PHYSICS DEPARTMENT COMPREHENSIVE EXAMINATION #48

March 31, 1984

General Instructions

This Comprehensive Examination for Spring 1984 (#48) consists of six
problems of equal weight (20 points each). - Please check that you have all
of them.

Work carefully, indicate your reasoning briefly, and display your
work clearly. Even if you do not complete a problem, it might be possible
to obtain partial credit--especially if your understanding is manifest.
Use no scratch paper; do all work in the bluebooks, use one bluebook per
problem, and be certain that your assigned student letter (but not your
name) is on every booklet. | -

If something is omitted from the statement of the problem or you fee
there are ambiguities, please get up and ask your question guietly and
privately, so as not to disturb the others. Put all materials, books, and
papers except pencil (or pen) and bluebook, on the floor. The accompanying
booklet contains data and formulas which you may find useful. Please
return it at the end of the exam.



1.

A gyrocompass is mounted in such a way that the only torque is that
which constrains the symmetry axis to remain in a horizontal plane.
That is, there is no vertical component of torque. The principal
moments of inertia are C about the symmetry axis and A about any axis
perpendicular to the symmetry axis.

Let the gyrocompass be at the earth's equator where we establish a
coordinate system with z-axis vertical, y-axis north, and x-axis east.
The earth's spin angular velocity is then 03 and let the gyrocompass
be'spinning with angular speed @ >> Q. Show that the axis will
oscillate about the north-south direction, and find the period of
oscitlation.

A simple magnetron has a cathode which is a cylinder of radius a

(a thermionically emitting wire), and an anode which is a coaxial
cylinder of radius b > a. The cathode is at ground potential and the
anode is +V volts. A uniform magnetic field B js directed paraliel
to the axis of symmetry, say, the z-axis.

Consider that electrons are released from the cathode with zero
total energy and travel on curved orbits toward the anode.

(a) Show that the angu?ar meme;ign about the z-axis is
&é? (eB/2m)(1-a /r }.

(b) Compute the minimum value of V required for electrons to reach
the anode.



3. Calculate the dipole-dipole magnetic interaction energy of a proton and
antiproton at fixed separation a, in terms of the proton magnetic moment
for sach eigenstate of total spin. The interaction Hamiltonian is

Uos
1 . (E]'?)(;Z'?);
V=5 {ugup -2 7
r r

4. The Kronig-Penney model of electrons in a crystal is a one-dimensional
periodic potential:

¥(x)

R — -\ e e =

0

-b 0 a atb

Solutions of the one-dimensional Schroedinger equation for electrons of
energy E are §ought in the form of the so-called "Bloch wavefunctions",
p(x) = uk(x)ejkx,'where u is a periodic function, period (a+b) for

this model. The allowed values of wavenumber k are, as usual, fixed

by the overall size, or in this case length, of the crystal.

(a) Find the differential equation to the satisfied by uk(x) and show
that u = Ae1(a"k)x + Be"j(u+k)x is a solution for 0 < x < a if a
has a certain value, and find this vatue.

(b} For a < x < ath, show that a solution is u = Ce(5'1k)x + De"(sﬂk)X

provided g8 has a certain yalue, and find this value.



5. A bead of mass m is constrained to slide without friction on a wire
whose shape is z = sz, with the plane of the wire normal to the earth's
surface. '

(a) Use a Lagrangian method to determine the equation of motion of the
bead.

(b) Find the frequency of small oscillations of the bead about the
origin.

6. Let f be the distribution function for a system, the probability that a
random member of an ensemble of such systems will be in a quantum state
characterized by v. For a canonical ensemble we require that there be
an ensemble average energy U characterized by a temperature T when the
entropy

U-A
S==-klf
Y
is maximal, A being the Helmholz free energy and k is Boltzmann's constant.

(a) Find an expression for f_ by the method of Lagrange multipliers a,
and oy by maximizing the expression S + an ¥ f o, ) f E,
where E are the eagenva1ues of the states v, subJect to the
constra1nts Pf o= D fE = U

(b) Complete the determination of fv by finding interpretations of og
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