DEPARTMENT COMPREHENSIVEl EXAMINATION #78
September 30 and October 1, 1996

Comprehensive Examination for Fall 1996

PART I -1V

General Instructions

- This Comprehensive Examination for Fall 1996 (#78) consists of
eight problems of equal weight (20 points.each). It has four parts.
The first part (Problems 1-2) is handed out at 9:00 am on Monday,
September 30, and lasts three hours. The second part (Problems 3-
4) will be handed -out on the same day, at 1:30 pm, and also lasts
three hours. The third and fourth parts (Problems 5-6 and Problems
7-8) will be administrated in the same way on Tuesday, October 1,
1996.

Work carefully, indicate your reasoning, and display your work
clearly. Even if you do not complete a problem, it might be possible
to obtain partial credit - especially if your understanding is manifest.
Use no scratch paper; do all work in the bluebooks, work each
problem in its own numbered bluebook, and be certain that your
chosen student letter (but not your name) is inside the back cover of
every booklet. Be sure to make note of your student letter for use in
the remaining parts of the examination.

If something is omitted from the statement of the problem or
you feel there are ambiguities, please get up and ask your question
quietly and privately, so as not to disturb the others. Put all
materials, books, and papers on the floor, except the exam, bluebooks
and the collection of formulae and data distributed with the exam.
Calculators are not allowed. Please return all bluebooks and formula
sheets at the end of the exam.

Use the last pages of your bluebooks for “scratch” work
separated by at least one page from your solutions. “Scratch” work
will not be graded.
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The three part diagram for this problem appears at the end of the
statement of the problem.

(A) An elastic string, the length of which in the unstretched state is
I,, hangs from a solid horizontal bar (a). When a weight with mass m
- is attached to the lower end, the length increases by Al (b). What is
the frequency of small oscillations of the welght in the vertical
direction?

(B) Now, another identical elastic string is fastened to the weight,
and its other end is attached to the bar at such a point that in the
state of ethbrmm the two strings make a right angle with rcspect
to each other (c). ~ What is the frequency of small vertical oscillations
of the weight?

Assume that the strings are massless, and that they perfectly
obey Hooke's law.




#|

CLASSICAL MECHANICS, PROBLEM I — SOLUTION

I. Single string:

First, let’s analyze the single-string oscillator [plot (b)]. The Hooke's law says that T' = —kAl,
where T is the tension, Al is the elongation, and k is the spring constant; so, from the equilibrium
conditions Teq = —myg, Aleq = Alg, we get the & value for the string:

mg

Afo‘ (}-)
Let us introduce a vertical coordinate axis, pointing down, and let 2 = 0 be the equilibrium
point. For small shifts Az from the equilibrium position the string tension changes as:

T(AZ) = —kpAl = ’”"ko(AIg +z) = —mg - _An_?_z
]

ko =

The total force acting on the mass m is the sum of T'(z) and gravity mg. One can now set up
the equation of motion:
& o

dt? Alg
which has the well-known form of the harmonic oscillator equation; so, the angular frequency
we are looking for is, of coirse:

- L+l

g
wy = a—l_(; . (2)

I1. Two strings:

Z Z
Figure 15. Forces in the two-string system: Figure 2S. The mass shifted from the equilibrium point
equilibrium state {mass m not shown)." {the mass and the gravity force not shown).

Let us now analyze the equilibrium state of the two-string system [plot (c)]. Let’s make a more
detailed graph, showing all relevant forces (Fig. S1). The gravity mg is balanced by the vector
sum of the tension forces in the two strings, TL and TR Since both strings are identical, and

the angle between them is 90°, one can write:

1
_ ymg _mg
from which, using Eq. (1) one can get the elongatlons Aly, and Alg of the strings:

Al
Alp = Alg = - L ”\;? \/9,



so that the total length of each string (ALB and ArB in Fig. S1) is:

Al
Io + Al =lg+ Alg =lg+ —=-
] L 0 R (] \/é

Having this, one can find the distance ApAr = 2a between the points where the strings are
attached to the bar (points Ar, and Ag):

— OAy = OAp = _to Db
aHOAL_OAR—ALB/\/i—\/i-i- 5 3)

Of course, the OB distance also is equal a.
As before, let's introduce a vertical coordinate axis z pointing downward, with z = 0 being
the equilibrium point. The equation of motion of the mass m along the z axis can be written

a8: d‘zz

mog = mg +'F(Az), (4)

where Az is the displacement from the equilibrium point, and F(Az) is the sum of the string
forces depending on this displacement. To find the expression for F(Az), let's make another
plot (Fig. 28), illustrating the situation for Az # 0. Point C is the weight position, and, as in
Fig. 1S, point B is the equilibrium position. The angle between the strings, 2¢, is no longer
g0°. The length of each string is now:

CA = CAr = \J(0C)? + (0AL)? = Jla+ A2 + a2

Subtracting the unstretched length lp we get the elongation, and multiplying by the “spring
constant” k given by Eq. (1), we get the tension in each string:

(TL) = T3] =" = 57 Ve a7 +07 - bl )

The F({Az) force is the vector sum of the tension forces {the minus sign is because force pulls
up): .

 P(Az) =Ty + Ti| = —2T" cos (6)
and the cosine value can be found from the COAy triangle:

ocC a+ Az

CAr ~ Jlet Dzy + a2 ™

oS ¢p =

Combining Eqs.(6) - (8), we obtain

2 N
Fae) = 5 [Veraated o] x et
2mg a+ Az ‘
= e Az —1 .
Alg {a-i— # 0\/G+Az)2+a2]

This expression looks quite obnoxious; but we are interested in small scillation, so it may help
to expand the F{Az) function into a power series:

F(Az) = F{Az =0) + Az (gg—)a . + (82)" (JEF) + .-
e Hzw=l

dz 2! dz?

For small oscillations one can neglect the second- and higher-order terms; taking into account
that F(Az = 0} = —mg (equilibrium condition), Eq.(4) can be written in a simple form:

d*z Az (dF
T T T ”“) y ' (8)
dt m \dz /a0 .



What has to be done now is to take the derivative dF/dz. Since by our definition Az = z, we
will skip the A syrobol from now on.

aF - _2my 1ma[_d____mm_]:_._m__[im___f__d_w
dz Aly Oz ,/ia+z§5+a2 0z Ve + z)? + a?
i 2 L2, 92
. _2mg{1ma[0 5(2z + a)swzlg 2{2z + a}s 1 1 1}
Alp [{a + 2)? + o?)2 [(a + 2)? +a?z [(a+2)? +a?)7
2mg { lo(z + a)? Iy } |
= - 1+ F i
Al la+2)?2+a%z  {{ea+2)? +a%?

What we need is the value of this derivative for z = 0 (see Eq.5):
(dF) o _2mg L+ 2pa? _ Iy _ _ng - loa? 3 Iy
dz / z=0 Alg [2¢?)7 [202]7 Aly VBa® V242

_ _211%9(1+ b ly )_Wng(l_ v )
- Alg 2\/§a \/ia, Al 2\/-2—0‘.

To get the final form of the equation, we need only to to cast in the value of a (see Eq. 3):

(#).. - B ] RO

dz / y=0 Al 2v2 (% + %‘1) Alp 2o + V2Alp
_ _2mg (2 + VZBlp~lo\ _ 2mg ( lo+ V24l

Aly \ 20 +v2AL ] Al \ 20+ V2Al

mg (zo+\/§mo) _ mg {1+2(’%‘§‘1)]

| A[o [0 + .&[QTA{Q B Alo 14 (3{%%[0.)

The expression v2Alp/2lg that appears at the end is ithe relative string elongation in the two-
string configuration. Let us call it A; using this symbol, one can write the above equation in
elegant form:

@ BE
dz ) =0 Al \ 142 )
Inserting this expression into Eq. (5) yields the final form of the equation of motion:

&z g [1+2X)

& =2 (Tr3) (10

which is the equation of a harmonic oscillator with oscillation frequency:

i1+2A)m 1+ 2) ‘
AIO(H-_,\ =W T+ (11)

As follows from the above, the oscillation frequency changes by"'a. fa;:tor VI +20)/(1+ ) in
comparison th the frequency of the single-string oscillator. If Alg/lp < 1, i.e., A < 1, then than
in the first approximation o' & we; and if the string elongation is very large, then w' = v2wy.

Comment: A common mistake that people make when solving this problem is that they assume
that the change in the ¢ angle can be neglected, because the oscillations are “small”. This leads
to the result ' = wp in all cases — however, as we have shown, this is a true result only in the
case of Alg/lg ~+ 0.
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(a) What, in the context of electrostatics, is a Green function?
Explain carefully how a Green function is defined, what conditions it
must satisfy, and how it is used. What is the difference between a
Dirichlet and a Neumann Green function?

(b) Find the Dirichlet Green function for the inside of an infinitely
long cylinder of radius a. Assume that the potential does not depend
on z, the coordinate measured along the length of the cylinder.
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Consider a paramagnetic sample for which the total average
magnetic moment can be written as M = VyH, where V is the volume

&

of the sample, and xz% , where C* is a constant, and T is the

absolute temperature. The heat capacity at constant magnetic field is

given by C, =Cy(T,H), where Cy(T ,O)m;—‘; , over the temperature

range of interest, a being a constant.

Show that if the sample undergoes. an adiabatic
demagnetization, its final temperature, 7, is given by

a+CH;
T =q——i
s oy

a+CH:
and T, are the initial magnetic field and initial temperature,
respectively.

%
} T, where H, is the final magnetic field, and where H,

Hint: You might want to consider (%%’i] , and make use of the
' T

following Maxwell relation [%)r:(%)g




The differential expression for entropy, TdS, can be written as

TdS = T(?—ﬂ T + T[-‘?-‘g-) dH = C, (T, H)dT + T(Q—MJ dH
o} oH ), ar ),

Now,

(%e8), -G (3, [ o= ) o),
(G, -G, 5, (5,
Therefore,

#(9C, N sprr et g O°X ,
[, (Eh;—}dh’ =VI[ H (79}7 H‘dH

and so,

C'VH?
TI

C (T, H)— Cy(T,0) =

which means that
. I

Cy(T,H) = (aV+C VHz)?—f |

Now since the process occurs adiabatically, dS=0, and so we get
0=(a+CH)dT - HTC'dH, or

dr _ C'HdH
T  a+CHY

i
Wod: Ak
T, ={S 0 T
a+CH,

integration of which yields
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Consider an electron of a linear triatomic molecule formed by
three equidistant atoms, as shown in the diagram at the bottom. We
use |®,), |®,), |®.) to denote three orthonormal states of this
electron, corresponding to localization about the three atoms A, B,
and C. When we neglect the possibility of the electron jumping from
one atom to another, then its energy is described by the Hamiltonian,
H,, whose eigenstates are |®,), |®,), '
E,. The coupling between the states |®,), |®,), [®) is described by
an additional Hamiltonian, W, defined by

W |®,) =-a | @)
W |®;) = -a |®,) -2a [@c)
W |®,) = -2a | D)

where a is a positive constant.

(a) Write down the matrix representation of the full Hamiltonian
H=H,+W in the basis defined by the states |®,), (®,), |®c)

(b) Calculate the energies and the eigenstates of the full
Hamiltonian H=H,+W.

(c) At time t = O, the electron is in the state |®,). Find the wave
function at subsequent times t (expressed in terms of the basis
defined by the states |@,), |®,), |®c)). Are there any times, t, for
which the electron is perfectly localized about atom A, B, or C?

O—O—®

‘Dc)» with the same eigenvalue, @ -
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' Consider an infinite square well potential as shown below.

V(x)

A A

>

-L72 0 L/2 <
a) What is the ground state wave function for two identical
bosons of mass m confined to the box?
b)  What is the ground state wave function for two identical
fermions of mass m confined to the box?
c) What are the ground state energies for cases (a) and (b)?
d) Consider a small perturbation to this potential, as shown below:

AV

A A

Vo

i .
L2 a2 0 a2 L2y

Find the first order corrections to the ground state energies for both
cases (a) and (b). You need not do any of the integrations (leave
your results in integral form).
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OSU Physics Dept. Comp. Exam #78. Sept 30 - Oct 1, 1996 PROB 6

_‘ Consider a system of N independent, distinguishable, spin 1/2
particles at temperature, T, in the presence of a uniform external
magnetic field, H.

Derive an expression for the entropy, S, of the system in terms
of the system's partition function, Z, and show that S goes to zero, as
T goes to zero. »




As usual, the partition function, Z, can be written

2= ¢ = [ PEQE)E ~ e QUE)SE, where Q(E)E is the number of

states with energy between E and E+dE. The sharpness of the
distribution for any reasonable number of particles allows us to
approximate the logarithm of the partition function by

InZ = —fE +InSUE) + In(6E),

where E is the average energy.

The definition of entropy, S, is given by S=kInQ(E), and so we
can rewrite the above expression as
S:£+klnz
T
Now, the average energy, E, can be written in terms of the
partition function, Z, as

E= —-—E?wan

o

Thus, the entropy of the system can be written totally in terms
of the partition function, Z, as

S=k1nZ+kT-§~—inZ
Jar

For the case of N non-interacting spin 1/2 particles, the partition

function is particularly simple. It's just
ay - -olg . .
Z=(e T+e /)", and so in the limit that T goes to zero,

we have
Sy = Nk{“H _o tanh(aﬁ.r]} =0
T T T




OSU Physics Dept. Comp. Exam #78 Sept 30 - Oct 1, 1996 PROB 7

A stiff wire formed into a semi-circle having radius
= AOQ = AB = AC, as shown in the figure at the bottom, rotates
counter-clockwise with angular velocity about a vertical axis that
passes through one of the wire's ends (0), and is perpendicular to the
plane of the semi-circle. Consider a bead (B) that can slide with no
friction along the wire:

(a) Determine the bead's equation of motion using an appropriate
formalism;

(b) - Suppose that the bead is initially placed at exactly the rotation
center (point O, 0=180°), which is the point of unstable equilibrium
- and then given a slight push toward the other end of the wire.
What is the speed of the bead in the laboratory frame at the moment
it slides off the wire?

Hints: You will probably not be able to find the exact solution of the
equation you should get in part (a) (it's not an elementary function).
But after finding the equation, you should notice that it is very

similar to the equation of a physical system you certainly know very
well..... After realizing that, you should be able to find-the answer to

:-;;:_.:1:]'_ - part (b).




/‘ CLASSICAL MECHANICS, PROBLEM II — SOLUTION

The bead in this problem has only one degree of freedom — its motion is fully determined
by the #(¢) dependence. So, the @ angle is a certainly a “good” generalized coordinate for
analysis in terms of Lagrange’s Equation.

Since there are no applied forces, and the potential energy is constant, the Lagrange’s
Equation in the present problem takes a simple form:

4o =, )
top 06

where T is the kinetic energy. In order to find 7' and the 8T /08 and aT/06 derivatives,
it’s convenient to use the Cartesian coordinates zy. From the figure it can be readily seen
that the angle beetwen the radius vector connecting the bead with the semicircle center
(the AB line) and the z axis is ¢ — g = wt — 0. Using simple trigonometry, one can write:

z = rcoswt+rcos{wt—8)
y = rsinwt+rsin{wf— 8},
from which it follows that:
i = —rwsinwt—r(w—8)sin(wt — 0)

= wreoswt 4+ r{w — 8) cos(wt — 8).

Furthermore:
T = % (#+7)
mrz P .
= {w2 + (w — §)% + 2w(w — §) [coswi cos{wt — 0) -+ sinwtsin(wt — 9)]}
mr? : ;
= 5 [wz + (w — 8)® + 2w(w — 8) cos(wt — wt + 9)}
2 , .
- -T%T— [w2 +(w~ )+ 2w(w - 9)cos€] :
so that: o
50 = —mriw(w — 0) sin @ (2)
and: a7
2o = mr*(f — w — wcosb).
a9 .
From the latter result one obtains:
d 8T ai
i mr?(6 + whsing). (3)

By inserting Egs. (2) and (3} into Eq. (1), one gets the Lagrange’s Equation:



which can be rewritten as:

29 '
dgﬁ = —w?siné. (4)
The well-known equation of motion of a simple pendulum with the length [ has the form:
d*o g
Y~ Zsinf
az = " (5)

So, from Eq. (4) it follows that the 8(t) dependence for the bead, before it slides off the
wire, is the same as in the case of a single pendulum of length [ = g/w? (if the wire had
the shape of a full circle instead of a semicircle, the bead would oscillate about the B
point).

Unfortunately, the simple pendulum equation cannot be integrated in terms of elemen- -
tary functions, so that determining the exact {t)and 6(t) dependence for an arbitrary set
- of initial values, 8(t = tg) = b, and 8(t = to) = (Y, is a complicated problem.

But if the bead’s motion starts at € = 180°, and we only need to find the value of 8 for
g = 0, then the recipe is not difficult — one can take advantage of the the analogy with
the simple pendulum. If & pendulum of length { is held at upright position (6 = 180°),
its potential energy (relative to its lowermost position, i.e., g = 0) is 2mgl =. When the
pendulum reaches the § = 0 position, all this energy is converted into kinetic energy, so
that the linear velocity V is such that:

mV?
2

= 2mgl == V:Q\/ng,

and the angular velocity at this instant is:

Well, if this is the theta solution of Eq. (6) for the special case we discuss, then the
solution of BEq. (5) for the same initial conditions can be obtained simply by replacing
the g/l coefficient with w?. In other words, the solution for the bead is:

8(6 = 0) = 2w.
At this very instant, the bead’s linear velocity in the rotating wire frame is:
U = Or = 2wr.

In the laboratory frame, this velocity ads up to the linear velocity of the wire’s free end,
14, which also is:

U' = 2wr.
Since these two velocity vectors are parallel, the answer to our question is: after sliding
off the wire, the bead flies away with the speed 4wr, twice the linear speed of the rotating
wire’s free end.



OSU Physics Dept. Comp. Exam #78. Sept 30 - Oct 1, 1996 PROB 8

A cylinder of length L and radius a is uniformly magnetized
along its z axis. The magnetization 18 M,, a known quantity.

Calculate B and H along the z axis, both inside and outside the
cylinder. Plot your results as functions of z.
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