PHYSICS DEPARTMENT COMPREHENSIVE EXAMINATION #59
APRIL 1, 1989
Comprehensive Examination for Winter 1989
PART 1

Ceneral Instructions

This Comprehensive Examination for Winter 1989 (#59) consists of gight
problems of equal weight (20 points each). It has two parts. The first part
(Problems 1-4) is handed out at 9:00 am (duration: 3 hours) and the second part
(Problems 5-8) at 1:00 pm (duration 3 hours) .

Work carefully, indicate your reasoning briéfly, and dispiay your work
clearly. Even if you do not complete a problem, it might be possible to obtain
partial credit--especially if your understanding is manifest. Use no scratch
paper; do all work in the bluebooks, use one bluebook per problem, and be certaln
that your assigned student letter (but not your name)} is on every booklet.

If something is omitted from the statement of the problem or you feel there
are ambiguities, please get up and ask your question quietly and privately, so as
not to disturb the others. Put all materials, books, and papers except pencil
(or pen) and bluebook, on the floor. Please return it at the end of the exam,

Use the last pages of your bluebooks for "scratch" work gseparated by at

least one empty page from your solutions. "Scratch" work will not be graded.
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PART. 1

Problem # 1

A pion of rest mass 140 MeV decays into a muon (rest mass = 105 MeV) and a
massless neutrino: '

A)

Compute the kinetic energy of the muon in the mx rest frame.

B) If the pion decays in flight, what are the limits of the muon energy in the

laboratory frame? Express these limits in terms of the pion lab energy.

Problem #2

—t

Consider an electrical current density given in cylindrical coordinates by
J =% J, sin (xp), where J, and x are constants. This current density extends

throughout space, and charge neutrality exists at every point in space,

A)

B)

c)

D)

Calculate the magnetic field everywhere.

Obtain an approximate expression for the B-field which is wvalid for all
points near the z-axis, and then use this expression to determine the vector

potential in that region. Hint: Make a reasonable assumption for the value
of A along the z-axis.

The current density is now made time dependent by replacing J, with J,'t/r,
where J,’ and r are constants., OCalculate the electric field for points near
the z-axis. Assume the B-field varies slowly, and use the results of part

(b}.

Determine the magnitude and direction of the Poynting vector for points near
the z-axis,



Problem #3

Van der Waals proposed the following form for the Helmholtz free energy of a gas
of N atoms in a volume V

2
F(r, V, N) = - Nr (log [ng(V - Nb)/N] + 1) - X2
3

—gli)z , M is the mass of a molecule, and a and b
2k

where r = k,T, ng = [
are positive parameters.
A) Derive the Van der Waals equation of state.

B) What is the minimum value of V for which this equation i1s valid? What is
the interpretation of this minimum value? '
' 3P 0%p
C) Calculate =5 . Calculate == .
av av?
Evaluate the wvalues of the critical temperature 7, and pressure P, for which
both these derivatives are zero.

D) Sketch a pV diagram for r>r, and r<r_.

EY If at a certain wvalue of the pressure P more solutions exist for V, which
quantity determines which solution is physical?

F) Sketch this physical solution for V as a function of pressure. Interpret
this sketch.

Problem #4

A block of mass M slides without friction on a horizontal track, and is fastened
to a spring with spring constant k. A pendulum with rigid weightless rod of
length £ and bob of mass m hangs from it. Find the Lagrangian and the coupled
equations of motion. For small displacements find the lowest oxder correction to
the uncoupled oscillator frequencies.
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Problem #5

The "standard" form of the Born approximation is

£(6) ~ - B I V(r) sin Kr r dr
AK
where B = &k, ,, - k;

Calculate the differential cross section for scattering of particles of mass m
and incident energy E by the repulsive spherical well potential

Vo 0 <r<a

0 r > a.

Show the explicit E and § dependence.

Problem #6

The figure below depicts transmission and internal reflection of lineaxrly

¥ . polarized plane electromagnetic waves at
THw& a dielectric interface for the case that
i the index of refraction for medium I, n,,

LE1 ‘ £s is greater than n,. For this problem,

n, =n and n, = 1. The E-field is

polarized in the y-direction and the x-z

%, ‘ 8 DA Hs plane is the plane of incidence. The
8y -3 amplitudes of the three E-fields shown in
1 ! the figure are denoted by B,,, E;,, and
I g €, * Ey,. Also 8, = 8, and f, are related by
5, % Snell’s law. The dielectric is

nonmagnetic.

A) Derive an expression for the ratios Ey,/E,, and E,,/E,, in terms of n, ¢,

and §,. Hint: For plane waves, B = (kxE)/e.
B) Use Snell's law to eliminate f, from your equations of part (A).

C) For angles of incidence §, >§,, where f, is the critical angle, sin §; > 1
(requiring 8, to be complex), and, therefore, the ratios derived in part (A)
can become complex. Derive an expression for [E;,/E;;1 for &8, > 4..
Hint: Although #, is complex, sin §, is real.

D) Show that if ¢, > 8., ﬁz is complex; and re-write the expression

ind -
E ei(ut-kz' 1:2}

o so as to illustrate

E

the consequence of this fact. Hint: sin §, > 1 and sin §, is real.



Problem #7

A)

B}

c)

D)

Write the expression for the component of the spin operator for an electron
along the axis z', which makes respective angles (a,b,c) with the x,y,z)
axis, in terms of the Pauli spin operators.

Write the matrix of the spin operator o,' in terms of the angles a,b,c and
show that the eigenvalues of o,’ are the same as those of o,.

Find the eigenvectors of o,' beloging to the eigenvalues found in (b) above.
An electron is known to be in the eigenstate a ={}}of o,. What are the

probabilities that a measurement of §,' finds the respective values +#/2 and
-#/2 when the z' axis is specified by a = n/2, b = n/2 - c.

2(,'

!

Problem #8§

Consider a system of independent, identical particles with single particle
energies ¢, (V).

A)

B)
¢

D)

Calculate the grand partition function z(r, g, V) at temperature r (= k,T),
chemical potential g, and volume V. Do this calculation for bosons and
fermions.

Calculate the average numwber of particles <N>, using the results of A.

Give the Fermi-Dirae and Bose-Einstein distribution function £{(e).

Show that the entropy is given by

-k ¥ (£(e,) log f(ef}% (1 % £(e ¥ log (1 *+ £(e))
i

With the top signs for Bose-Einstein and the bottom signs for Fermi-Dirac,
(Hint: wuse the grand potential 1 = - 7 log z).
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Figure 4.36 Propagation vectors for internal rcﬁeqion. l

1

S i

R ]

E =E, exp i(k"r“wnz) .
where ’

kerr=rkx+ky
| there being no z-component of k. But

kl! = k! sin G,
and

ky =k cos g,

e — —— =y

as seen in Fig. 4.36. Once again using Snell’s law, we
find that -

YRR
sin” 9;
k, cos 8, = tk,(i - ) (4.72)
Ty
or, since we are concerned with the case where sin 6; >
i s A .
2 12
., (sin® &
Ry = d:zk,( — - 1) e 1
IH
and
- .
k, = —sin 6;.
i
Hence

Eg o Emezﬁ)ei{k'x ain Gl.'n“.—wi). (4.73)



ﬁ?ﬂwhwm? 6&9 (47 /1) . :&
(© O A

% * cw(,ow cs(22) ¢ ere ()

= v Lo Lo =A b

Jz’ "\ ra phens —one
' /7
T : / . _ ‘ )
A (/<J,cxd F vabran O 7L -l - ’QM‘?“”’VZ}} é
(/ en ol — L | ,cm/g;@.,ftcwé/ e
Sl p Aol - ot =&
— Cov e +f7' —-Qﬂ,"*ﬁ-—-a/a” »"’(;
for oro s ontb et~ 1 Lt s e
EP G f——«t/ m’@—
_/
- 4 £ 4,/ o« =/ W
) Aed e () *ﬁ /) {4
hon yd' =L« /j
Co L€ - O ¢ —A Cork (Cf) 20
Coon +Acwlb — g

W"C“’_)Cg P (Wctm,d‘/(;wéjé = O
(Mar,fw,é}[ﬂ - (Conc#t)C = O
A = Covq —A cad C.

[ — oo &

¢ @RI = (
/C/an } o v/ i inte /7CW/CL/,

R A I S L . -
[— croe )™ /] [ (1= cie)

< e - Y oooe— = -
2- J [ = Lom -G ' - 1 20 /1=
. 7/

—




7 7 Ol & = Lol @
O( 4

[~ (ot A

/ — Cwe A T
g—_
i | 4+ v~
2(/*—0«;!/10) |

(0] gl or <17 o <UD ()
LAa s « Ll o pep Ol So WWU 4L = i+

v Q= (//bfgto | | - B \(K__J‘M/C/
cnd = Ga) ame AT el O

a(’/p( 7 / . B | / ) /(MVC
i < 7 [/fAML/C/ //ouq;) U)’

VRl{—cwe)

Ak /rm)( 5) —Amt

L= I..
| 4]/ 7 [/2(14—5-1,&](

2( 1+ g t)
R R e
i) lier) T T2
PEE) - 2ot . pemi . D2

2(14et) 21+ 0mvs) 2

P




-

Fp

%
Xninlh) 5 v
- N pre g2 ST
= TT £ = I %(/ﬂ,’{’)%‘;>
C g .
h=t
W /_____,.\__/\_/"
N,:__ n e &2/ "‘fﬁn (e 2?7
L = b2
N=)
o ~)
< N fre &% ~— (}Aafu)'./{
< @ = L1 - e ] a4
N .
() -
N> = L = ‘roaj =
I
< « ¢ 2 Ao, 2t = 2 %
L Of' ' “
l )
g- faned %C_ 6“:
SNV T2 Ttk
e +1

Problaw = 8

J (G m V<

u (g pne ) /%
'3

--é}-u);b

Cne pp=ng ke 2.7







_ y
J S = “Z“ } Q‘”’J (8;*1) o~ &cgo&a ( ;—h ) }
“g{b U ‘th

i

-e uﬁora% ~ O = L- )ﬁa%(\*g@; Joi3=



