Department of Physics Comprehensive Examination # 89

Part |
25 September 2000

This Comprehensive Examination for Fall 2000 consists of eight problems each worth 20 points. The
problems are grouped into four sessions: ' '

Session 1 problems 1,2 9-12 AM  Mon 25 September
Session 2 problems 3,4 1-4PM  Mon 25 September
Session 3 problems 5,6 9-12 AM  Tues 26 September
Session 4 problems 7,8 1-4 PM  Tues 26 September

Work carefully, indicate your reasoning, and display your work clearly. Even if you do not complete a
problem, it is possible to obtain partial credit, especially if you demonstrate conceptual understanding. Do
all work in the bluebooks, work each problem in its own numbered bluebook, and be certain that your chosen
student letter, but not your name, is on the inside of the back cover of everj bluebook. Be sure to remember
your student letter for use in the remaining sessions of the examination. If something is omitted from the
staterent of the problem or you feel there is an ambiguity, please ask your question quietly and privately, so
as not to disturb the others. Only your bluebooks and the examination should be on the table before you.
Any other items should be stored on the floor. Calculators are not allowed. Please return all bluebooks and
formula sheets at the end of the exam.

Use the last pages of your bluebooks for scratch work separated by at least one page from your solutions.
Scratch work will not be graded. '



1. A nonuniform, right circular cylinder of radius a and total mass M has its center of mass a distance b
away from its geometrical axis. The moment of inertia about a line passing through the center of mass
and parallel to the cylinder axis is I. The cylinder rolls without slipping along a horizontal plane at a
constant angular velocity w under the action of a horizontal force F as shown in the figure.

{(a) What is the value of w at which the cylinder is just about to leave the horizontal surface at sorne
time during its motion?

MNONA OV TUR tb) What is the magnitude of the force F as a function of time?
(c) What is the force of friction as a function of time?
{d) What is the normal force as a function of time?

(¢) For angular velocxty less than the critical value in part ( a), what is the miniroum required coeﬁi—
cient of friction such that slipping does not ogeur?

(f) How much work does F' do when the center of mass moves from its lowest to its highest position? * - o

_ 2. A paraliel-plate capamtor ‘has plat;ee of a:cea. A sep&rated by a sma]l dxsta.nce d. The plates hold equa.l
and oppomte charges of magmtude Q Negiectmg edge effect.s v B R

(a) CaIculate the force between the plates assummg f;hat the charge is he!d constant.

(b) Ca.IcuIate the force assummg ‘the the potentla.l between the p!at' is held constant.

(c) Why does the following approach give the wrong answer? .
Since force and electric field are related by the simple equation F = QF, one could calculate the = - '
force on one plate 3uﬂt by multiplying the charge on the plate by the electric field between the

plates,
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3. A particle of mass m is in a one-dimensional harmonic oscillator potential V() = fmw?z?, where w
is the classical angular frequency. For a quantum particle, the allowed energy eigenvalues are

E.={(n+ %)hw {(n=0, 1,2, v}
The corresponding energy eigenfunctions are
P(2) = Ha(Vimwh z) exp(—mwz?®/28),
where H,,(g) is a polynomial of degree n [i.e. the highest-power term in H,(g) is ¢"].

(a) Consider an isotropic three-dimensional harmonic oscillator for which V(r) = fnmw?r?. Explain
how the allowed energy eigenvalues and eigenfunctions can be constructed from the solutions of
the one-dimensional problem.

(b} What are the three lowest allowed energies for the three-dimensional system? What is the degen-
eracy of each level?

(c) What can you say about the energy of the state U(f) = zexp(—mwr?/2h)? (e.g. is this a
stationary state? If so, what is its energy?)

(d) Is it possible for this three-dimensional oscillator to be in a simultaneous eigenstate of the orbital
angular momentum operators Lg, Ly, and 1.7 Explain.

{e) Suppose that the orbital angular momentum component L, is measured for the state of part {c).
What measured values are possible? What are the probabilities of measuring these values?

{f) Again consider the measurement of L,. Prior to the measurement, what is AL,, the root-mean-
square deviation of L,7 What is AL, immediately after the measurement?

4. The equation of state of one mole of a van der Waals gas is given by

(P+ o5 (V- b=

Since the terms distinguishing the van der Waals gas from an ideal gas are small, one can consider the
internal energy F to be written as

E = E\(T) + E2(V),

where F1(7T) depends only on temperature and E,(V) only on volume. Show that the difference in the
molar specific heats at constant pressure and at constant volume can be given by

' 2a
Cp—Cv_.R(1+VRT)

under the assumption that b < V.
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5. Three masses B, m, and m are connecied by identical, massless springs with spring constants k. The
masses and springs are constrained to a smooth, fired, horizontal circle.

= (a) Deduce, but do not solve, the equation whose solutions yield the frequencies of the normal modes
of small oscillations about equilibrium.
{b) Determine if uniform rotational motion is a solution to your equation.
m {c} Determine the frequencies of the normal modes.
{(d} Describe the motion of the masses for each mode.

{e) Indicate where the assumption of “small oscillations” has been made in your solution.

6. A three-dimensional solid is represented as a colléction of N quantum oscillators.

{(2) Assuming the Debye model, show that at sufficiently high temperatures, the internal energy of
this system can be approximated by :

36p
Em3NkT(1——§T—) ,

where ©p is the Deb&e temperature, and is related to the cutoff frequency wp for the Debye

density of states by "
WD

GD—_——“"’?“.

(b) Suppose the solid to be subjected to an isothermal compression. Show that the increase in the

solid’s internal energy, AE, is given by
3. (AV
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7. The Fourier transform $(%,k) of any electromagnetic polential ¢(&,1) satisfies the inhomogeneous

Helmbholtz equation
(V2 + E))g(E, k) = —dn f(£,w)

for each value of the frequency w. Here k = w/c is the wave number assoclated with w, and f is
the source function, which is assumed to be known. Such an equation can be solved using a Green’s

function.

(a) What is a Green's function? How is it defined? How is it used to solve an equation such as the

Helmholtz equation above?

{b) Derive the Green’s function for this equation using any method you like.

8. A particle of mass m is in an infinitely deep one-dimensional square well potential
V(z) =10 for 0 < z < a; and V{z} = oo elsewhere.

At time ¢t = § the normalized wave function ¥(z,1) is given by

| R

‘I’(m,O)mi[I——cosﬂ;’f] for 0 <<

V3a

and ¥(z, 0) = 0 elsewhere, including the right half of the well.

(a) Is this a bound state? Is it stationary? Does it have a well-defined parity?

)
{b) What is the probability that at time f = 0 the particle will be found between « = 0 and = = a/4?
(¢) What is the expectation value of the momentum < p, > at { = 07

)

{d) At time ¢ = 0, what is the probability P that a measurement of the total energy F will yield a
value smatler than 72 /ma??

(e) What is the wave function ¥(z,t) for ¢ > 07 [A clear explanation is more important than
calculational details.}
(f) What is the expectation value < H > of the Hamiltonian for t > 07

The following integral may be useful: f; ! sin ycosdydy = — &%
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