Department of Physics Comprehensive Examination No. 82

January 5 and 6 1998

This Comprehensive Examination for Winter 1998 consists of eight problems each
worth 20 points. The problems are grouped into four sessions, each of which lasts for three
hours. Session One (problems 1 and 2) begins at 9:00 AM Monday 5 January. Session
Two (problems 3 and 4) begins at 1:30PM Monday 5 January. Session Three (problems 5
and 6) begins at 9:00 AM Tuesday 6 January. Session Four (problems 7 and 8) begins at
1:30PM Tuesday 6 January. .

Work carefully, indicate your reasoning, and display your work clearly. Even if
you do not complete a problem, it is possible to obtain partial credit, especially if you
demonstrate conceptual understanding. Do all work in the bluebooks, work each problem
in its own numbered bluebook, and be certain that your chosen student letter, but not your
name, is on the inside of the back cover of every bluebook. Be sure to remember your
student letter for use in the remaining sessions of the examination.

If something is omitted from the statement of the problem or you feel there is an
ambiguity, please ask your question quietly and privately, so as not 1o disturb the others.
Only your bluebooks and the examination should be on the table before you. Any other
items should be stored on the floor. Calculators are not allowed. Please return all
bluebooks and formula sheets at the end of the exam.

Use the last pages of your notebooks for scratch work separated by at least one
page from your solutions. Scratch work will not be graded.






OSU Physics Comprehensive Exam No. 82 5 -6 January 1998 Problem 1

A cylinder of radius R and length % is made of material with uniform density p . A
cylindrical hole of radius 7 is bored through the entire cylinder length. The bore axis is
paralle! to the cylinder axis, and the distance between the two axes is a (Fig. 1). The
cylinder rests on a horizontal plane with its axis parallel to the plane. Find small motions
of the cylinder about the position of equilibrium for the following cases:

(i) the cylinder rolls without slipping;

(i) the plane is perfectly smooth (i.e., the cylinder can slide with no friction on the

plane).

Figure 1. A cylinder with a bore resting on a plane. R and r are the cylinder and the bore radii,
respectively, and 00’ =a is the distance between the cylinder axis and the bore axis.



Problem # — Solution: .
First, one has to determine the position of the mass center. In the coordinate system defined
in Fig. 1, due to the object symmetry, only the z-coordinate of the mass center — let’s call it ¢
== 18 not zero. We can find ( from the general recipe for the mass center coordinates of a body

with uniform density:
1
= e d
c=w ][] 0

where 14 is the volume of the body. In the present case, of course:
Vo = n(R?* — r)h. (2)

An easy waytof calculating ¢ for the cyllinder with a bore in the present problem using Eq. (1)
is to add and subtract an integral taken over the bore volume:

g=~% Iy zdv:% [ 2dV + [f] 2dV - [J zaV | . (3)

bored cyl. eyll. w. bare bore bors

The sum of the first two terms in parentheses can be simply written as a single integral over the
entire volume of the cyllinder with radius R, so the Eq. (3) can be modified to: '

¢ = % [] =dV =5 [[] =V 4

full cyl. bore

The first right-side term represents the position of the mass center of a “full” cyllinder. In the
coordinate system we use this center is located exactly at the system origin, of course, so the
first integral is zero. The remaining term can be rewritten as:

Wi 1
C=“*170 beff zdV | . {5)

bore

where Vi, = #r?h is the bore volume. The expression inside the parenthese can be thought of
as the z-coordinate of the mass center of an imaginary “cyllindrical rod” filling the bore. The
mass center of such an object is located at the bore axis, of course - hence, the value of the
expression within the parentheses is simply a. So, the z-coordinate of the mass center of the
cyllinder with a bore is: ,
aVy, ar ‘

¢ = YV, T B - (6

The method used above represents the “most orthodox” calculation scheme. It is possible
to find the mass center location in a much simpler way, by thinking of the cyllinder with a
bore as of one with two symmetically located bores, of which one is empty, and one is filled
with a cyllindrical “rod” exactly matching the bore shape. The mass of the two-bore cyllinder
is phwR? — 2phnr? = pha(R® — 2r%); due to the symmetric bore locations, the mass center is
on the main cyllinder axis, i.¢., its z coordinate is zero. The “rod” mass is phrr?, and, in the
coordinate system we use, the z coordinate of its mass center is —a. Now one can find the
position ¢ of the common mass center in an elementary way writing the equation:

pha(R? ~ 2r*)¢ = phar?(¢ - a), (7




which — not surprisingly — yields the same result for ¢ as that in Eq. (6).
Second, we need to know the moment of inertia I of the cyllinder with a bore. Again, we start
from the general expression for I of a body with uniform density o:

I:pj//']%z(w,y,z)dv, (®)

where R is the distance of the volume element dV from the axis of rotation. Since in the
coordinate system we use the axis of rotation is the z axis, R? = y? + z%. Again, one can
use the same trick as in calculations of the mass center position, and obtain I for the cyllinder
with a bore by performing integration over the entire volume of the main cyllinder — which
correspons to the moment of inertia of a cyllinder with the bore “filled” and then taking away
the contribution of the material filling the bore: '

r=o| fff ®R2v - fffR2V | =p [Jf RV -p [[] RPAV. (9)

fuit oyl kore full eyl bore

The first term in the righ-hand part is the moment of inertia It of a full cyllinder rotating
about its symmetry axis. The integration can be readily performed by switching from Cartesian
coordinates z, y, z to cyllindrical coordinates z, R, ¢:

RE  prR4A

h R 2w
Tre = p f / f REds(RAF)AR = px 2m X b x = = g (10)
0 [\ 0

In literature, this result is usually given in equivalent form, %M R?, where M is the cyllinder
mass.
The second term in Eqg. (9) represents the moment of inertia of a cyllinder of radius r,
rotating about an axis that is parallel to the cyliinder axis, and at a distance o from it. Here
one can take adwantage of the well-known parallel axis theorem, from which it follows that the
moment of inertia of such a cyllinder is LMr? + Ma® = Lphar®(r? + a?). Inserting this result
as well as Eq. (10) into Eq. (9), we obtain that the moment of inertia of the cyllinder with a
bore is: 1

Iy= —2—ph7r(R4 —rt — 24%r?). : (11)

This is, of course, the moment of inertia for rotation ebout the main cyllinder axis. However,
in this problem the cyllinder motion is more complicated: in addition to rotation, there is a
translational component. In order to set up the Lagrangian, we will need the total kinetic
energy. According to the well-known theorem, in the case of a combined rotational-translational
motion, the total kinetic energy K is: ‘ '

Bl

1 1
K = K%ransl. + Krot. = 'Z“MV;Z 4 51(0)921 (12)

where V, is the linear velocity of the mass center, and [ (©) is the moment of inertia for rotation
sbout an axis going through the mass center, and £ is the angular velocity. To obtain I (©)
for the cyllinder in question, one can again take advantage of the parallel axis theorem which
establishes the relation between lg and I(©):

Io = I + M(?, (13)

where:
M = phm(R? ~1%) (14)



is the cyllinder mass. Accordingly,
1) = 1y — Mc2. (15)

THE EQUATIONS OF MOTION

A. Rolling without slipping. In such a case, the cyllinder’s mass center moves along a
trajectory described by the following equations:

Ye = RO+ (sind (16)
Ze = R+ (cosb, (17}

Here ¢ is the angle of rotation, with ¢ = 0 corresponding to the equilibrium position. The
cyllinder has one degree of freedom, and one can use the ¢ angle as the genralized coordinate.

The kinetic energy, which is the sum of the translational and the rotational motion compo-
nents, can be written as:

K =Ky + Koy = “J;—(QE +22) + 1(292 IO ME 22 + 2R cos )
= .;. {1@3 + M(R+¢)? — 4MR( sin? g é?, ‘ (18)
The potential energy is:
V = Mgz, = Mg( cos 8 + const. (19)

For small motions about the equilibrium position we use the approximations: sin(6/2) = /2,
and cos @ = 1 62/2. Taking the Lagrangian L = K — V, and neglecting all terms of the second
or higher order in 4, 8 and 8, one obtains:

d oL -
i 7+ M(R + ¢)%), (20
and
oL
Thus, the equation of motion is:
Mg(

= T MET o 2

where the definitions of ¢ and M are given by the Eq. (6) and Eq. (14), respectively. Stnce ¢
is a negative number, this is the equation of harmonic oscillations with angular frequency:

" Mygl¢]
I+ M(R+¢)?

If we plug Eqs. (6), (11), (14) and (15) into this formula, we obtain an elegant form containing
only R, r, ¢ and g¢: '

(23)

gar?
= . 24
“ \/%R4 — 3rt — r2(R + q)2 ( )
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B. “Zero-friction surface”: Now the cyllinder has two degrees of freedom; as the generalized
coordinates we choose the y, coordinate, and the 6 angle; note that they are no longer “coupled”,
as in the previous case. But the dependences of the z coordinate and of the potential energy
on @ are still properly described by the Eqs. (17) and (19), respectively. -

Let’s write the Lagrangian as:

M - L 182
L=K+V=—é—y§+%z§+w—§—w+Mchos9+const. -~ (25B)
Note that y. shows up only in the first right-side term, and only as the time derivative; all other
terms do not depend on y.. Consequently, the partial derivative 8L/ 0y, is always zero. Thus,

the Lagrange equation for y. reduces to:
e = 0, (26)

which means that the mass center does not move in the y direction, or, moves with constant
velocity — however, the position of the mass center does not oscillate in the horizontal direction
(this is what one expects, of course — in the total absence of friction, there 1s no force acting
in the horizontal direction). -

In the Lagrange equation for & all terms associated with the translational motion are of the
second or higher order and thus are neglected in the small 6 limit. The only relevant terms
in the equation come from the terms representing the rotation and the potential energy in the
Lagrangian. The final equation for 8 is:

. Mgl
i=To

| M

é, (27)

50 @ oscillates with the frequency:
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OSU Physics Comprehensive Exam No. 82 5 - 6 January 1998 Problem 2

A dielectric fluid (€ > 1) fills the space between two concentric, conducting cylinders for

7 <0. The region z > 0 is open to the atmosphere (& = 1). The cylinders are sufficiently
Jong so that edge effects need not be considered. The inner cylinder is charged to the

potential ® =V >0, while for the outer cylinder, @ =0.

side view : view from above

nEs Y ‘
eV exi X

1. Find the potential and the electric field as functions of p, the radial distance from the
center of the concentric system, forz>0and z<0.

2 Show that the boundary conditions for E and D are satisfied at z=0 fora <p <b.
3. Find the charge per unit length at the inner and outer surfaces of the dielectric.

4. The coaxial structure is placed in a large pool of the dielectric fluid such that it is

perpendicular to the surface of the fluid. Find the height h to which the fluid will be

raised within the space between the two cylinders. The density of the fluid is ¢. Ignore
surface tension. .
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OSU Physics Comprehensive Exam No. 82 5 -6 January 1998 Problem 3

A particle of mass m is confined to the infinite square well potential shown below. The particle
is in its lowest possible energy state. The system is thermally isolated.

V()

vy A

a) What is the energy of this state?

b) The right-hand wall at x = L is very slowly (i.e., in a time long compared to the transit time
across the well) moved to x =2L. Calculate the expectation value of the energy in this new
configuration and compare it to the classical result obtained by considering the force of the wall
on the particle during the expansion.

¢) Now wssume that the wall is moved (again fromx = Ltox= 2L) very quickly (i.e., in a time
short compared to the transit time across the well). Again calculate the expectation value of the
energy in this new configuration. Then calculate the probability that the particle is in the lowest
energy state of the new well.



| 2 .
j'a/ns ; q,,,,()(): /; Sin /&)(
_ 2 ‘. ntrx
L L
2. .
/L/;“ ‘;f- YEYZ< V= in </l
- \
2 3
y- - & o Y= ey
N ~
: %X _ £1}?7~.
=) kh: A
Am
2
r . nam
" ?mLz

§ _ %2.771.
- :E B _2»117’ s :

Jwed o ey

s Frde

X~
N
]

™|

, \é) ’Féi’ dn ac/:é.’ée%} ﬂA’ﬂJZ/ d—)\& 7)@,,—427241. L/,(// /Q}Mé’z‘ﬁ

In r/le

n=/ .57’2 7<

/az./{;?" phpfj}, 5-}cf<
= <E>= <4 )H1 4>

= [<E):

At
Il

é% ﬁf
Céﬂﬂje",{' 7?7&1 The 70/’4’2/&
b’/‘ Tle e

, /
'y VSR

7nt

¢
= F =
2m(>0*"

l/f’// s

7’7-»? gix//
N cep s e

Shee hee

e

wellig DL -

e

PN




/C’S,rw )/ 7LA< 770r ggm,hde,r F/e;?z/«//y Je‘/z&veva—.

&\/4//
v \ \
P
\V4 ] |
Fe op = SImV _ =
‘ .;;) ‘}‘W‘{t 071 lm.// o j.;//f: 5{: - WQ M_?__;..m
v
Fe - Y_Y)_}_/_’L “ X = el S?FOWC%‘}&—\(W’V&%/O)
] X/ |

E A
r)é((& 7lb ﬁa(ﬂ V()(}; Li< .F': me = mﬁ’% b @/g’

F= mv @/l/
7 x
=) Q_()-./: ”._\._/-, o
™ X
> ve0= Vo = v, = V(L)



E-F
T o= Ls T e
g z’*/ -2 7%
2 x* = f”nvflz/,l._ Ly
¢ 5~ [ LIJ .

y '§ng
F= - —Z
¢ ( )”“" - WM
F'= 2 E |
& S g
-<?f~ s 4}44 V’F’M/%

C) Ma | /4
< A/Q// ﬁ(u’{/ /’7 M) 5'/9421-;/ luﬁ;,ﬂ /{ 7(?01_
gl OJ—WZ&. zﬂ
J '

= Y(x)= f G AKX
R Oex <L

<E>: '<AJ’}HI!"'!> 6 L 2.1
2y
f A5 7:‘?‘ OZL}/}Z(X)(/

X

j q!Qf] ( “}}) 4()6) (/X SN qj(x)ﬂ
«Fw >('>L

é"} 7)';: ,
i) L?";‘/' Sew< o5 <ED |, j”/ 5424 x‘[

i

\i

=) <Ej 0#}41—, (%'S(J |
[

RE):: é/ = iiqﬂg
' 2ml?




Pfaéag«!/}’/) o Zﬂf;u 5 15 jm/ ,5712741’ 7,
V- )<d)l”

gf /: Sy *:‘U A[Z()’) (/X} A..%%)’/:O
| L

| T [z o 0x :

;777‘2/£ ‘A:z sm;—Z‘* Z ;ML C/X]

. L ax

E ( 5;(«-1 -52 5/»» a/x} /171 )/““ 52
L & . .

[~

—
—

BT ( z S
= f Zi Lj}n}/ Sy ,79 0/7] Sty = 75/“\7(17
L , : |
.E r
j_(_?: [7’ SNy cady a/yj
17T o

*,_W’i[ {i@"i}"
U 3 )
.Vﬂgl






OSU Physics Comprehensive Exam No. 82 5 - 6 January 1998 Problem 4

Consider a three-dimensional harmonic oscillator of angular frequency, @, whose
allowed energies can be expressed in the form

E, =(j+—;—)ha),where i=0,12,...

2
() Show that the degeneracy, g, of the state with energy E; can be written as g; = Lj_%%‘)_ .

(b) Use the result obtained in part (a) to show that the canonical partition function of one such
three-dimensional quantum oscillator at absolute temperatute, T, is given by

Z, = exp(-3x)[1- exp(»»—ZJc)]_3

g

where x = a9

2kT

(¢) Show that, for the case of a one-dimensional harmonic oscillator, the quantum and classical
expressions for the mean internal energy, U, are the same at high temperatures (I'— ). To

answer this question, you will need to make use of the classical one-dimensional partition

function
1 P mo'd
7 = {fexpl 2=~ d
=3l Xp( kT 2mkT ST
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OSU Physics Comprehensive Exam No. 82 5 - 6 January 1998 Problem 5

In a temperature range near absolute temperature, T', the tension force, F, of a stretched

.

plastic rod is related to its length by the following expression (equation of state)
F o= al*(L-1L),

where ¢ and L, are positive constants, L, being the unstretched length of the rod. *When
L = L,, the heat capacity, C;, of the rod (measured at constant length) is given by the relation
C, = bT, where b is a constant.

() When I'=T; and L= L,, the entropy is known to be S(T;,L,). Find S(T, L) at any
other temperature, ', and length, L. Hint: It is most convenient to calculate first the change of
entropy with temperature at the length, L,, where the heat capacity is known.

(b) If one starts at 7' =7; and L = I, and stretches the thermally insulated rod quasi-
statically until it attains the length, L = L;, what is its final temperature, 7,7
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OSU Physics Comprehensive Exam No. 82 5 - 6 January 1998 Problem 6

Consider a particle bound in a double-well potential. We will treat this problem at its
simplest level and neglect most details of the potential. We use 1oAY and joB) to denote

two orthonormal states of this system, corresponding to localization in the two wells A
and B. These two states constitute a basis (i.e., we neglect all spatial variations of the

states within the wells). When we neglect the possibility of the particle tunneling from
one well to the other, then its energy is described by the Hamiltonian Ho whose

eigenstates are |G A) and |¢pB) with the same eigenvalue Eo. The coupling between the
states |0 A) and {9B) is described by an additional Hamiltonian W defined by

\ \
wlea=alop
where a is a positive real constant.

a) Write down the matrix representation of the full Hamiltonian H=Ho + W in the basis
defined by the states [¢A) and {9B).

b) Calculate the energies and eigenstates of the full Hamiltonian H =Ho + Ww.

¢) Attime t=0 the particle is localized in well A. Find the wave function at subsequent
times t (expressed in terms of the basis defined by the states 1oAY and {9B))-

d) Estimate the tunneling time for the particle in this system.
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OSU Physics Comprehensive Exam No. 82 5 - 6 January 1998 Problem 7

A weight of mass M is attached to a vertical spring of force constant k and mass m.
First, determine the frequency of vertical oscillations of the weight, neglecting the
spring mass. Then, find how this frequency changes if the spring mass is small compared

to the mass of the suspended object (m«M), but not negligible.

Hint: The condition m«M is equivalent to the assumption that the spring stretches
proportionally along its length. By “proportional stretch” we understand the following.
Suppose that in the relaxed state the length of the spring is Ly, and in a stretched state it
increases to Ly + 4 L. Now consider a “mass element” dm Jocated anywhere along the
spring length. If in the relaxed state the distance between dm and the fixed spring end 1s
z, then in the stretched state this distance increases to z(1+ AL/ Lg). *



Problem # — Solution:

Since the task is actually to find the finite spring mass correction to the oscillation frequency,
in Step 1 the problem will be solved for a “perfectly massless” spring (m = 0), and the spring
mass will be introduced in Step 2.

All forces in the system are strictly conservative. With the assumption that the spring is
always proportionally stretched along its length, the system has only one degree of freedom —
the motion of the suspended mass M as well as the motion of any mass element drn of the spring
can be described in terms of a single coordinate. Thus, the Lagrange’s method is an appropriate
and convenient way of solving the problem.

' Step 1. Let's denote the vertical axis as Z, with the positive direction upward. Let z = 0
mark the slack position of the spring.

If m = 0, the spring’s only contribution to the Lagrangian is the elastic potential energy:

1
Uei. = §kZ2, (1)
and the total potential energy is:
1
Utot. ke §kz2 - Mgz. (2)
The kinetic energy is:
K = M3 | ®)
So, one can write the Lagrangian:
L=K-Uygy = %M’z‘2 - —ék:ﬁ — Mgz. (4)
Inserting this into the Lagrange equation:
d 8L 8L
Py PR "é"; =, )
after straightforward operations one obtains the equation of motion:
Z = —wﬂ{}z —-g (6)
Putting # = 0, we obtain the # coordinate of the equilibrium point:
My
=~ 7
Zeq P (")

As could be expected, this is the same result that one would obtain from equality of the gravi-
tational and elastic forces at the equilibrium point.
The solution for the oscillatory motion has the form:

Z = Zeq + Asin(wi), (8}
with the frequency w equal:
k
= g f g
w=1/+ (9)

Let’s now consider how the Lagrangian changes if we take into account the finite spring mass.
Note that in this new situation there is no need to change anything in the terms describing the
kinetic energy and the potential energy of the mass M. Also, one can use the expression for the
elastic potential energy in the previous form — however, now it should be clearly stated that

N

P

N




» = 0 marks the zero stretch position of the spring’s lower end. Note that it’s no longer the same
as the “slack position”, because even with the mass M removed, the spring will be somewhat
stretched by its own weight. Therefore, in order to avoid any further confusion, let’s define the
z = 0 position as the point located at the distance Lo below the upper “fized” spring end, where
Lg is the length of the spring in a completely relaxed state (e.g., when it rests on a horizontal
plane). - . ' _

In addition to these three “old” terms, the Lagrangian has to include two “new” terms,
describing: :

(a) the change in the potential energy, associated with the finite spring mass — when the
mass M moves, the mass center of the spring also changes its position;

(b) the kinetic energy of the spring.

Based on the underlying assumption that the spring stretches proportionally along its length,
one can readily find the potential energy term. Proportional stretch means that the the spring’s
mass center is always at one-half of its length. So, if at a given instant the mass M is at 2, the
spring length is Lo — #, and its mass center is at z+ §(Lo — 2) = 1(Lo+2). The corresponding
potential energy term is:

1
Uﬁpr. mass = §(L0 4- Z)mg. . (10)

It’s slightly more complicated to evaluate the kinetic energy term. For a moment, let’s switch to
a different coordinate system 2/, with 2 = 0 at the point of spring suspension, and the positive
direction downward ( so, e.g., in the unstretched state, the 2’ coordinate of the lower end of
the spring is 2’ = Lp). Now consider & “mass element” dm of the spring located between the
points 2,5 and 2z + dzn s, in the unstretched spring (where the subscript ‘n.s.’ stands for ‘no
- stretch’). Since the mass per unit length is m/Lg, we can write:

m

If the spring is stretched so that its length becomes Lo + AL, the mass element considered will
be relocated — according to the “proportional stretch” formula given in the Hint — to a new
position 2, (with the subscript ‘s’ meaning ‘stretched’):

AL
4=l T (12)

From the above it follows that if the lower end moves and AL changes in time, the speed of the

mass element dm is: .
AL

. _ o AL
ZS Zn.s. LO * (13)
From the Egs. (11) and (13) we obtain the corresponding kinetic energy:
" 2 2 .
ai = GLAm ML L Vs, "4

2 2L}

By integrating Eq. (14) over the entire spring, i.e., for the zj 5 coordinate changing from 0 to
Lg, we obtain the total kinetic energy contribution:

2 2
mAL" flo mAL L3 m . 2
Kopr. mass = JAK = E77 8 j(; (hs Y dzne = o7 ':‘;l = —G‘AL : (15)

all spring

The time derivative 6L is the same as ég, of course; and if we return from the Z' system to the
previously used Z system, we have 2 = —# (actually, the sign does not matter because of the



square). So, we can write the spring kinetic energy in terms of z, i.e., the position of the mass
(16)

M: m
Kspr. mass = '6'-5'2-
We can now set up the Lagrangian by combining Eqs. (4), (10) and (16):
1 m 1
12 2
) 25— «ﬁkz - (M + -§~) gz ~— §Lgmg, (17)

i m
Lo — -
3 (M43
which leads to the following equation of motion:
M+ %
7 (18)

kz L g
M+ 2

B
Mtz

Note that this equation has the same form as Eq. (6) in the case of m =0, only the coefficients
are different. In the same way as we did before, we obtain the new equilibrium position:
(19)

m
Bog = % (M + 'é‘) )
and the new oscillation frequency: |
k
w=1/37 : (20)




OSU Physics Comprehensive Exam No. 82 5 - 6 January 1998 Problem 8

Propagation of high frequency signals over a circuit board requires consideration of the
impedance of a transmission line. In the structure pictured below, a very long transmission line
of width d consists of two perfectly conducting plates separated by distance a = I mm. The

space between the plates is filled with a uniform dielectric (,u). Edge effects are to be ignored.
A time-dependent signal V{(#) = V,e™ at 1 GHz 1s applied at the left edge and propagates a great
distance to the right.

V@_Mf Ia‘ /L—' Z

a. What are the solutions for E and B as functions of x and 27
b. What is the current I(z) flowing in one of the plates?

¢. Find the impedance, the capacitance per unit length in the z direction and the inductance per
unit length for this transmission line.

d. What is the power passing through this structure?
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