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General Instructions

Comprehensive Examination for Fall 1995

This Comprehensive Examination for Fall 1995 (#75) consists of
eight problems of equal weight (20 points each). It has four parts.
The first part (Problems 1-2) is handed out at 9:00 am on' Thursday,
September 21, and lasts three hours. The second part (Problems 3-
4) will be handed out on the same day, at 1:30 pm, and also lasts
three hours. The third and fourth parts will be administrated in the
same way on Friday, September 22.

Work carefully, indicate your reasoning, and display your work
clearly, Even if you do not complete a problem, it might be possible
to obtain partial credit - especially if your understanding is manifest.
Use no scratch paper; do all work in the bluebooks, work each
problem in its own numbered bluebook, and be certain that your
chosen student letter (but not your name) is inside the back cover of
every booklet. Be sure to make note of your student letter for use in
the remaining parts of the examination.

If something is omitted from the statement of the problem or
you feel there are ambiguities, please get up and ask your question
quietly and privately, so as not to disturb the others. Put all
materials, books, and papers on the floor, except the exam, bluebooks
and the collection of formulae and data distributed with the exam.
Calculators are not allowed. Please return all bluebooks and formula
sheets at the end of the exam.

Use the last pages of your bluebooks for “scratch” work
separated by at least one page from your solutions. *“Scratch” work
will not be graded.



OSU Physics Department Comprehensive Exam #75, September 21-22,1995 PROB 1

A spinless particle of mass m moves nonrelaﬁvistically in two dimensions in a rectangular potential

box of dimensions a and 5. '
V(x,y) =0 inside the box.

V(x,y) = +oo outside the box.

For all early times ¢ < 0 the particle is in the ground state of this potential.

(@) Find the energy of the particle at an early

time 1 < 0. 1

(b) Suppose that the x-component of the a
particle's momentum is measured at yT
time 7 < 0. What values may be found, I—

and with what probabilities?

Suppose now that the momentum of the particle has not been measured.
At time ¢ = 0, the length of the box is suddenly doubled, so that its dimensions are ¢ and 2b.

Attime ¢ > 0, the energy of the particle is
measured.

(c) What values of the energy may now be
found?

(d) What is the probability of finding an
energy less than the answer to part (a)?
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Solution to Problem QMU.
(2) Separable potential, constant = wave function Gpmlxy) = Cpm sin kpx  sin kyyy

boundary conditions ¢ (boundary) = 0 = kpb = AT, kma = mn

a b a b
. . . b
normam}e 1= de &dx 6N = 1Cnml2 de de sin ke sin? kpy = 1Cpml? 5‘2--2-
2 . nux ., mu - h? 22 m2  n2.
Gnm = Vap S nb sin a)’ s Enm = j;n”(knz + kmz) 57',?7(“52"*‘55)
ground staten =m =1
(b) all values are possible, ~o < px <+oe .
a b (Cipa/H) expipy/B)
1 o fa oty ST e
| V2r'h V2rh

it

Qb

a . b } i
| de Sin Ry/a Mm l2 X %l d‘dx Sin ﬂ:x/a eXE(—lpxxm) l2
Var'h 2R

= P(py)dpy X P(px) dpx

each distribution is normalized, so need only consider P(px) = Idpy P(Dx. py)

b : . b . . .
P(py) = ?g| de sin mx/a exp(=ip/h) |2 %_ | gdx CXP(mx/b);XP(“”EX/b) exp(-ipxi/h) |2
J2rh 2rh

- [—GXP(—ibefﬁ)~1 _ —exp(-ipb/T)-1 ]2
4mhRb —nt/b +py ki /b +py R
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“ﬁ?.?;?, 2 n2
5o = R
however not all these ehergies will be represented in the wave packet:

IP@>0)= 3 | 0n™W) exp(—Enme¥e) {Gpm"WIF (:=0))
hm

the matrix element is zero unless m = 1, because of orthogonal y- dependence.

the m.e. is also zero when »/2 is an odd integer greater than one, because then the new wave
function in the left half of the box is one of the old ones and thus orthogonal!

h2n2
Zm

1 n2
result; E,0eW = (55-}-4!)2 y,n=1,2,3,4,57,8,9, 11,...

(d) Ennew < EgSOId = ] 1

b
o 2 2 . . 2
Probability = | {(¢nm"eWI¥ (=0)) |2 55 5 | 3dx sin %%— sm%ﬁ i

#



OSU Physics Depart. Comp. Exam #75, Sept. 21-22, 1995. PROB 2

Nuclei of a paxticulai isotopic species contained in a crystal have
spin, I = 1, and, thus, m = +1, 0, -1. The interaction between the
nuclear quadrupole moment and the gradient of the crystalline
electric field in the crystal produces a situation where the nucleus
has the same energy, E = ¢, in the state m = +1 and the state m = -1,
compared with an energy E = 0 in the state m = 0.

(a) Find an expression, as a function of temperature, for the nuclear
contribution to the entropy, S, of the solid. '

(b) Indicate what your result predicts for this contribution to the
entropy, S, at the extremes of very high temperature and very low
temperature.

(c) Show that the nuclear contribution to the heat capacity of the
solid, Cy, goes to zero at both high and low temperature exiremes.
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Consider an infinitely long straight wire of radius, a, to carry a
current, I, having a uniform current density distributed over the
cross-section of the wire.

(a) Find the energy/length of the wire stored in its magnetic field.
(b) Find the self-inductance per unit length of the wire.

(c) Now, consider a transmission line consisting of two parallel wires
of radii, a and b, separated by a distance, d >a + b. The current

flows down one wire and back the other. Find the total inductance
per unit length of the transmission line.
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PROB 4

A point charge Q of mass m is to be placed at rest in a uniform gravitational field g at its
equilibrium position a distance d directly below the center of an uncharged conducting sphere of

radius R << d.
(a) Find d .

(b) Find the frequency of small oscillations in the vertical direction.
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OSU Physics Dept. Comp. Exam #75. Sept. 21-22, 1995 PROB 5

Consider an insulating solid to be represented by a collection of 3N
independent oscillators. (1) Develop the partition function, Z, for this
system, and (2) show that the system has the following equation of
state

[aP ) 2—1‘; ., where P is the pressure; E is the internal energy; V is the
v

OE
N
Eyici

volume; and T is given by I' = &4, where y,=-
e

dlno,
dinV

, indicating a

i
=

dependence of the i™ oscillator’s fundamental frequency, @, , on
volume, and where c, is the contribution to the specific heat at
constant volume from the i harmonic oscillator.

3N 2%
x;e” ho,
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A uniform rod of mass m slides with its ends on a smooth vertical circle in a uniform gravitational
field g. The rod subtends an angle of 1200 at the center of the circle, as shown in the figure, and
friction is negligible. Determine the Lagrangian and equation(s) of motion for this system, and
solve for motion near equilibrium.
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A spinless particle of mass M moves nonrelativistically in 3 dimensions in a central potential V(i)
=Alr4 >0 .

v A

B

r

(a) Find a complete set of commuting observables which includes the Hamiltonian.
(b) What is the degeneracy of the ground state?

(c) Estimate the energy of the ground state.

(d) Sketch the radial wave function of the groﬁnd state, Label your axes.

At approximately what radius is the particle most likely to be found, if it is in its ground state?
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Solution to Problem QMG
(a)Spherical symmetry = angular momentum is conserved

C.S.C.0. is H, L2, L, where Ly, Ly, L; are components of orbital angular momentum L =R X P,
and L2 = Ly2+Ly2+L,2; any component of L will do. '

(b) ground state will be spherically symmetric, has L = 0, so is non-degenerate (degeneracy = 1).
(c) variational estimate: expect wave function peaked at origin, falling off in all directions

try ¢(r) = C(0) exp —ourZ, choose o to minimize mean energy

oo

use formula from sheet de X210 exp —-a2x2 = Le3+5ee@n-L)Vm

an+l g2n#l

oo

Norm: 1= [C(o)I? 4% Jrzdr. exp 202 = 1C(e)l2 411:-}[;- Qo372 withn=1, a2 =20

AC(o)2 = (%9‘-)3’ 2

(H) =(KE)+ (PE),

(PEy = IC(0)? 4n J 2dr A exp ~2002 = IC(0)I2 4k 2 5\’“

(2072 = la“zﬁ withn=73

oo

(KE) = 4nJr2dr V% = -IC(a)12 -Z-—M- 4 rzdr exp —ar2~ — (rz--w exp —or? )

2 % _
= C ()2 .Zflm_ 411:({ dr (-20){3r2-2004} exp ~20r2, there are n=1and n=2 terms

20003 + 3 w23
( )/2 - ™M %%

4m (20)(3 3 Q)32 - 200 Zg* (20)572 )=

B 3 ,15
(H=7oag+ha?,
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(d) o) =Yoo(€2) Rpi(r) = man(r) , radial wave function is Rp(r),
or uy(r) = rRy(r) = m4r o).

Probability density is 162, d(probability of radius r) is ¢/2r2dr = up/(r), maximum where u is max

u(r) ~ 7 exp —0r2, max when L 0~ (1 -20r2)exp —wr2, ie. atr= ————\!1 )

or 20,
height at maximum is u#max = '\,(Zm ) C(o) exp(-1/2) =2 (Z{X)IM 112
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This problem may also be solved by WKB and/or by arguments based on the scaling and the
uncertainty principle.



OSU Physics Dept. Comp. Exam #75. Sept. 21-22, 1995 PROB 8

A uniform solid sphere of radius » and density p rolls, without
slipping, down a plane inclined at an angle o to the horizontal. What
is the velocity of its center after rolling a distance s , and how does
this velocity compare with that which would be attained by the
sphere in sliding without friction the same distance?
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