BHYSTOS DEPARTMENT COMPREHENSEIVE EXAMINATION #31
Octeber 7. 1978 ‘

general Instructions

This Comprehensive Examination for Fall 1978 (#31) consists of six
problems of equal welght (20 points sach). Half of the material s judged
to be at Intermsdiate undergraduate level, the other half at graduate level.
Work carefully and show as clearly as possiblie all your steps 5o that
partial credit can be given iiberally in case you do not complete & problen
or make errors. Use no scraich paper; do ald work in the bluebook. using
one biuebook per problem.

If something i3 omitied from the statement of the problem or you fesl
there are ambiguities, please get up and ask your gquestion quietly and
privately, so as not to disturb the others. Put all waterials, bocks, and
papers except pencil and blusbook. on the floor.
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1.

(a}

(b}

A diatomic molecule fn 1ds eleckronie ground state has a motion which
can frequently be approximeted as the sum of three Hamiltonians

Hﬁ = Ht + Hr + Hw
where the partial Hamiltonisns describe the motion of a free particle
of mass M, a2 rotor with a scalar moment of inertia I, and a harmonic

oseillator of freguency » and reduced mass p. Classically.

w02
“t e

= P,o/21

B, = B /2 4 el
Describe the cuantum numbers for the three motions. ({Assume the
molecule ig in a cubic box of lYength L.) Urite an expression for
the eligentunction ¥¥ i terms of the eigenfunctions ¢&9 Vs and ¥y
of the pariial Hamiltonians, and express the energy of the eigenstate
in terms of The quanbtum numbers.

A better approximation for the energy of the diatomic molecule s
given by th@_ﬁamﬂitanian whose classical expression is
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whers fys £y @ géfmi describe the mass and velocity of ons atom

e
and iy Tp = géfm? describe the other. Derive an expression for the

perturbation tevm H, In H = H ¢ H,. What i5 the form of the

eigenfunction v in terms of the eigenstaies v® of W0 of part {al).
How are I, M, and » related to m%,'ng and &?
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2.

3.

An astronomer has discovered an interplanetary object and makes measuvrements
which vield the velocity @6 and the distance @é with respect to the sun at
the time of the discevery. Assume thal the wotion of the object is affacted
onty by the gravitational force of the sun. Answer the Following questions
in terms of the giwaﬂ paramaters as well as the mass M of the sun and the
gravitational constant &.

{a}

ib)

{c)

{a}

(b}

What are the constants of wmotion of the object?

What relations determine whether the trajectory s an allipse,
hyperbola, or a parabola?

For sach type of possible trajectory, derive the distance of closest

approach ?im

Efgenstates of the Hamiltonlan are often called "statiomary states”.
Justify this by showing that F |v» is an efgenstate of emergy. then
<?15{¥> is independent of time Tor any eoperator which is not expiicitiy
2 function of time (f.e.. does not coatain time in its definition).

in the enevrgy representation of the one-dinensicnal harmonic
osciliator an operator A can be defined by
A jnr = T {ntlr - e~
(3} Is A Hermitian?
{41} Are a1l the eigenvalues of & real?

{§%4) Set up the eigenvalue prebiem for 5 4n the above representation.

{tv} Solve this equation for the unnormalized elgenfunctions of A
in the spacial case of elgenvalue zers.



4. A one-dimensional osciilator of frequency » is perturbed by the addition

of & potential vi{u) = %—mmxgu

{18) {a) Use nen-degenerate perturbation theory o Find the energy of the
ground state ub £o second ovder in A.

{ 8) (b} The exact selution is easy to obiain for this potential. Expand
¢he exact ground state energy in powers of X and compare with the
perturbation result of part (a).
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( 8)

5.

{s) Find the slectrostatic Green's funcitions Tor the infinite half-gpace

{b]

detined by % 2 U and subject to .

{1} Dirichies {*first kind") boundary conditions Gziﬁaﬁ‘} “ {}
for %' on $.

{2) Heumarnn {"second kind™} boundary conditions

%%Tw~{§;§*} = § for X' on S.

Verify that vour functions satisfy the boundary conditions and the
defining equation

708 BRI Y = wdgs (F-X')

Use the appropriate Green's Tunction from above to solve the following
problem: The infinite y-z plane 15 covered by a conducting sheet. A
strip of this sheet of width 2b 13 raised to a potential ¥V, and is
insuiated from the rest of the shest, which 15 grounded. Find the
potential distribution for x0. HOTE: You need not work out the
final intagrals.
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&, Consider the coplanar double pendulum in 2 uaivorm gravitational flield

s %,

W
¥

where the two masses are connected by masstess vigld rods that are free
to move only in the x-y plane.

(7} {a} Define a complete set of generalized ceordinates for this davice
1 and construct the Lagrangian in terms of these wariables.

{ 6} (b} Find the eguations of motion.

[ 73 (¢} For My = Wy =W Ay T Ly = & and swall displacements from equilibrium,
what are the freguencies of the normal modes?
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