Department of Physics Comprehensive Examination Ne. 85

January 4 and 5, 1999

This Comprehensive Examination for Winter 1999 consists of eight problems each
worth 20 points. The problems are grouped into four sessions, each of which lasts for
three hours. Session One (problems 1 and 2) begins at 9:00 AM Monday 4 January.
Session Two (problems 3 and 4) begins at 1:30PM Monday 4 January. Session Three
(problems 5 and 6) begins at 9:00 AM Tuesday 5 January. Session Four (problems 7 and
8) begins at 1:30PM Tuesday 5 January. |

Work carefully, indicate your reasoning, and display your work clearly. Even if
you do not complete a problem, it is possible to obtain partial credit, especially if ybu
demonstrate conceptual understanding. Do all work in the bluebooks, work each problem
in its own numbered bluebook, and be certain that your chosen student letter, but not your
name, is on the inside of the back cover of every bluebook. Be sure to remember your

student letter for use in the remaining sessions of the examination.

If something is omitted from the statement of the problem or you feel there is an
ambiguity, please ask your question quietly and privately, so as not to disturb the others.
Only your bluebooks and the examination should be on the table before you. Any other
items should be stored on the floor. Calculators are not allowed. Please return all

bluebooks and formula sheets at the end of the exam.

Use the last pages of your notebooks for scratch work separated by at least one

page from your solutions. Scratch work will not be graded.



OSU Physics Comprehensive Exam No. 85  4-5 January 1999 Problem 1

Consider an infinite, one-dimensional square well potential as shown below.
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Two identical neutral particles with spin 1/2 are placed in this potential. The interaction between -

_4A 5 .3
the particles is described by a potential V= B Sl .S, 2, where A is a real constant that is much

smaller than the ground state energy F, of a single particle in the well.
a) Determine the eigenstates of the system, and the corresponding eigenenergies to first order
in A,

b) Explicitly write down the energies and the quantum state vectors of the 6 lowest states of

distinct energy of this system.
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OSU Physics Comprehensive Exam No. 85 4-5 January 1999 Problem 2

B

Consider the object in the figure. A weightless rod CD of length a rotates freely in the xy plane
about D. The weightless rod 4B of length 2b has two equal masses m fixed at its ends. The
middle of AB is attached by a short peg to point C in such a way that rod 4B rotates freely in a
plane which includes the rod CD and the z axis.

a. Determine the Lagrangian for this system.
b. Deduce the Lagrangian equations of motion for this system.

c¢. Suppose that initially the angular velocity of rotation of CD is , and that the rod AB

is nearly parallel to CD. Discuss the resulting motion of the two rods.
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OSU Physics Comprehensive Exam No. 85 4-5 January 1999 Problem 3

Two atoms with identical spins S; = S, = 1/2 are coupled by a magnetic exchange
interaction, described by the Hamiltonian:

A — .
H = };f SI . SZ
Such a pair may be in two possible quantum states, with the total spin either St= 0 or
Sp = 1. One can readily show that in the absence of any other interactions the energy

eigenvalues are:
E(ST) =.34+24 S’r (ST '§'1)

The S; = 1 state has a non-zero magnetic moment, the projection of which on the
quantization axis z may take the values of -gip St, (Where St = -1, 0, or +1, pi is the

Bohr magneton, and g = 2 is the so-called Lande factor). Thus in an external magnetic
field B,y the expression for energy eigenvalues becomes:

E(St, Stz , Bey) = - 34 + 24 8t (St +1) +glip Bex S1:

where the last right-hand term represents the Zeeman splitting. The energy levels for a
positive A (antiferromagnetic coupling between the spins) are schematically displayed in
the plot below, in which E'=-34, E'=+4, and By = 44/glis .

EJ\

El

Consider a system consisting of N such spin pairs. There are no interactions of any kind
bétween the pairs. First, answer the question: what would be the shape of the
magnetization function M{B.,) for such a system at T = 0? Then, derive the expression
describing the M(B.,) function at finite but low temperatures (kgT << 4).



Problem # - Solution

Comment: this problem is based on an existing experimental technigue of determining anti-
ferromagnetic coupling constants for isolated pairs of magnetic ions.

Below By the ground state of the pair is the one with zero spin and zero magnetic moment.
For B > B, this situation changes, and now the state with St =1, and with the magnetic mo-
ment projection +guy is the ground state. Hence, at zero temperature the magnetization changes
* sharply at By, = By from zero to M = Ngp,.

‘ - = Bex
In order to determine the M (Bex) shape at finite temperatures, one has to consider the partition
sum. Since the spin pairs do not interact with one another, the system partition function Zis
simply:

Z = (ZB-D-)Ni (1)

where Z, , is the partition sum for a single pair.
It is convenient to set the energy £’ as zero. Then, the Boltzmann factor ex (—E/KT) for the

zero-spin state will be 1. The energies of the three split states can be written as:

Si=-1: E_ = 4A(1+%°-’£)

0
S;=0: FEg = 44
Bey

Se=+1: By = 44( "E")

Note that if T < A, the energies Er_y and Ewy will always be much lager than kT, and the
terms in the partition sum corresponding to these states, exp(—E)/kT] and exp[— B /kT}, will
always be much lower than 1. Only the term corresponding to Ey,,), exp[—-E(4)/kT), will become
comparable to 1 with Beapproaching B, from below, and larger than 1 for By > Byy. In view of
this, there are only two terms that really matter in the partition sum, and one can write with a
good approximation:

N 44 Bex
Zon 21 ken [ (1- 2] @

From now on, one can use different procedures to obtain the thermal average of the system
magnetization (M). A highly ‘professional’ approach is to take avantage of the general formula,
valid for any system in an external magnetic field:

0
9By

(M) = kT——1n Z. (3)




(it is straightforward to derive this formula using the standard canonical formalism recipe — see,
e.g., the solution of Problem #  from the Fall 98 Comprehensive Exam).
Combining Eqgs. 2, 3 and 4, and then plugging in Eq. 1, we obtain:

N 0Zup, o - (1 - &) exp [ (1 - 5)]
{M}kaZ 5B = kTN 1A 5 = Ngus iA B
. 5.p. ex 1+ exp [—ﬁ (1 - T}%)] 1+ exp {_FT‘ (1 — —w‘é%)]

Again, using BEq. 1, we obtain:

exp |~ %2 (Bo — Bex) 1

(M) = Ngpn | e |~ N e @
1+exp [" kT (Bo —~ Bex)] exp [“" & (Bex — BO)] +1

The above equation can also be written in an equivalent form:

(M) = Ngp {1 . } (8)

= 1 — )
exp |42 (Bex — Bo)] +1

It is easy to make a plot of (M) vs. Bey if one notices that the second term in the braces has the
same mathematical form as the well-known Fermi-Dirac distribution function.

) - — <MD

o F oD distiion {- ction.

Ny

so %Bex

An alternative method is not to use Eq. (4) and the partition sum for the entire system, but to
calculate first the average contribution (M) of a single pair to the total magnetization. Using
the standard formula for calculating thermal averages, we obtain:

2@ Mz EXp(mEi/kT)
Zsp.

(MS-p-> =

where M, is the projection of the pair magnetic moment on the field direction in the i-th state.
There are four such states, but the two terms corresponding to the higher-energy states can be
neglected (because the Boltzmann factors for them are very small). For one of the two remaining
states — the one with zero spin — M; is zero. Thus, the sum in the denominator effectively
reduces to a single term. By inserting appriopriate expressions for M; and F;, one obtains:

_ gfinexp |—%2 (B, ~ Bex)]
T 1 exp [ (Bo — Bd)|

(Ms.p.) (6)

The magnetization of the entire system is related to the single-pair magnetization simply as
(M) = N{M,y.). Continuing, one obtains from Eq. (7) identical expressions as in Eqgs. (5) and

(6).
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Consider a spin 1/2 particle with a magnetic moment.

a) Attime t =0, we measure Sy and find the result +#/2. What is the state vector

|w(0)) immediately after the measurement?

b) Immediately after this measurement, we apply a uniform time-dependent magnetic field
in the positive z direction. The resultant Hamiltonian is

H() = o()S,.

Assume that »(?) is zero for t< O and fort> T and increases linearly from O to W,

during the time 0<¢< 7. Solve the time-dependent Schrﬁdinger equation to determine

the state vector for all times ¢ > 0.

¢) Atatimet> T, we measure Sy. What are the possible results of that measurement and

the corresponding probabilities for those results? For what values of T are we certain
of the result of the measurement?

You may want to know that

TN
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OSU Physics Comprehensive Exam No. 85 4-5 January 1999 Preblem 5

a. The image of a mouse levitated in a strong magnetic field has appeared in various publications
over the last year. Suppose you have a very small object to be levitated in the magnetic field
of a single current loop of a radius @ much larger than the size of the object. The object has '
mass M and is diamagnetic. The current loop is oriented horizontally, and the magnetic field
in the center is pointed upward. The object is to be levitated just slightly above the center of

the loop. In spherical coordinates, the magnetic field just above the center of the loop, where

¥ << g and 6 is small, is approximately
3r? r? .
B, =(| 1—-2»--7:- and By =—C0|1-6— |, where C is a constant.
a : a
Show that there is a stable, equilibrium position just above the center of the loop.
b. The flat end of a long permanent magnet with magnetization M = M3 is placed very close to
the surface of a material exhibiting a large permeability . The surface is the xy plane, and the

cross sectional area of the magnet is 4. Show that when the magnet is very close to the

surface, the attractive force is proportional to AM as fL—> oo,
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OSU Physics Comprehensive Exam No. 85 4-5 January 1999 Problem 6

Long, long time ago the Moon was inhabited by intelligent creatures, the Lunars. They
built two cities: 4 at the north pole, and B at the equator. In order to travel faster between
4 and B, the Lunars dug a straight channel connecting the city centers. They sealed it at
both ends and filled it with air. The air temperature in the channel was 7= 293 K, and the
pressure in the middle of the channel (point A at the figure) was Py = 1 atm.

Find the air pressure in the channel at the Moon surface.

The radius of the Moon is approximately 1750 km. The acceleration due to gravity on the
surface of the Moon is 1/6 g, where g is the gravity acceleration on Earth. Assume that
the Moon can be treated with a good approximation as a sphere of a uniform density.
Also, assume that the air in the channel obeys the ideal gas laws, and that it can be treated
with a good approximation as a single-component gaé with molecular weight m = 29,

Hini: You may want to use the chemical potential of an ideal gas, u =kT In(n), where n is

the concentration (there are other methods of solving this problem, of course — if you

prefer not to use £, such a solution will alsa be accepted).

T




Probilem # ~— Solution

Suppose that the uniform density of the Moon is p. If a body with unit mass is at the distance
r < a from the Moon center, the force of gravity acting on it is:

F=qhme - g7 1)

However, if the object is located below the surface of the Moon (r < a), then only the mass inside
the sphefe with radius r contributes to the attractive force:
4, 3
_ '3771',07' _ 4
F = qu-”-z—- = gGvrpr (2)
In other words, the force changes linearily with r — consequently, the gravitational potential is
proportional to r?: . .
U(r) = Cr® (3)

The acceleration due to gravity is equal to the force acting on a mass unit, and it is also equal to
the derivative dU/dr. Hence, the acceleration g at the Moon surface is:

[ dU
But from the problem statement we also know that at the Moon surface gn = % gg. From that we
can obtain the value of €, and the formula for the r-dependent gravitational potential inside the
Moon becomes:

U(r) = o 6)

Having determined the U (r) dependence, we can now handle the pressure problem. There are
several possible ways of approaching this problem — the most convenient is to use the chemical
potential p. For a gas in thermal equilibrium g is constant. Also, if the gas is located in a field
with varying potential, its effective chemical potential is the sum of:

pog = KT Inn -+ mU. (8)

The first term, in which n is the concentration (i.e., the number of gas molecules per unit volume)
is the ‘thermal’ part, and the second term is the potential energy of a single molecule (here m is
the mass of a single molecule). Taking advantage of the g =const. condition, we can therefore
write:

(T2) kT KT 12akT "2

where n(ry), n{ry) are the concentrations at two different points in the tunnel, with distances ry,
ro from the Moon center.

. It is elementary to show that for an ideal gas at constant T the concentration n is proportional
to the pressure. Hence, we can replace the ratio of concentrations in Eq. (7) by the ratio of
pressures. Also, it is elementary to show that the distance of the point in the middle of the tunnel
from the Moon center is a/+/2. From Eq. (7) we obtain:

]- Gl ace] — 2 . — 2 — = 2 _
’ [Pmsddle o (Thiaae = Thurtace) = T \ 3 ART (8)

I {n(rl)} _ mU(rz) B mU(ry) _ mge ( - r%) ? ()




1t is convenient to replace the Boltzmann constant with the gas constant I using:

R

k = ; 9
N, Avog. ( )

where Npyoq. is the Avogadro number. We obtain:

Fiurtace Navog.mgp
In [—mw] = _Thve e 10
Priddle 24RT ( )
But Navegm is simply the mass of a gas mole — 29 g in the present case. Accordingly,
02 |
In {mﬂuﬁa’ce} . (0.029 kg/mole)gs a. (11)
Prsddie 24RT

At 293 K, the value of the expression at the right side is (the value of the R constant, 8.31
J/K-mole, may be readily obtained by multiplying the Boltzmann constant by the Avogadro
number, which are both listed in the “PFORMULAS ANI) DATA” sheet):

- [Psum] ___ (0.020 kg/mole) x 9.81 m/s? x 1.75 - 106m

Priadic 24 x 8.31 J/K - mole X 293K =852, - (12)
from which it follows that:
Fourtace = Priadie X €% = 1073 Psi i 2 0.0002 atm. (13)




OSU Physics Comprehensive Exam No. 85 4-5 January 1999 Probiem 7

Waveguides are used to constrain microwaves as they propagate from a magnetron source to an
antenna. Imagine a rectangular waveguide of cross section 6 cm by 4 cm with metallic walls
exhibiting a large conductivity. The waveguide is oriented along the z-axis, and the walls are

situated at x=0,x =6 cm,y =0 andy =4 cm.

a. What is the lowest frequency Vo that can be propagated through this waveguide without

significant attenuation?

b. For this mode of the waveguide, how does the z-component of the wavevector vary with

frequency?
¢. For this mode of the waveguide, find the electric and magnetic fields.

d. If you attempt to propagate radiation at the frequency 0.99 vy in this mode, how far will it

travel before the power is reduced by a factor of 1/e7

e. With the knowledge that the air inside the waveguide will exhibit dielectric breakdown at an

electric field of 20 kV/em, how much power can be sent along the waveguide at v =2 vo?

f. When the conductivity & is not infinite, power is lost into the walls. Derive the time-averaged

power lost into the walls at x = 0 cm and x = 6 cm per unit length in the direction of

propagation. Use the fact that at a wall the electric field parallel to the wall is

~ ’ W o m
Epara}lel = o (I-mnXx Hparailel .
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OSU Physics Comprehensive Exam No. 85  4-5 January 1999 Problem 8

A right circular Styrofoam cylinder of negligible density has a cylindrically shaped iron bar
embedded at its center (see diagram). The Styrofoam cylinder has radius R and height H. The

geometrical centers of the bar and cylinder coincide, but the axis of the bar is inclined at an angle

e

8 with respect to the vertical. The composite object is placed on a horizontal turntable that is

rotating in the counter-clockwise direction as viewed from above, with a constant angular

velocity .

Give relative sizes of all the moments of inertia of the iron bar along its principal axes.

b. What is the torque on the bar as would be measured in the laboratory reference frame?

¢. If some critical value of @ is exceeded, the composite object will begin to rise up on its

edge. At the instant shown in the diagram, on which edge 1 or 2 will it rise?

d. For what critical value of m will the object begin to rise?

€. What must be the relations among the moments of inertia of the iron bar along its

principal axes for there to be no critical value for 8 regardless of the value of ©?
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