 PHYSICS DEPARTMENT COMPREHENSIVE EXAMINATION #63

March 26 and 27, 1991

Comprehensive examination for spring 1991 |
PARTI
General Instructions

This Comprehensive Examination for Spring 1991 (#63) consists of eight problems
of equal weight (20 points each). It has two parts. The first part (Problems 1-4) is handed
out at 3:00 pm on Tuesday, March 26 and lasts three hours. The second part (Problems 5-

8) will be handed out at 3:00 pm on Wednesday, March 27 and will also last three hours.

Work carefully, indicate your reasoning, and display your wprk_ clearly. Even if
you do not complete a problem, it might be possible to obtain partial credit — especially if
your understanding is manifest. Use no scratch paper; do all work in the bluebooks, use
one bluebook per problem, and be certain that your assigned student letter (but not your
name) is on every booklet. Be sure to make note of your student letter for use in Part I on

March 27.

If something is omitted from the statement of the problem or you feel there are
ambiguities, please get up and ask your question quietly and privately, so as not to disturb
the others. Put all materials, books, and papers on the floor, except the exam, bluebooks
and the collection of formulaS and data distributed @ith the exam. Please return all

bluebooks and formula sheets at the end of the exam.

Use the last pages of your bluebooks for "scratch” work separated by at least one

empty page from your solutions. "Scratch" work will not be graded.



Physics Department Comprehensive Exam # 62, March 26-27, 1991
PART I

Problem #1

An atom with an even number of electrons, protons and neutrons is prepared in a stationary state,
and measurements are then made of one component of its angular momentum, J, and of the total
squared angular momentum J2.

(a) What values are possible for J2?
(b) If the next-smallest possible value is found for J2 , what values may be found for J, ?

(c) After the measurements in part (b), another component J is measured. What values may be
found?

(d) What will be the average value <J > of the measurements in part (c)?

(e) Suppose J? had been measured in part (c) instead of /. What values might have been
found? '

(f) The mean deviation AJy, is defined as AJy = [ </ >~<Jy>2 12 | What is the maximum
value of AJ, that can be found consistent with a given measurement of J2 and J, ?

Problem #2

A nonrelativistic particle of mass m, positive charge ¢, and initial velocity vg, makes a head-on
(one-dimensional) collision with a fixed nucleus of charge Ze . The presence of electrons in the
vicinity of the nucleus may be neglected, so that the interaction is described by the Coulomb
potential of a point charge. Using classical radiation theory, calculate the total energy W radiated
during this collision (—eo< £ <eo), under the assumption that W « mvg?. You may use the Larmor
power formula for the power radiated per unit solid angle: dP/dQ = (¢2a%/4nc?) sin2@ (in
Gaussian units), where @ is the acceleration of the particle and 8 is the angle between the
acceleration and the observation direction.

GO ON TO THE NEXT PAGE



Physics Department Comprehensive Exam # 62, March 26-27, 1991
Problem #3

A nonrelativistic particle of mass m is acted on
by a force which is proportional to the distance . A

from the z-axis, and directed toward the z-axis, ' ‘ F
as shown in the figure. The force is given by

1
=—Kp =-Kpp, i
]
where 7 is the radial coordinate in a cylindrical : y
coordinate system about the z-axis, and where ; >
K is a positive constant. \ A
PP
(a) Find three conserved quantities, and prove S

that these are conserved.

(b) Assume the particle described in part (a) moves only in the x—y plane, and that it is charged
with a positive charge ¢g. In addition to the force described in part (a), the pamcle is also
subjected to a uniform magnetic field applied in the z- _direction, i.c. B=Bg2. Give a
quantitiative description of the motion of the partice for initial position pg and velocity vo,
both in the x-y plane.

Problem #4

The Hamiltonian for a system of N identical nonrelativistic classmal particles of mass m is given by

H= E {P—L-+ alri}  where o is a positive constant.
i=1 '

(2) Find the entropy S(T) and the energy E(T) for equilibrium at temperature 7.
(b) Show that there is no thermodynamic limitas N — oo, if is independent of NV .

(c) Suppose o, is a function of N. How must o(N) depend on N , in the limit as N —> oo, fora
thermodynamic limit to exist.

'(d) Define the volume of the system by V= (el )3, Calculatez-\,‘i in the limit N —> oo | using the
result of part (c).

END OF PART 1



PHYSICS DEPARTMENT COMPREHENSIVE EXAMINATION #63

March 26 and 27, 1991

Comprehensive examination for spring 1991
PARTII
General Instructions

This Comprehensive Examination for Spring 1991 (#63) consists of eight problems
of equal weight (20 points each). It has two parts. The first part (Problems 1-4) was
handed out at 3:00 pm on Tuesday, March 26 and lasted three hours. The second part

(Problems 5-8) is handed out at 3:00 pm on Wednesday, March 27 and lasts three hours.

Work carefully, indicate your reasoning, and display your work clearly'. Even if
you do not complete a problem, it might be possible to obtain partial credit — especially if
your understanding is manifest. Use no scratch paper; do all work in the bluebooks, use
one bluebook per problem, and be certain that your assigned student letter (but not your

name) is on every booklet.

I something is omitted from the statement of the problem or you feel there are
ambiguities, please get up and ask your question quietly and privately, so as not to disturb
the others. Put all materials, books, and papers on the floor, except the exém, bluebooks
and the coilection of formulas and data distributed with the exam. Please return all

bluebooks and formula sheets at the end of the exam.

Use the last pages of your bluebooks for "scratch" work separated by at least one

empty page from your solutions. "Scratch” work will not be graded.



Physics Department Comprehensive Exam # 62, March 26-27, 1991
PART II

Problem #5

A spinless particle of mass m moves nonrelativsitically in one dimension in the potential
V(x) =a + b x* where a and b are positive constants. B

(a) choosing a suitable set of trial functions, apply the variational method to estimate the energy Eop
of the ground state.

(b) Choosing a suitable set of trial functions, apply the variational method to estimate the energy
E; of the first excited state.

(¢) For each of the above cases, find the probability that a measurement of x will yield a positive
number.

(d) For the ground state (cése (a)) estimate the probability that a measurement of V' will give a
result greater that Ep .

Problem #6

A long straight solenoid of length / and radius a (a «J), uniformly wound with N turns of fine
wire, carries a slowly varying current I(z). Cylindrical coordinates (p, ¢, z) are defined in which
the z-axis coincides with the axis of the solenoid. Calculate each of the following quantities at a
point P located at the end of the solenoid and a small distance p from the axis (p«a), to leading
order in p/a : | : |

(a) The axial component of the magnetic field, B; .
(b) The radial éomponent of the magnetic field, Bp .

(c) The azimuthal component of the induced electric field, Eg .
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GO ON TO THE NEXT PAGE



Physics Department Comprehensive Exam # 62, March 26-27, 1991

Problem #7

The vertical plane shown in the figure rotates about the z-axis with constant angular velocity . At
point P a mass m moves on the plane without friction in a uniform grav1tat1ona1 field, g =—g 2.

(a) Determine the time dependence of the force exerted on z
the particle by the plane. A

{(b) Suppose the gravitational field described in part (a) is k
replaced with a force directed toward the z-axis, and \P\
givenby F=-KpP =- Kpp , where P is the unit .
vector in the radial direction in cylindrical coordinates ' l
about the z-axis. Everything else described in part (a) mg
remains the same. Give a quantitative description of

the motion in the radial direction. . /\”“ Y

‘Problem #

The equation of state of an imperfect gas is given by P = -vlik T {1+ B(T) -\-1\;-}, where P is the
pressure, V the volume, N the number of particles, T the temperature, and B(T) is some function
of T. This gas undergoes a small isothermal expansion AV at constant N. This expansion is
caused by a change in pressure AP. The amount of heat going into the system during this
expansion is AQ.

(2) Relate AQ to the change in pressure AV, keeping only linear terms.

{b) Construct the fhermodynamic potential X which is appropriate for a system at constant V, T,
and N.

(c) Give the expressions for the pressure P, the entropy S, and the chemical potential i in terms of
the thermodynamic potential X.

| (d) Construct three Maxwell relations based on X.

(€) Use one of these Maxwell relations, together with the equation of state, to evaluate the partial
derivatives in part (a). '

(f) Interpret the terms in the expression derived in part (e).

END OF EXAMINATION



Physics Department Comprehensive Exam # 62, March 26-27, 1991
SOLUTIONS

Problem #1

() J2=JJ+1YE2. Since there are an even number of fermion, J will be an integer, J = 0,1,2...
© (b) J=1is next-smallest value. J, =mh, m =-J, =J+1,..., J. In this case, m = -1,0, or +1.
{(c) answers: safne as paxf {b).

(d) Every eigenstate of J; has <Jy > = 0. Proof: <Jm| Iy Um > =-2-<Im IJe+J_Um>but J+
and J_ only have matrix elements between states of different /.

() Jy2=m?Hh2,

) NoteJ2+ 2 +J2=J2 soJ2 22— J2- )2 =T2(IJ+1)-m?) ~Jy2 2 B(IJ+1)-m? ).
Thus AJy = JU+1)-m2)12,
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Physics Department Comprehensive Exam # 62, March 26-27, 1991
SOLUTIONS

Problem #5

(a) Choose as a trial wave function nodeless symmetric function peaked at x = 0. A simple
example is the oscillater type function, ¢(x) = o, exp(—B212).

*° 1/2
Normalize: 1 = 12 [dx exp(-2p2x2) = laf V2B = 6x) = ( l?; NG exp(—B22)
oo G
82
<Kinetic energy> = <¢l{——-—---—-— }1 o> = laf? j dx exp(-$2x2) {_%gug exp(—P2x2)

o2 2 2
o Jae 22 (2 o)

i

loc!2 (—2[32)2 j'dx %2 exp(-2B2x2)

_E_ _m__ 2 _Tﬁg,z

\[— 4(\/23)3 2m

< potential energy> = <oIVig>=a+b lal? fdx exp(-2p=2) x*

2 23(N2B)° arh 16p4

_aapB g 3

vary the total energy: Omi(<ké>+<V>)m Ez“ B-b 3
ary : 3p e — TE

52
BG—M@EO a+ mﬁz rh —2

A2 16B4




Physics Department Comprehensive Exam # 62, March 26-27, 1991
SOLUTIONS

Problem #5 (continued)

(b) first excited state = 1 node, odd parity = trial function for example 0(x) = o x exp(-B2x2).

e '\/ 3
Normalize: 1 =lol2 jdx x2 exp(-2p2x2) = lal VI2(V28)3 = ¢(x) = > 8)? i exp(— [32x2)

<Kinetic energy> = <¢|{ — }i o> = lol? jdx x exp(mBz.xz){ 2m a — } x exp(-p2x2)

® 2,9 2 2 |
Eoc12. ) chx o (g;x exp(-p2x2)) = lotf2 5 ) c{On:lx[ 1 -282x2]2 exp(-2f2x2)

_ 8p3 ”ﬁ2 Vre , s 3w
RS 2l W acmn P S

~-§—B [8—8+6]= 35%[32

oo

< potential energy> = <¢IVig>=a +b lol2 [dx exp(-2p2x2) x

vary the total energy: 0= —= (<k.c.> + We)=6p - p L
B m 4ps

BG-—Smbr:::»Eg a+ 3 [32 v 2
82 16p4

(¢) probability = '1/2 because both ¢'s are eigenstates of parity => {2 is an even function

o0

(d) probability =2 {dx 102 , c.tp. (classxcal turning point) defined by Eg = V(c.t.p.)
c.t.p.
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April 1, 1991

To: Faculty
From: K. 8. Krane, Chairman

Subj:  Comp Exams Spring 1991

There will be a faculty meeting on
Thursday, April 4
10:30 am
Weniger 305

to consider the results of the comprehensive exam.,

kb




29 March 1991

MEMORANDUM
TO: Physics faculty

FROM: Phil Siemens
SUBJECT: Comprehensive examination Spring 1991

The examination was administered to 20 students on Tuesday and Wednesday, March 26
and 27 from 3 to 6 pm. A copy of the examination and answer key is enclosed. In
response to students' questions during the examination, the following clarifications and
corrections were written on the blackboard during the examination: |

Wednesday March 26
#1. electrons: even; Protons: even; neutrons: even

#3. No gravitational force
a) The motion of the particle is general

Wednesday March 27
Problem 8a  volume AV



23 January 91

MEMORANDUM
TO: Physics students and faculty

FROM: Phil Siemens, Chair, Comprehensive Examination Committee

In the past, appeals of grading on the comprehensive examination have been handled
informally on an ad hoc basis. The committee feels that we should establish an orderly
mechanism for dealing with such problems before they arise.

Here is our proposed policy regarding appeals of grading of the comp exam:

Each student will receive a xerocopy of his/her own examination including grading.
Copies of the problems and their solutions will be made available in the reading room and
for copying at a convenient copy service. Any student who has good reason to believe that
a mistake was made in grading the examination may complain within two weeks after the
results are announced by writing a letter to the chairman of the examination committee. The
written complaint will be considered by the examination committee, which will recommend
appropriate action or inaction. Any complaints, together with the committee's
recommendations, will then be presented to the department faculty which may choose to
revise its decision on the results of the examination. A record of the complaint and any
resulting action will be incorporated into the student's file.



