Department of Physics Comprehensive Examination # 93
Part 1

30 September 2002

This Cblﬁprehénsive Examination for Fall 2002 consists of eight problems each worth 20 points. The
problems are grouped into four sessions:

Session 1  problems 1, 2 9-12 AM Mon 30 Sept.
Session 2 problems 3,4  1:30-4:30 PM Mon 30 Sept.
Session 3 problems 5,6 9-12 AM Tues 1 Oct.

Session 4 problems 7,8  1:30-4:30 PM Tues 1 Oct.

Work carefully, indicate your reasoning, and display your work clearly. Even if you do not complete a
problem, it is possible to obtain partial credit, especially if you demonstrate conceptual understanding. Do
all work in the bluebooks, work each problem in its own numbered bluebook, and be certain that your chosen
student letter, but not your name, is on the inside of the back cover of every bluebook. Be sure to remember
your student letter for use in the remaining sessions of the examination. If something is omitted from the
statement of the problem or you feel there is an ambiguity, please ask your question quietly and privately, so
as not to disturb the others. Only your bluebooks and the examination should be on the table before you.
Any other items should be stored on the floor. Calculators are not allowed. Please return all bluebooks and
formula sheets at the end of the exam.

Use the last pages of your bluebooks for scratch work separated by at least one page from your solutions.
Scratch work will not be graded.



1. Consider a particle of mass m and possessing charge e to be confined inside a rectangular box and
subjected to a weak electric field, E, acting parallel to the z-axis. The box is defined by having V' =0
for0<z<a 0<y<band)<z<cwhereasbs#e and V = oo elsewhere. Determine the
energies allowed to this charged particle.

-~/ @ fn PEX Sin @Y sUn AT2 alin, /M
Foen \/a(:c R~ SR (,amm
_66,,_ . . .,: ﬁﬂlﬁz‘\ V :t oz ’&ﬂ?‘: ML

IR S it abnddndy peed EM)
Coan = 25 [ bt & v 4 we £ 1eY=EY

s
P%'A' 2w CLL crl C

AEP%"- = <<pm,t]._.egx \cp%p antitne £ o Tl

T

alediic fatd  and %M‘:“beé‘%' C
a

A = -e ?_._._....2 % s'mz % dx siv Y d sin ATE dx
P%/L 2 b e [ 630_ | i'(; % =

2 o o
- ™ e
* b e
a & —
N - =
: 1
E/ - T %4-,%:4‘-.{}}. — ec‘fa..
b4 2w \a” gt et 2 (



2. Sufﬁpose you stand a penny up on edge on an incline plane. Normally it would fall over, but let’s just
suppose that this time it doesn’t. Perhaps the penny is a bit thicker than usual, and you were wery
careful in placing it; so rather than falling over, 1t rolls downhill. We assume that the penny cannot
slide on the surface and that there is no friction of any kind.

Think about a cylinder rolling downhill. The cylinder always rolls in the direction perpendicular to its
axis of rotation. The penny does this too, but the penny can also spin about a vertical axis. The penny,
therefore, does not follow a straight path, but at each instant it is rolling in a direction perpendicular
to an axis perpendicular to its surface, i.e. at each instant the penny rolls in the direction it’s pointing.

Just so that we agree on notation, let’s assume that the coin makes contact with the incline plane
at a point (z,y). The y coordinate points down the incline plane. The penny turns around an axis
perpendicular to its surface. This rotation is measured by the angle ¢. The rotation about its vertical
axis is measured by 8. The coordinate system is chosen so that § = { corresponds the coin pointing
straight downhill. To put it another way, if you put the coin down with 8 = 0 and 8 = 0, it would
simply roll downhill with constant z.

{a) What is the minimum number of variables Tequired to describe the motion? How many degrees
of freedom does the penny itself have? Find the equations of constraint.

(b} Calculate the Lagrangian for the motion.

(c) Find the equations of motion. Verify that they give the expected results when § = =0

(d) Suppose that at { = 0, 8 = ¢ = é = 0, and g = w. Find the subsequent motion. You should be
able to find $(t) and 8() in closed form. You can leave z(t) and y(t) in the form of integrals over
{.
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3. A sphere of radius ¢ is uniformly magnetized, and has a constant magnetic dipole moment Mo pointing

in the positive z direction.

(2)

(b)

(©)

Show that, in the cylindrical coordinates indicated in the sketch, the vertical and radial compo-
nents of the magnetic field are given by

3oz
B, = Mo (p? + 22)°/2
- (27% - p?)
Bz = M{)W

A rigid ring of mass m, radius b, resistance R, a vertical axis, is located with its center a distance
2o above the center of the sphere, and it is released from rest. Derive an expression for the current
in the ring as a function of time, assuming that the ring falls for a short time with the acceleration
due to gravity and that it has no self inductance.

Again assume that the ring has no self inductance, but account for the magnetic force on the

induced current. Find the differential equation for the position, velocity and acceleration of the
ring for short times. Do not attempt to integrate the equation.
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4. An electron gas essentially confined to two-dimensions can be realized in certain semiconductor struc-
tures. This problem concerns some of the properties of a gas of N non-interacting electrons of mass m
confined to a 2-D square “box” of side L. The density of electrons is n = N/ L2

The wave functions of the particles in this “box” are of the form

Ple,y) = Ad(ks2)P(kyy)

and the energies are quantized according to E = R2k?/2m where ks, ky =0, £2x/L, d4x/L, --- The
density of electronic states per unit energy per unit area has the form

D(E) = C (a constant) for E >0,
D(E) = 0for E < 0.

{a) Derive an expression for the chemical potential as a function of n, C, the temperature T, and
fundamental constants. .

(b) Determine the chemical potential at T = 0 (the “Fermi energy” Er).

(¢) Determine the constant C in terms of fundamental constants and given quantities,

(d) Suppose a 2-D electron gas experiment is carried out at T = 1 K with an electron density of
n 7 10*2 electrons/cm?. Due to the effects of the crystal medium, the electrons behave as if they .
have a mass m & 0.1mg where mg is the mass of a free electron. Would you expect the electron \
gas to be degenerate under these conditions? Do a “back of the envelope® order of magnitude
calculation to justify your answer.

Integral:
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5. A free electron is at rest at the origin of the lab coordinate system. A relativistic deuteron flies past
along the line z = 0, y = b. You may assume that the deuteron’s velocity v does not change, and that
the displacement of the electron during the collision is negligible.

{a) Calculate the force on the electron as a function of time.
(b) Calculate the direction and magnitude of the impulse given to the electron.
(c) Repeat this same calculation non-relativistically and compare the results.

6. The plot below illustrates the van der Waals equation of state for a fluid of interacting particles. The
axes are labelled in units of the critical pressure (pc) and volume (Vc).
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In the van der Waals approximation, the attractive and repulsive interactions are represented by
constant parameters a and b, respectively. The Helmholtz free energy of a van der Waals fluid of NV
spinless particles of mass M can be written

F = —kgI'N {m lnq (V}Nb)] ~;~1}— j—V;ﬁ (1)

where ky is Boltzmann’s constant and ng = (MkpT/2mh*)*/2,

{a) In a few sentences, describe the physical consequences of the local maximum and minimum ex-
hibited by the p versus V curve shown in the plot for T' < Te.

(b} Starting with the free energy expression of Eq. (1), derive the van der Waals equation of state.

(c) As shown in the plot, the first two derivatives of the critical isotherm (T' = T¢) vanish at the
critical point (C.P.). Use this information to obtain expressions for the critical parameters pc,

Ve and kgTe in terms of the van der Waals constants a and b. s

(d) Derive an expression for the entropy of the van der Waals fluid in terms of the given quantities.

N
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7. A free electron moving in a uniform magnetic field B is described by the following Hamiltonian
1
H=w—{p— 2
5 (P — )
where B = V x A. Consider B to be in the positive z-direction, and that A has components

(-yB, 0, 0).

Answer the following questions using non-telativistic quantum mechanics.

(a) Determine the energy eigenvalues for the electron.

(b) Describe the form of the corresponding energy eigenfunctions.

8. Two identical pendulums of length [ and mass m are suspended side by side. They are coupled together
with a spring that has the spring constant k. The spring is connected halfway up the pendulums so
the force between the two is l '

F=ko(fy—0
5 (01— 62)
Assume that the spring is massless and that the amplitude of oscillations is sufficiently small that the
equations of motion are linear.
(a) Calculate the kinetic and potential energy in terms of the angular displacements of the two
pendulums, ¢, and ;.

{b) Find the equations of motion. Use the dimensionless coupling parameter

kl

4y
and the natural frequency wo = +/g/l to eliminate all reference to g, I, m, and k from the
equations.

(c) Find the normal modes of oscillation. Calculate the frequencies and describe the corresponding

motion.

(d) Use the symbols ©; and Oy for the amplitudes of the motion of the two pendulums. Calculate
the ratio ©; /6, for the normal modes.
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