PEYSICS DEPARIMENT COMPREHENSIVE EXAMIVATION #22

Oetober 11, L1975

Generst. Instiructions

This Comprebensive Examinstion for Fell 1975 (#22) consists of six
problems of equal weight {20 poinbs sach). Half of the problems are
Judged bo be at intermedleite undergraduste level, the other halfl at
gvaduste level. Work carefully and show all your sbeps so that partial
eredit cen be glven liberally in case you do not complete a problem.
Use no serabeh paper; do ell work in the bluebook. using one pluebook
per problem. |

If somebhing is omitted from the stebewent of the problem or you
Peel there ave swhiguibies, plesse get up and ask your question quietly
and privately, so as nob to disburd the others. Pub sll meterlals,
books, and pupers, exeept pencil apd bluehook, en the filoor,

Some infoymation you mey find wseful:

logHl = Hieg N -0 Ne»d,

A, el E
§m = 2 ban™} ()
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1. The entropy of 2 sysbew in thermodynamic equilibrive mey be defined

b 8= ka %pi log B; where 1 ig the probabllity thaet the system

will be found in the ith ghate, kB ig Boltzmenn's constant, and the
sum ig taken over all stabes of the systen.

The guanbitles Py sre found by the condition that they maximize
the entropy function subject Lo the normelization side condibtion plus
sny other gide conditionsg thab specify knowledge aboub the system. In
the importent case thet the mean value of the energy of the system con-

stitubes a comstraint the By take the values
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where Ei is the energy of the i sgtate of the system, 8

=w—-3-:~d

kﬁf
with T +the bempersbture. When the Py have this form they are called
the stabe probebilities of 2 canonical ensemnble.

(10} &) Starting frowm the definition of enbropy given above and defining
the partition function, Helwboliz free energy and the mesn value
of the energy, show thet for e canonical ensenble

P=sE-TS
where T i the Helwmholtz free energy, and

E is the mean valus of the energy.

{10} b} Starting from the definition of entropy given above and by defining
presgure, show that for 2 aanonical epgenble
' TGS = AL + PAV

where P is the pressure spd V is the yolume of the sysben.
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2, Counsider & particle of mass » moving in the following one-dimensional

pobentlial: “
AN
V(x)
0 - X e
"“”WOI M ]
o 8
a) Find an eguabkion from which the allowed wound, energy eigenvalues of

b)

a)

b)

the particle may be determined.

Fipd the ccndition uvnder which exactly n bound stebtes exist.
(HINT: Use a graphicael method.)

An infinite line cherge with linear demsity XA is located a distance
zy above an infinite grounded condueting plane. Find the electric
potential everywhere above the plane.

An infipitely long strip of width & is charged to a potential Vg
and rests upon {but is insuleted from, of course) an infinite grounded
copducting surface. (See disgram.) Find the electriec potential
everywhere in the region 2>0 .

(HINT: Use the result from part &.)
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k. Consider a gas tight but frictionless piston of swall but nop~neglisgible

thermal conductivity which is free to slide in 2 thermally iasulated

eylinder. AN AT 0 A AN A A
/ : ¢

A Gip-> B 7
A

4

.
T e g

Compartments A and B each combain a mele of an ideal monatomic
gas. Initielly the temperature of ths gas in compartment A& is T, '
and that of the gas in compartment B is 3T, . Moreover, the system
igs initially in mechenleel equilibrium.

After 5 long time the systew reburns to mechanical equilibrlium and

veaches thermal equilibrium as well.

¥ .

( 2) a} Compube the ratio of volumes ﬁé' in the initisl end Final states.
B

( 3) p) VWhat is the final temperature of the gas in each compartment?

{ 4) ¢c) Compute the entropy difference between the final and initial stabes.

Suppose we redesign the apparatus so that the heat transievred
across the pisbton tokes plece reversibly with the cylinder still thermally

jpeulated From itz surroundings. Such en spperatus might look like
string T D B ]

£
pulley w—pa{o} Y

iy, e o

2]
A AL DA

adjustable mgsﬁ,mwﬁbrmM 

{ 8) a) Under these veversible conditions what would be the final tempersture
of the gas in each compartment?

( 3} s} How much work would he done in this reversible process?



5. A gystem hag the Hemiltonian

g il :
H = H, + V(x) cos ate ltl {a>0)}

where o 1s small. Hy is time independent with energy levels E,
and corresponding wavefunchions ‘l’n@} o =0,21,2, - . .} andat

e
time © = ~»  the system is in the state ¥ (x).

{18) 2} Tind, to lowemt order in V(¥), the probability thet at time t = «
the system is In the gbate ‘i’.migg} {m # 0). Show thet it is
proporbional to & function f{w,u} which hes the properties

[<e]
1im flw,a} = ¢  for A ¢ E B and yf(w,m)dm = 1
o0 »-

{ 5} b) How would you find the probability of the system's remaining in the

state *zfc(?é’} at £ = e
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L% temperaiures helow 1000% the hydwogen molecule (H,) con be regerded
08

Cas & rigld rotator. The total wavelupebion Ffor such a moleculs csn be

writhen

b J M e
YR LR YU {e,e) ¥ (R, LR,
( i B} ot ) " (‘A' B}

T, N ) W
where W?ﬂ% 18 a robabional wavePunetion with elgenvalues é;édiaﬁﬁj
" - } . . o 3

and ?N fa bhe ouclaar spis wavefunetion. Here, RA and

.,,&1
RE vefer to the coordinstes of tha bwo nuclel, .4 are the polar and

o Fe . s . . .
szimubbal angles of ﬁA - ﬁéﬂ J, M sre the good guentunm numbers of the

robetional shabes, and tﬁ im bhe noment of inertis of the molecule.

a) What is the effect of the operator P, (the operetor vwhich permutes
X

the nuslear coopdinabes) on

i} the total wwelfunchion Y
J M
rob

o

i) the rotabional wavefunchion ¥

b} If « ond & are the eigenfuccbions of the spin operator 5 ,

. e
1.8 8 o= e
+ b 2&%
s
B
8 B w =
zﬁ Eﬁ

1igt the pospible muclser spin wevefunsiticus in berms of m{Ba)gﬁ(RA}
m{BBE,EQEB} . Label esch owelear gpin waveluwnetion by its Sotel
angular pomentun T and its projectlon iy .

=]

. . . o M
e} Vhebh cowbinsbions of ??éﬁ

reguirement for ¥ 7 Whet restricltiocns doss this place on the sllowed

and %W wiil sahizfy the overall symmebry
i)

energy levels for the moleculs. Skeboh & Tew of Bhe lowest lying levels

indicativg the quantim mombers J.1 associated with them.

{NOTE: The lowest lying level iz sgsociated with perahydrogen and

the next higher with orthohydrogen. )

a) Write down [but do not abbemph to sum) the rotatiocnal partition
funcbion fop
1}  orbhobydrogen
11i)  parabvdrogen.
why doer ope distinguish between the bwo kindz of hydvogen iun writing
a partition function insbesd of mevely writing cue parhition function

for "hydrogen'?



( 6)

{ 3)

e}

)

—_

Write the partition function for a ges of IIO mplecules of
orbhohydrogen and Np molecules of parahydrogen. ‘F‘rom the parbiiion
function of the orthowpare mixture derive ap expression which gives
the equilibrium ratic of ortho hydrogen to parahydrogen at any

temparature T .

Describe briefly how thig analysis would have to be modified for s
discussion of Dé3 . HD .
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