PHYSICS BéPAR?MENT COMPREHENSIVE EXAMINATION #34
Saptembey 29, 1979

General Instructions

This ﬁampr@hénsive Examination for Fall 1979 (#38) consists of six
prebiems of equal weight {20 points each). Please check that you have all
- of thewm. Half of the problems ave judged to be at intermediate under-
graduate level, the other half at graduate level.

Work carefully, indicate your reasoning briefly and display your
work clearly. Even i you do not complete a problem, it wight be possible
to obtain partial eredit--especiaily 17 your understanding is manifest.
bse no scratch paper; do all work in the bluebooks, use one bluebook per
problem, and be certais that your assigned student letter {but not your
pame) s on every booklet.

If something 1s amitied from the statement of the problem or you feel
there ave ambiguities. please get up and ask your quastion quietly and
privately, s¢ as not to disturb the others., Put a1l materials. books. and
papers except pencil (ovr pen} and blueshook, on the ficor. The accompany-
ing booklet contalné data and formuias which you may Tind useful. Please
raturn 1t at the end of the axam.



1. Consider a system whose eigenstates are |o» and |@» such that
Hole> = E{gém?‘ and ﬁé’()]m» = Eg'[ 8>, where éfig is a particular Hamiltonian
having eigenvalues E? ‘and Eg'; Consider an additional fnteraction,
characterized by a Homi 1 tonian gf 1 of mgmtude comparablie to :ﬂo, to be

"switched on" in the system. We also know that 3{." has the properties:

g{..igaz’ @ ai!(};“} & bﬂg» ' (1}
g{?jg:» P azlw # kpalm 0. .0 (2)
a, = -£9 b, = ~E2 &, = b, = EE_-:E& : {3}
] 1 "2 2° 2 1 2 ’
{10) {a} Determine the energy eigenvalues of the total Hamiltonian (Jiﬂ + ﬂﬂ)«

{10) {b) Determing the normalized eigemstates of the total Hamiitonian.



{5)

(10)

{5)

2. There is an attractive central field of force, of constant magnitude mC,

with its center at the origin. A particle of mess m 15 injected into
this field with a velocity @b at right angles to the initial position
vactor ?ba Let g be the ratio of twice the inftfal kinetic energy to
the initial potential energy (measured with respect to the origin).

{a) For what value of g will the snsuing motion be circular?

{b} uhen g is ﬁlightiyviess than the value for cireular motion in part (a},

what is the half period of radial motion (f.e., the time to go from
the largest to the smallest distance from the erigin}?

(e} For the time of gaét {b) {vou may call it v ), what-is the corresoond-
Cing angle through which the particle's radius vector has turned?

asd

&

m‘”ﬂ




3. "Soft stuff" 1s a three-dimensional, bimodal, tnsulating solid. Specifically,
its phonon density of states D{uw) consists of two spikes; ome at frequency Wy s
the other at Wy >> with there being twice as many states at the Tower
frequenay'mg as at the hicher freguency i {see Tigure below).
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() {a} Derive an expression for the specific heat at consiant volume (cv} of
this material. )

(6} (b} Sketch a rough (approximate) graph of € in the fellowing regions:
(1) 7 <« e {11} Rl T <<« Tl
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4. Consider 2 plane, linsarly polarized, electromagnetic wave normaliy
incident on a dielectric interface. Assume that it propagates from a
medium of refractive index n inte a medium of dndex n' as shown:

A wedium n madium n’

R e LA e

For simplicity take the
direction of polarization
to be the y direction.

Y
T > %
ﬁg,/” direction of propagation
k4

x=0

(a} HWeite down the sciutions to Maxwell’s equations corresponding to the
E and § fields in the two regions.

(b) State the boundary conditions satisfied by these fields at the
interface. .

{¢} Derive an expression for the fraction of incident energy reflected by
Vth@ surface.

{d} Suppose m < n', What is the phase angle between the incident and refiected
waves? Answer the same question for the case n > n'.
{(Don’t guess the answer: devive it from {a) and {b) above!}

{e} How assume that there are three regions with indices of refraction
Ben' <R as shown.

fn ;g n ¥ a

. y Re-derive the expression
propagation . . for the fraction of incident
N energy that is reflected
- Q_ - into the left-hand region.
2= { x=d -

Assume m < n® < n®’ and
neglect multiple internal
reflections. |



{3)

{7)
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5. Sometimes when 1ight scatters from an atom ov molecule there is an internal
state change and the Tight gains or Toses emergy (Raman a¥fect). Rotational
transitions Yor diatomic molecules ave governsd by a selection vule
&K = 2, where K(&%i)ﬁg is the eigenvalue of the square of the angular
momentum operator Tor the atoms about the center of mass.

{a} Show that the energy shift for the observed lines should be gliven by
E = gW{2Kk+3)

where U 15 a constant and K is the rotational quantum number of the
Tower stata., |

{b) If the two nuclei are identical, the requivement of symmetry or
antisymmetry of the molecular wavefunction under exchange of the
nuclei forbids certain combinations of K and nuclear spin. The |
rotational Raman Spectrum of the 92 molecule s obsevved to fit the
formyia ,

E = #W{4ne5) _
with W. constant and n any non-negative integer. Using the fact that
360 is a spin 0 nuclaus and the electronic wavefunction ig an odd
function of Rlz {the vector from nucleus 1 %o nucigus 2}, wh?g
conclustons can you draw about the statistics obeyed by the '°0
nucleus?

R

O——0

{c) In the ﬁz molecule, the nuclel ave spin 7 protons obeying Fermi |
statistics and the elactronic wavefunciion {5 even. Show that if a
gas of molecules is formed from protons of vandom spin orientation,
there will be an alternation in intensity of the rotational Raman
Tines of abous 3 %o 1.




6. Consider a contalner holding one cubic centimeler of air at standard
temperature and pressure.

{15} {a) Approximately how much less probable is it to find 51% of the
molecules in one half of the volume than 50% in the same half?
{That is, calculate the relative probability of the itwo
configurations.)

£{5) (b} What 1s the difference in entropy between the twn configurations?
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