, hence with the corresponding values ¢ and —¢. As a
solution, we are asked to try:

Forn < 0
2, (8) = Aetnd—wt) 4 por(-né-ut)
For n = O:
zo(t) = Ce™*
Forn > ‘

Ty (t) = Dettnd—wt)

The equations for n # 0 are unchanged, and in order for this to be a solution
we need (follows from applying the equation for n = ~1 and n = +1):

A+B=C

Cw=D

The central equation is different:

(m -+ A}:L‘G = .—f‘G(?.-SDQ — &1 :23_1)

(m + AYC(~w?)e ™ = —g(20e™t — DetP~vt) _ (Ae~¢-1) | Beé—wily)

(m + A C(~w?) = ~k(2C — De*t — (Ae™*® + Be'?))
ACw? = K(2C —~ Ce*® ~ (Ae™" + Be")) — mw’C
But

mw?C = 1(2C — Ce*® — Ce™*)

Hence

ACW? = k(Ce™™ —~ (Ae™ + Be'?))

ACW? = k(A + B)e™™ — (A4e™** + Be'?))



ACW? = k(Be™* — Be')

" gsin? (1) = k2B
AC mésm ( 2q&) = —x2: 1 sin(¢)

A o
CE sin(%q&) = 1B cos(%qﬁ)

A 1
B= EC"’?:E tan(§¢)

Now express this in terms of A, the incoming wave:
A |
A=C~-B=C(l- v L&n(iqb))
Hence for the transmitted wave:
A 1 N\
D=A (1 e ’b“”m”: taﬂ('i(ﬁ))
.. \ D2
and the transmission coefficient follows from Jmlg. For the reflected wave:
A1 A1 N\T!
B o= AzE tan(§¢) (1 —i— ta,n{—z—qb))

Note that |BJ? + |D|? = |Al?, conservation of energy.



