PHYSICS DEPARTMENT COMPREHENSIVE EXAMINATION #56

JANUARY 9, 1988

Comprehensive Examination for Winter 1988

General Instructions

This Comprehensive Examination for Winter 1988 (#56) consists of eight
problems of equal weight (20 points each). It has two parts. The first part
{Problems 1-4) is handed out at 9:00 am (dura;ion: 3 hours) and the second part
(Problems 5-8) at 1:00 pm (duration 3 hours).

Work carefully, indicate your reasoning briefly, and display your work
clearly. Even if you do not complete a problem, it might be possible to obtain
partial credit--especially if your understaﬁding is manifest. Use no scratch
paper; do all work in the bluebooks, use one bluebook per problem, and be certain
that your assigned student letter (but gg;.your name) is on every booklet.

If something is omitted from the statement of the problem or you feel there
are ambiguities, please get up and ask your question quietly and privately, so as
not to disturb the others. Put all materials, b00ks, and papers except pencil
(or pen) and bluebook, on the floor. The accompanying booklet contains data and
formulas which you may find useful. Please return it at the end of the exam.

Use fhe last pages of your bluebooks for "scratch" work separated by at

least ome empty page from your solution. "Scratch" work will not be graded,
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Physics Department Comprehensive Exam #536, January 8, 1988

PART I

Problem #1

(a)

(b)

Obtain the expression for the:

(1) energy levels, and

(2} the normalized wave functions

for a rigid rotator with moment of inextia, I, rotating in a plane.

If the rotator has an electriec dipole moment d, calculate the first non-
vanishing correction to the field free energy levels of the rotater when

placed in a homogeneous electric field,

Problem #2

(a)

(b)
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(7) A one-dimensional simple harmonic oscillator with an enexgy level
spacing of #w is in equilibrium with a heat reservoir at temperature T.
Carry out the calculation of the partition function for this system.

(3) Consider a system of five molecules in thermal equilibrium with a heat
reservoir, The probability of any one molecule being in an excited state is
0.1. Determine the following probabilities;

Each molecule is in its ground state.

Only one of the five molecules is in an excited state.

At least two molecules are in an excited state.

(10) A long slender rod of length L and heat capacity per unit lemgth C;
has its ends in contact with heat reservoirs at temperatures T, and T,. The
remainder of the rod is insulated. The reservoir at T; is removed suddenly
and the entire rod is insulated except for its contact with the reservoir at
T,. Determine the entropy change of the rod as it comes to equilibrium,

Assume T,>T, .



Problem #3

A particle of mass m is comnected to two springs as shown in the figure.

A ki BTN b, Aces(eT)
;:: H»m__,r»——-f*-—~:::ﬁ' B ~
v X, X5

The right side where spring 2 is attached is vibrating back and forth with a
displacement given by A cos (wt). A friction force is proportional to the speed
of the particle. Measure the displacement of the mass with respect to its
equilibrium position in the absence of the external interaction.

(a) Find the equation of motion.

(b) Calculate the amplitude of the steady state solution by finding first the
complete solution and then taking the real part of it.
[Hint: replace coswt by ei¥t]

(¢} What is the phase relationship of x(t) with respect to the driving force?

(d} Find the resonance condition for w

Problem #4
The grand partition function of a perfect Bose-Einstein gas is given by

(G.P.F.) =T[ [ - A exp (-E,/KT)|™
i

where i numbers the state of a single molecule,
(a) By appropriate series expansion show that

~3B; /kT

In (G.P.F) = Y 72 x J e Yfor A < 1.
=1 i

(b) Assuming the molecules to be monatomic and without internal states, and
assuming the translational energy levels are essentially continuous, show
that

In (G.P.F.) = V(Z'h‘k’{‘/hz)alz z j—5/2 It
3=1

(¢) Calculate the pressure and density of the gas.



Physics Department Comprehensive Exam #56, January 9, 1988

PART IT

Problem #5

(a)

(b}

Calculate the energy spectrum of an energy level of hydrogen with quantum
numbers n,1,s,j, and m; when the atom is placed in a constant, homogeneous,
magnetic field, B, if the interaction energy of the electron and magnetic
field is much larger than the spin-orbit interaction energy (Paschen-Back
effect).

Repeat i1f the electron-magnetic field interaction energy is much smaller
than the spin-orbit term (Zeeman effect).

Hint: The Wigner-Eckart Theorem may be stated as
<1sjmj!V]lsjmj> = constant X <1sjmj]3]15jmj>,

where J is the total angular momentum operator and V is any vector operator
(irreducible tensor operator of rank 1).

Problem #6

A mass, m, is connected to a center of force through a massless spring of
unstretched length 1,, as indicated in the figure below. The mass moves on a
frictionless horizontal platform. Both # and 1 are variable; and the spring
constant of the spring is K. The spring will not bend.

(a)
(b)
()

Construct a Lagrangian for this system, and find the equations of motion.
What are the constants of the motion?

Identify a variable in the equations of motion which is likely to be a small
quantity; and use an appropriate approximation to rewrite the equations of

motioen in a form which can be solved. Obtain an approximate solution of the
equations of motion for the general case.
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Problem #7
(a) Derive the nonrelativistic dispersion relation [w=w(k)}! for the deBroglie
wave of a particle of mass m, moving in a region with constant potential

energy U.

(b) Repeat the calculation of a) for a particle moving relativistically in free
space (U=0}.

(¢) Agsume that the deBroglie wave for part a) is given by

& (ubtk 3 {wt-k:
Vix,t) = Cle iuttkx) Gze (wh-kx)

Prove that p satisfies the Schrodinger equation.

Problem #8

L
-
An isolated permanent electric point dipole P = P&, has a potential

U, (x,0) = Emggﬁwi ,

in spherical coordinates. If this dipole is placed at the center of a grounded
conducting spherical shell of radius a, find

(a) the potential U(r,#) inside the spherical shell.

(b) the surface charge density ¢(f) induced on the spherical shell.



LT
01 L2 3 EEF :: /M-(:
L‘z‘ = - g
AR S
et R f{
P MY (F F \%50

e
i Q:(_,ﬁ:l?‘ﬁ W
Py AL
E, = Hm*
27
KA ¥




=N .
e \Z_ﬂ =fo _ e
i T m N
n = "h;_,
AL e (A
‘mn o gn B
~y

w1 of
7 Em T ey
IET[ 1
2 ?IL 2w —{
E.ff'-z "C-OJCA}; 1-
T{q,,.. Y e 1..__,/
- 2 '
= 7‘ T .
B = 2 m" =

!

/ -
:‘r«'
E )-4;

2m -
o

T

(/’/w”!-"&of

ad

99
J

o

247 -fr'-i)’

J)EI[ L,

- &[7

2h"

T

7l

{

“u’ 6"’—#] -(J(;J “,,(m*nd)d

}"]‘L"-(y‘)&/)k

76



My o S e
Loa) 2 =L 2 ) whete €z liag) T

" h W =
TR i —Fw/K
2= e’ Z X whede x= e /KT
Mso y
2 —Hy JakT
y) =0 /— X /- &

A) E) (,?)5'} Céf) ,4%0 () .0t

of
c> JARS :“:fz_@ L Rut 2llitto bheat €l it
T e Yod peeuds et the

high %-gméﬁe\rw@w«ej‘fz-/
D e AR e AG ic e tfofald et
o ASE EE
/ | - ﬁ'«{kﬁ&é{’-«(lﬂd’ﬂ 'J(D 'fttﬁ V‘@c( .

?—;\(\ ﬂng Swtd,d section dﬁm—J o hoott ffm:,\;@t/
¢ AR-= @cﬂ (ﬁ*T)}wﬂawe Tic 1he /\arv‘n’/
f@mpé’\mf\u\e ﬂf ﬁrré /OOC‘J"F:'M € )‘:M-eszj :,{
ELQCXD = Clgdx I.T;"'T—CK) , Acsume 7&)= ég;(—ﬁg
wl»we AT = 'f'g:'7f and X i weauu,fef Lo the
[ows o petato-tt 2ud of The Voo 74&5/

o= Gt o = T [ mdf Ag=GL [AT= 5

X .__ T
oL T



Qw_() ézg,‘,, : | /
Selidyon

-QCJ.M/;/Q?P)'”W"“ Cerno] kfxi = )C'z)(p_

?z"‘" k{ ()\fs‘t’x)"*' k:’_ (XZ*X)*%AML‘:%” [th

= —-(ki“?’?{_zj}(-ﬁ f:g)z‘"“szmwlL @)

) >< -t QPX + LO;X = QQ\bu\)]{- 29 cfmul,u».

- I'Q C«joqu:': k\+ lﬁ?— %‘_: !{,L(ar
%

2 a

b) b el = e (Qe,"wf)‘

X0 = X e |
: 7l e 7 [‘407[

X(F) = (wXye'™ ko= Ay
C*U\;} £ L‘ZPLU’{" "\)oz )XO =

B
—TTTTTTTTT j%} B
(QJ;L*RD‘L)'QFJ* ZF&: ) 1]&’ i

[%1€?4>
i
= UW D 2Bt ] "
$- o [0 ]

{X:L) Ty




o)

Iy

79



?mnlem -

b

,uu- ol AL T ALt s 43-9..&»..6——
I

- : .
Cladaet

. s ¢
P2 LT AU N Y
.

r
Ant- !ﬂb\.\ A

4

Q

{ - A =
r H
, o— -
—iw Ty ,f..{_
‘;':.' -
w &0 - R - .
>\ =2 S < /_‘-m.\..- .:_.._i : .S s
oo . . -
£ /i/:_'?") 2 ."’I/\ 3 —t S
— -
= " &

: -1 & /é,",-'- Mg -1 .
i J - -r?_ : AJ (Z -
R

2" = A

& er \
‘Ja: )
W.:::.M ol ﬂ\i-

fr

Ty

8V BI/MM,ZAL Lot

T ¢ ~ - . . l
4 / AL At ,WW,J Ly, .,u)-btza & o el ?4—»‘ L e Cdan %?M' s o
v { 4

- (p=+ ; - \-"-:) B adde Thao

. 2z

wlzaral ) -
" ¢
Tﬁn.z&m‘t\ AU lb:’«.-,;_z_. /‘-‘-;J“.‘-.Lf:m:... w2 }ﬁ‘!,.',"(«: o
1 Fe - T o™ T } : e
vooffr =4 ¢ P:c + P ?3 £ % : . ',
- _.t_ — —— .,'\(‘\ S - o e "'.J-Ff dx-l'q J{-r"’{ e
- - Y
RN
—— 31 ...3_,1 . LY 3/'.'.
1/13 - = 1 (Z.ﬁ“-m.t\/'fﬂ. B vV
o S
“* 1
. N “
=
P =8y
VARG N S O -
~
;. Tra ) . ’
LT m 'L(_T ’ ?L ; (VN Fadl bt tad Tl

gL ! )
Al Lt .,'{..'{{;;_z.u Sl

-



it



-~

62(7/ = B e

~ - R . i B -
S R A R A
v

o, s
LTV Vi O A F [Py pregmok

Jio =5 4
R L 2 IR RN

Qk
)+ (rs Z .E'] (z[ = SL
[)%fo g’ b)?/zzd ", //)724/\) R (AT e '

H‘é’* * B A, /j-;i>7 /LS

: (a) Q??Cf) /OC'P Z‘?; Lerm  ~  [rSc }majﬂc‘(’(.é _Z40YM as
« feon ) | a :

_ J’J@Y{‘U}"i cor _Cu{(l/% %E/Vﬂ}ms Q_S &a K:,u S‘e‘("

ﬁﬂff'/cf‘ {3 ".ﬁr’z ﬁg =4

- -t B

S Kl . g, s,

) .
EJ‘?.?/UM?I”"J :*/%D<ﬂﬁ47m’,f’ﬁy/£243551/}/31/]/)”’1%>

/&_ﬂ‘f Ly [nlw Py = e [0l ey
k% Sz /”’?ﬂ/m!'j"f> g M/y“ﬁ )-M}f%%‘;ﬂ:)

,Qﬁa}” 6’2 i,
a.

;
(R

ol

Evtarmp, = LAY} m_,j

f_:@:: 4"/0/.{3[7”’71 * 9, !’”57

———
— e 4y
/4 O oy, Al DA BT 9T
‘ {i<} v A ¢« . 7 -
b Ly gr i BE g DG = gL
701 2o) CU'(“//./J/

i fiw'n; /70 SR N - ’;) Ll
82



“ ﬁj/vl f”:— i
L/’////Cf L"J(.J“'q - | /;/’f‘j/"r(' :‘:\i‘,"f-il-" {3 /,{0 *FO’L‘?'";\? 5;’)
- / | sy m
t}m y /g\njj‘“'/Lz*gs 2[5 J>
ST
é"r- /'W/ﬂSJW’J>:f arc . C Crsen sToTes of ﬁz 5 S
-__’ﬂ""'“
LSe W-£E 2h 4 Solliw S |

< L jim>=C Lum [T 1argD = Cz,mﬁ
Conf//t/ (Jw /“—* Jm,) = 2<Jﬂ4 Jw ){df”}r/d 7
A/ clisvre o > Lam S<am [ = 7

3

= C, D <am, | F jamip<om 1T lime>
n 4

d
C luwm | THam, > = deCorf)ﬁ

Se Q- Lem(LeTlory
Jl3y+t}

: n _ 2 2, .5 1)
o Tt e s it () (T

—

- g" Ll hagry [T S /f—;s”’ 7 z‘J(m)fﬂ(fﬁl*ﬂ@*’)
= 2 (i
Stmilar/y )ﬁr Sz

S ZJ[JH)f u('*’) +o(4r1) "’ﬁfﬂ“)j

/N -t i - ! Y —_— A,
lagmof g s Priv = [C g0, jleymi] Tuldnim



N\
"

[(+8:C )= g - Z(Jf‘“) # H2n)0lad )+ g [)(m«ﬁwwff
- T ,;IJ(JH) -
A = |+ (B[00 rafenl - .Wu)j Ldond” g e
2J[J+i)
e 3,22 o .y, el L0
(11 ’ 2‘}(““")

AL T 63._ Ay B My

'/MJ = @3’ Ay U’W(J;g) - )
=} . <3
ot GT’M’ T = 0()}//0 L W(‘E‘JJ) 7E Al S )
.7 (FT)e Ther 25328

AT . - T,
L e (D) TEL =S ¥ So(ET)e TorS =k

ZT 2.7
Iy 9,ef[717"/~f "“g_,) (T -f"é"'-‘l )
‘ 2T
Jee gasy g7 2

“ JUM}JAJ&w)tﬁ?+¢ .
— . M oy
- 1 ™ Z“J(‘Jrr‘.l fﬁg@




T= o (45416
V= U4y = 4K V(’L-J’)*-J—,?

7-: //ZM(}?"Z_F/&%{/_Q/ é't 25
-_ ‘2 2,2 - 07 7{’}70)
b{[)?‘f(//h?)@;zﬁ'k?: ’”fz@;%?f:o
J(M} 8) = =9, w56 = ¢l = Z, e

251- = 7 @i Qm/%)@ /(7

4 - Kvy = = Qmj '22 e
- QM'?@ a 0 ;417 oy %7

7 D/f-%% o ﬁ)?f““f SAOR)

(Wa + b4z éﬁf% JV( - izjzr /4£5qu7 7@;(&)1&{_@/%
W "’76 cosCurt+d) J,( ;" + jcof Lt+d) ,@J ) ézgj A= )zz;
L\) ?-]-/é( A = .Qj-g/w » ¢f1 ;/

- _'___14_2‘_, g
6 W(H;?) m/z(/ 29)

CM )
é = I/"’ a)ﬁé £oS Cufj
9 = 73 [i— 2.1705/37%]

2



Solibion
' v by
437 F = Jqu E H:ZMQ + U y P =
b ~
ZOE/‘"“‘“ ~ + U hy =T w
AN g ’ e
. — .
c
ho-t k" ¢u C /
AR
g) E= hp+ moc’z_
N 2~2 _ hy
E= cp + e p=c QO)

1
(= e 2 =
hy + wiac :[ CZ;Z, + mp ]

1 mk :}
— W —
e = mod LYER -

s v

gor Tk <= Wol
2.2
2 A
Too moa.il *“{S_'M;,liz “‘"fj

2, 2
O [0 nonsalaliiekic 22prmi
2 e U= o0 86




Wy
At o b k) —¢ (wt-kx)
ﬁ:mi’( C,‘e J“Lk 1€
K
3y
A 7o)
Lene ( o
j:mw (;iwf.ﬂmw re o %
- U
lwotp = - i By - o



Prabolew 8

«

- N — : il M
The @ tonstral Arlalasma VLL Lagraces o+

a Tenay - S L2, \p N
) ) zz Ay v *..i‘:.il )Q@v‘&)
y et
e B.0. b '&L&-&"AAMM
Utrg) — U, (r,8) = P cosd aa =0 (1)
wmd T lag)- o v (23

Ur, 8) "'(Ao 1—_@_:_,) - @(,\" + B 5 cosd 4 .o
- Lot

I A, =Boso

M 13-, = P, and-a\l \!\'.ﬁhe,\ra'w&;uv'f? -
) ~erwas vaniah
.. (2) "V«TAMAG' (A‘a. + P wse = 0 . A=~ P
ar ' PE
Viney=/(-F - ro-x
(e 8) -Z-; -+ % w1z = P = 13) 17X

P otese.+ T, (ne)
ﬂ.%

wa Olased cmnd ofiidided Ay i conbuidon
{E A das - Er!(mm")

T sudsiclc
&?/JMM' Lavr

= __CE___“ T 0= (M_af.u.c.m{ ng(AA/\(}_.
Lo
T T=8/arr™
"mr\!r‘:.z. ZG:' = """'_'\ = - P ...!.... 4.._2«___) Los © = ""PC-OSG
So 7T —_— o r e ad

o dolel mmducsdd. cdang 4o 3o



