Physics Department Comprehensive Examination #64.

Part 1. Tuesday 7 January 1992, 1-4pm.

Problem 1.
A uniform disk, having mass M and radius R, can roll without slipping on. a horizontal surface. A
frictionless pendulum, made from a mass m and a massless rod of length [ (I<R}, swings from the axis

of the disk. The motion takes place in a vertical plane, with a downward gravitational field g.

/N

a. Find Lagranée’s equations of motion. Do NOT assume < 1.

b. Caleulate the frequency wy for small oscillations of the pendulum: ¢ < 1.

Problem 2.
A one-dimensional quantum mechanical harmonic oscillator is described by the Schrédinger equation
I-Izb(x)# _5;;5 + x2)¢(x)ﬁE¢(x). Consider the operator A2x+~(%(-.
a. What is the Hermitian conjugate, A‘?, of A7
b. Calculate the commutator [AT,AI.
¢. Express H in terms of A énd AT.
d. Show that E > 1.
¢. Find the ground-state energy and wave function of the Hamiltonian H.

f. Calculate the ground-state energy and wave function of the Hamiltonian H’ :H+ia§£, with o real.






Physics Department Comprehensive Examination #04.

Problem 3.
Consider an infinite array of infinitely long, infinitely thin, parallel wires Iying in the x-y plane (z=0).
The wires run parallel to the y-axis with uniform spacing, a, between them. One wire coincides with

the y-axis. The linear charge density on each wire (charge per unit length) has a constant value, A

12

a

>

Assume that the scalar potential for z>>0 can be expanded in a Fourier series of the form:
o0
Bxya)=E Fuls) cos (B

a. Find the most gener;—i functional form for F(z) for every n for this problem.

b. Argue that one of the two constants of integration in each Fp,(z) can or should be set equal to zero.

c. How far from the grid must you be for the sinusoidal variation in the potential to fall off by at least
a factor of 37 '

d. Write an expression for the surface charge density o{x,y) on the x-y plane, z=0, due to the charged
wires.

e. Calculate the unknown constants in part ().

Problem 4.
Each member of a family of 4 opens the refrigerator 8 times a day. Every time it is opened, 75% of the
1 m3 of air in the refrigerator is replaced by warm air from the room. In addition to the air, the
refrigerator contains 200 liters of food and beverages, which are essentially all water. A thermostat
keeps the inside of the refrigerator at 2°C, and the house is kept at 20°C. The refrigerator’s insulation is
ideal, so no heat is lost through the walls or door (when closed). Assume that the refrigerator is cooled
by a heat pump that is ideally efficient, discharging the heat inside the house. The vapor pressure of
water at 20°C is 0.1 atm; at 2°C it is negligible. The heat of vaporization of water is 2.26 MJ/ke. The
ideal gas constant is R=8.31 J-mol' 1K1, A mole of gas occupies 22.4 liter at 0°C (273K). Give answers
to 10% accuracy.
a. What are the molar heat capacities Gy and C,, for air?
b. What is the average power needed to operate the refrigerator, if the air in the house is dry?

c. Now suppose the air in the house is saturated with water vapor. How much additional power is

needed?



Physics Department Comprehensive Examination #604.
Part 2. Wednesday 8 January 1992, l-4pm.

Problem 5.
Schrodinger’s equation in one dimension has the form {*-5&:1— fﬁ + V(x) } ¥(x) = Eg(x). The
potential is given by V(x)= - g{8(x —%« a.)+6(x+~’2i a)}, with g>0, a>0.
a. Find the energy of all bound states (E<0) for this problem. If you need to solve a transcedental
equation, you may indicate how to do it graphically.
b. For each bound state, make a sketch of the wave function.
¢. How is the symmetry of the potential reflected in the wave functions?
d. Calculate the energy of the ground state in the limit a—0.
e. Is the last result related to the results for the ground state of a single delta-funciion? If yes, how are

they related? If no, why are they not related?

Problem 6.
Two identical homogeneous solid spheres, each having a mass m and radius a, are held rigidly in
contact and rotate about a horizontal axle of negligible mass that passes through the point of contact
and makes a 45 angle with the line through the centers. The point of contact for the spheres is located

at the midpoint of the axle, located a distance b from each bearing. Gravity acts downward.

X Z
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a. Find the inertia tensor with respect to the xyz coordinate system which rotates with the spheres.

b. Find the torque N on the system due to the bearings.

c. What is the largest angular velocity w with which the system can rotate without tending to lift one

of the bearings?




Physics Department Comprehensive Examination 7#64.

Problem 7.

A metal bar of mass m slides frictionlessly on two parallel conducting rails, which are a distance {

apart. A resistor R is connected across the rails. A uniform magnetic induction B, perpendicular to the

plane of the rails, fills the entire region.

R )  ®3
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In this picture, the direction of the magnetic induction is into the paper.

a. If the bar moves to the right at speed v, what is the current in the resistor? In which direction does
it flow?
b. What is the magnetic force on the bar? In which direction?

c. If the bar starts out with speed vg at time t
154

=0, and is left to slide, what is the speed at a later time

d. Prove that energy is conserved in this process by showing that the kinetic energy lost by the bar at

time t is exactly equal to the energy gained elsewhere.

Problem 8. :
Consider a collection of droplets of liquid dispersed in a vapor of the same material (fog). Assume that

the droplets and the vapor are in equilibrium with a reservoir of the liquid.

a. What is the appropriate thermodynamic potential or free energy X to describe this system?

b. The potential X of a droplet of N molecules is given by X=aN+0cS, where S(N) is the surface area
and ¢ is the surface tension. What is the physical meaning of a?

¢c. Show that the number of dxbpiets containing

N molecules is proportional to exp{ — oS). Why does it
not depend on a?
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Physics Department Comprehensive Exam # 63, January 7-8, 1992
SOLUTIONS

B

Problem #4

(a) Air is nearly an ideal non-interacting gas.- Cp=Cv + R,Cy= %R for diatomic molecules:
count R/2 for each degree of freedom, 3 rranslation + 2 rotation since axially symmetric.

(by let dQouy/dt = rate at which heat is added to air. AQow =N Cp AT , because refrigerator is

probably not pressure-sealed,otherwise it would be Cy. dQouy/dt = CpAT dN/dt , AT =
18 K. ’

gﬂl_\l_34x8x0.75x1m3'_1m3“_ 10000 _ 1 peon
& 37 hours =t = 3500500 = 3.6 °F =T 6 x 22.4 sec

dQout _ 18 K moles k moles
S = Cpxygma s DO e c

rate at which energy is used = dQjn/dt = (efficiency) x dQouy/dt, efficiency = T%i“—Tl = 21785 I?{
‘ 1

_dQjn 18 1 K moles 18 1 K moles _7 J
power used = =3= =375 X 748" sec xCp= 575X T48 ™ sec x5x 831 70K

= 0.425 J/sec

(¢) When the warm moist air enters the refrigerator, the moisure it contains will be cooled and
then will condense to the liquid phase. At the end the refrigerator will contain the same
amount of cool dry air, which it takes the same power to supply as in part b. In addition the
heat energy has to be supplied to cool and condense the water vapor:

dQ dN
_.-...._-d?“l = (CpAT + AQv) , AQv = heat of vaporization per mole

Cp = 4 R for water since its molecule is not axjally symmetric so all 3 rotation§ exist

dN/dt = 0.1 dN/dt (above), AQy =226 MJ/kg x 18 g/mole

1 mole A
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Problem #8

(a) vapor and liquid are in equilibrium = P, T equal in both phases, fixed = use Gibbs free
energy X =G (P, T, N) = U + PV - TS = uN ; may also use thermodynamic potential Q

(b) «is the chemical potential of the liquid

(€ N~ exp— (Xdrop —~ Xgas)/T = exp — (WiigN + S — HgasN) , Hliq = Hgas by phase equilibrium
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