OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #114

Monday, September 24 and Tuesday, September 25, 2012
Fall 2012 Comprehensive Examination
PART 1, Monday, September 24, 9:00am

General Instructions

This Fall 2012 Comprehensive Examination consists of eight problems of
equal weight (20 points each). It has four parts. The first part (Problems 1-2)
is handed out at 9:00 am on Monday, September 24, and lasts three hours. The
second part (Problems 3-4) will be handed out at 1:00 pm on the same day and
will also last three hours. The third and fourth parts will be administered on
Tuesday, September 25, at 9:00 am and 1:00 pm, respectively. Work carefully,
indicate your reasoning, and display your work clearly. Even if you do not
complete a problem, it might be possible to obtain partial credit—especially
if your understanding is manifest. Use no scratch paper; do all work in the
bluebooks, work each problem in its own numbered bluebook, and be certain
that your chosen student letter (but not your name) is inside the back cover
of every booklet. Be sure to make note of your student letter for use in the
remaining parts of the examination.

If something is omitted from the statement of the problem or you feel there
are ambiguities, please get up and ask your question quietly and privately, so
as not to disturb the others. Put all materials, books, and papers on the floor,
except the exam, bluebooks and the collection of formulas and data distributed
with the exam. Calculators are not allowed except when a numerical answer is
required—calculators will then be provided by the person proctoring the exam.
Please return all bluebooks and formula sheets at the end of the exam. Use
the last pages of your bluebooks for “scratch” work, separated by at least one
empty page from your solutions. “Scratch” work will not be graded.
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A system consists of n identical simple pendulums of length I and mass m
which are suspended along a straight line and which swing in planes per-
pendicular to that line. The deviations from the vertical are measured by
angles ¢;. The pendulums are coupled by harmonic forces in such a way
that the torque acting between the i-th and (¢ + 1)-th pendulum is given by
—k(¢iy1 — ¢:). The line of suspension may be thought of as realized by a
torsion bar. The chain is fixed at both ends and we formally add two more
motionless pendulums at either end of the bar, which we label with numbers
0 and (n + 1). This means that the angles ¢g and ¢, are taken to be zero
at all times. In this problem the deviations (angles) ¢; are not small!

{net)

(0}

a) Construct the Lagrangian of the system and derive the equations of
motion. Analyze the equations of motions in two cases: (i) when gravity is
ignored, g = 0 ; and (ii) when k£ = 0.

b) No longer neglecting g or k, solve the equations of motion in the case
of small deviations from the vertical. Find the eigenfrequencies and nor-
mal modes. You may first solve these equations for two or three moving
pendulums or directly for n. Describe the slowest mode.

c) Let the horizontal separation of the pendulums be d, so that the length

of the chain is L = (n + 1)d. Consider the transition to the continuous
2

system by taking the limit n — oo and d — 0. Keep v = k;dlz finite in the
same limit. Take the continuum limit of the equations, where the countable
variables ¢ (t),...,¢n(t) are replaced with the continuous variable ¢(z,t)
and z is taking over the role of the counting index, which runs from 1 to n.
Use the fact that

o9

(Gix1 — i) = d—=
o Oz z=id+d/2
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Consider a thermally insulated box containing two monatomic ideal gasses, sep-
arated by an impermeable barrier.

. . -... ® ¢ ®
R )
.
ST e .. ..
. ° . @ P
B . ® ®

On the left of the partition are Ny atoms of a small atom type S, stored in
volume V; at temperature Tp. On the right side of the partition are Ny atoms
of a large atom type L, which occupy volume V; and are in thermal equilibrium
with the smaller atoms on the left side of the barrier.

(a) What is the pressure on each side of the partition?

(b) The barrier between the two sides of the box is now made permeable to
the small atoms only, while remaining impermeable to the large atoms on
the right side.

After the box has reached equilibrium, what will be the pressure on each
side of the box? What is the ratio between this pressure and the initial
pressure?

What is the change in entropy of the system (defined as everything in the
box) between its initial state and its equilibrium state with the permeable
membrane?

(c)

Now we will slowly move the very thin, permeable partition to the left
side of the box, until it reaches the left-hand wall, at which point there
will be only one enclosure with volume equal to 2V;.

(d)

-

At this stage, what is the pressure in the box?

(e) What is the change in entropy of the system (enclosed by the box) as a
result of moving the permeable membrane to its edge?
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Consider a thermally insulated box containing two monatomic ideal gasses, sep-
arated by an impermeable barrier.
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On the left of the partition are Ny atoms of a small atom type S, stored in
volume Vj at temperature Ty. On the right side of the partition are Ny atoms
of a large atom type L, which occupy volume Vp and are in thermal equilibrium
with the smaller atoms on the left side of the barrier.

(a)

What is the pressure on each side of the partition?

Solution:
We can find the pressure on the left side using the ideal gas law:

NokpTy

- )

Dleft =
The temperature is equal on each side, since the two sides are in thermal
equilibrium. Thus we find that the pressure on the right hand side is the
same (since the volume and number are also the same):

NokpT
Pright = OVB_O (2)
0

The barrier between the two sides of the box is now made permeable to
the small atoms only, while remaining impermeable to the large atoms on
the right side.

e® ©® o ..

e '®° @
° ' ® ..-

. @

j ‘e e
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After the box has reached equilibrium, what will be the pressure on each
side of the box? What is the ratio between this pressure and the initial
pressure?

Solution:
We will again use the ideal gas law, but this time we will need to work out
the number of atoms on each side of the box, as well as the temperature.

The temperature is pretty easy, since no work is being done, and the box
is insulated. This means that by the First Law, the internal energy of the
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(c)

system cannot change. Since the internal energy of an ideal gas is only
dependent on temperature, we can conclude that the temperature has not
changed.

The number of atoms on each side is also relatively straightforward. The
number of large atoms is unchanged, since they cannot move. The small
atoms will arrange themselves so as to maximize entropy, which will result
in an equal number of small atoms being on each side of the partition,
this being the “least ordered” state, which means there will be No/2 small
atoms on each side of the partition. Thus we find that:

NokpT
Dleft = L‘—/g—o (3)
1
= 5Po (4)

The right side has both big and small atoms, so it gets a pressure of:

Ny + No kpT:
Pright = (__9___%_9_ (5)

3
= - 6
5P0 (6)
What is the change in entropy of the system (defined as everything in the
box) between its initial state and its equilibrium state with the permeable
membrane?

Solution:

Finding AS requires that we find a reversible path from the starting point
to the ending point. One way of doing this uses two separators, one of
which is permeable to small atoms but blocks big ones, while the other is
permeable to big atoms but blocks small ones (don’t ask me how!).

i ®
. . e 9 (e
. o1 ® [ ]

t
A . . @, ®
| e
' e @

We can now use the one separator to keep the big atoms on the right,
while the other one slowly moves to the right, allowing the small atoms to
fill the entire container. We want to do this isothermally, since the initial
and final states have the same temperature.

We now want to solve for AS using

AS=/%Q %

Q
=T )
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where the latter equality came about because the temperature is fixed.
We can solve for @ using the First Law (and the fact that for an ideal gas
the internal energy only depends on temperature):

AU =Q+ W )
0=Q— / pdV (10)
Q= [pav (11)
[ NksT
- / 24y )
v ,
= Nk [ 5 (13)
= NICBT In g—‘é (14)
Vo
= NkpTIn2 (15)
AS = Nkgn? (16)

We could alternatively have gotten the same answer from a statistical
approach, but that seems harder to me.

(d) Now we will slowly move the very thin, permeable partition to the left
side of the box, until it reaches the left-hand wall, at which point there
will be only one enclosure with volume equal to 2Vj.

. ] . e - ©
.:0..'.' . e
(1 . ® [ ]
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At this stage, what is the pressure in the box?

Solution:

Since work is being done on the partition in this case (and the system is
thermally insulated), the temperature is going to change. Once we find
the change in temperature, we will know what the final pressure is. To
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find the final temperature, we just need to find the amount of work done.

3 3
U= 'iNsmaIlkBT + '2‘Nla,rgekBT (17)
= 3NkgT (18)
So let’s look at what the work is (keeping in mind dS = 0 for this adiabatic
process).
dU =TdS — pdV (19)
= —pdV (20)
NkgT
=— dav 21
2 (21)
= 3NkpgdT (22)
dv dTr
=3 (23)
av dT
v = /3? (24)
Vi _ i
In v 31n 2 (25)
Vi _ Ti3
In v In T3 (26)
Vi _ T}
Vo T}g‘ (27)
V.
T =T~ 28
f i Vf ( )
3
o> (29)
T.
Ty = — 30
f \3/5 ( )

Now that we have the final temperature, we can use the known volume
2V and number of atoms 2N with the ideal gas law to find the pressure.

_ 2NkpTy
1 NkgTp

= 32
7 Vo (82)
Do

=L 33
72 (33)

So the final pressure is /2 smaller than the initial pressure.

(e) What is the change in entropy of the system (enclosed by the box) as a
result of moving the permeable membrane to its edge?
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Solution:

Since this is a reversibale, adiabatic process, AS = 0.



Problem 3 Monday afternoon 13

Consider an experiment in which a moving charge g is monitored using a detector at point A as

illustrated below.

Q

z,(t)

T

%
>

The moving charge has fixed value g and moves through a liquid with relative dielectric constant g;. The
detector is inside a semi-infinite dielectric slab with relative dielectric constant &,. The charge g is
constrained to move along an imaginary line (dashed line in the Figure). This imaginary line is
perpendicular to the dielectric interface and passes through point A. The detector at point A is sensitive
to the local electrostatic potential. Assume a “perfect detector” that does not modify the electrostatic

potential that is being sampled.
a) What boundary conditions does the electric field satisfy at the dielectric interface?
b) Solve for the electrostatic potential ¢(r) on either side of the dielectric interface.

¢) Find an expression for Ad, the change in electrostatic potential at point A, when the charge moves

from z; to z; + 8.
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Two identical spin-1/2 particles in free space undergo mutual spin-spin interactions described
as

H=a81‘82

where S; and S; are the spin angular momenta of the two particles, and a is the coupling
constant. Spin measurements on the individual particles at t = 0 determine the initial state of
the two-particle system as

(e =0)) = I+ -)
indicating that the particle 1 is spin-up and the particle 2 is spin-down.
(a) Find the state vector at an arbitrary time t.
(b) What is the probability that the particle 2 is spin-up at t?
(c) Find how the expectation value of S, evolves in time.

(d) What about the expectation value of S, = Sy, + 55,?
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P4. Two identical spin-1/2 particles in free space undergo mutual spin-spin interactions
described as
H=aS,"S,

where S; and S, are the spin angular momenta of the two particles, and a is the coupling
constant. Spin measurements on the individual particles determine the initial state of the two-
particle system att = 0 as

Y =0)=|+-)

indicating that the particle 1 is spin-up and the particle 2 is spin-down.
(a) Find the state vector at an arbitrary time t.

(i) Energy eigenstates

The four uncoupled states, |+ +), |+ =), |— +), |— =), form a set of basis vectors, but they are
not the energy eigenstates. The Hamiltonian can be rewritten as
a 1 3
H==[s?—S5?—§2 =—-a(52 ——h2>,
2 [ 1 2] 2 2
thus eigenstates of the total angular momentum S? are simultaneously energy eigenstates of
the two-particle system. For s, = 5, = -21-, s can take only two values: s = s, + s, = lor

s = |s; — s,| = 0. The energy eigenstates are

for triplet (s = 1) with energy eigenvalue E; = %a [s(s + 1A% - ;hz] = i—ahz
|s=1ms=1)=[++)

1
s=1m,=0)=—(|+=-)+ |-+
[s=1mg=—-1)=|—-)
and for singlet (s = 0) with energy eigenvalue E; = —%ahz
1
s=0mg=0)=—=(|+—-)— |-+
I s =0) ﬁ(l )=|=+))

(i) Time evolution

The time-dependent state vector is obtained by applying time-evolution operator to the initial
state:

—%El t

() = e T pte = 00) = (¢ F L0 + e 00) ) =

e 5 (11,0) + ei=t|0,0) )
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(b) What is the probability that the particle 2 is in the spin-up state at t?

The state vector can be expressed in terms of the uncoupled states:

() =2 \77 (|10 + ei[0,0))
—%Elt 1 . 1

1 _i . )
= Ee"ﬁEI’[(1 +el) |4 =) + (1 = el |— 4)] = (D) + =) + 20 (D |- +)
The probability for the particle 2 being spin-up at t is

1 . ah
le2y (D)2 = le - e“"f‘t|2 = sin? (—2-t>

(c) Find how the expectation value of S, evolve in time.

(5)(®) = WIS (D))
g

e
Szw)(t)) = \/-2—
Thus, (S,)(t) =0

(S, 11,0) + 5,10,0)) =0

(d) What about the expectation value of S, = Sy, + 55,7
(Sa)(@®) = WD @)

h h
Sel+ =) = Suelt =) + Spel =) = 2= =) + 1+ 4) = 5 (LD +]1,-1)

similarly, S;|— +) = 2(|1,1) + |1, —1))

=3

Thus, (1,00 = 2= (Si [+ =) + Sl = ) = Z(111) + |1,-1)
and 5,0,0) = %(sx [+ =)= Se|—+)) =0

Then,

%Elt

V2

(5:(8) = WOISRPO) = == ((L0] +e7%0,0]) ge-%w(u.n +elM|1L,-1)) = 0
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We consider air hockey in the quantum limit. Imagine that a hockey puck (a solid disk of radius
a and mass m) is placed in a hockey table (2-dimensional infinite potential well of two equal
sides 4a, i.e., the puck can move only in a 2a X 2a square) as shown in the figure below.

| {0 inside
Vi) = {oo outside
V = o0 oo
P
/4
/;/
/;/ 4a
/} 4
V4

(a) Write down the Schrédinger equation in terms of (x, y, ¢) coordinates. Find the energy
eigenvalues and eigenfunctions.

(b) Identify the energy eigenvalues and eigenfunctions of the five lowest energy levels. Note
that an energy level can be degenerate. Determine the degree of degeneracy for the five
energy levels.

(c) Someone tilts the table a little so that the potential linearly increases along the x-axis, i.e.,
V(x,y) = 0 at one edge and V (x,y) =V at the other end at the potential well,
where V, is small compared to the energy eigenvalues acquired in (b). Make first order

corrections to the three lowest energy levels. The following integrals may be useful:
2
X 1 1
f xsin®xdx = = §cos(2x) —7% sin(2x)

f x sin(x) sin(2x) dx = I1§[9 cos(x) — cos(3x) + 12x sin®(x)]



Solutions to problem 5 Tuesday morning 22

P5. We consider air hockey in the quantum limit. Imagine that a hockey puck (a solid disk of
radius a and mass m) is placed in a hockey table (2-dimensional infinite potential well of two
equal sides 4a, i.e., the puck can move only in a 2a X 2a square) as shown in the figure below.

[£2]

Vo) = |

&

0 inside 1
o outside 1
i

i

4a

(a) Write down the Schrédinger equation in terms of (x, y, ¢) coordinates. Find the energy

eigenvalues and eigenfunctions.

Since the translational motion is confined within a 2a X 2a square, we can write the

effective potential as

0 0<x,y<2a
V,rr(x,y) =
efr (6.7 {00 otherwise
The Hamiltonian consists of translational and rotational energies in addition to the
potential:
2 2
Px |, Py
H=—>=+2+
2m  2m

L
T Verr(x,y)

hd hd hd . N 1
where p,, = T =g and L, = Ta with moment of inertia I = Emaz.

Then, the Schrodinger equation is written as

2 (d* d* 2 d?
-3 (g + )+ Vorr o) 9030 = B .9
Applying separation of variable and the boundary conditions, (x = 0) = Y (x = 2a) =
Yy =0) =¢Y(y = 2a) = 0 and Y(¢) = Y(¢ + 21), we obtain the normalized
eigenfuctions,

lpnx,ny,mz (x,y,¢) = Xn, (x) Yny » D, (¢)

. v 1. 1
where X, (x) = ‘/-%sm (%x), Y, (x) = 7=sin (%y), and ®p, (@) = Ee"”zq’
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with the three quantum numbers, n,, n, = 1,2,3,-- and m, =0,+1,£2,--.

The corresponding energy eigenvalues are

hz 2 hz 2 hz 242
Enimym, = ﬂ(%rclz—x) + '2?(-”2%) + gma2

8
2 2.4 .2 2
= n+n+-—-—m)
ma? * (x Yo o2 7

(b) Identify the energy eigenvalues and eigenfunctions of the five lowest energy levels.

Note that an energy level can be degenerated. Determine the degree of degeneracy for

~

the five energy levels.

Energy level Ny | ny | my e m2h?
nx,ny,mz/m
1 1 1 2
2 1 1 +1 2.81
(2-fold degeneracy) -
3 1 2 0 5
(2-fold degeneracy) 2 1 0
4
(2-fold degeneracy) . 1| £2 >-24
5 1 2 +1 581
(4-fold degeneracy) 2 1 +1

The eigenfunctions of the five levels are

Level-1
1  m gm
P110(x,y,¢) = -a—‘/z_—;sm Ea-x) sin (-Z-E_y)
Level-2
1 T T i
= 1 P : —_— il¢
Y114, ¥, ) amsm (Za x) sin (Za y) e
Level-3
1 . T LT
Y1241(x, ¥, P) = Z—\/T—;Sln (Ec-z_x) sin (;y)
Vo1 (03, 9) = —=sin (S ) sin (=)
XY, = sin|—x ) sin{—
2 y a\/ﬁ a a y
Level-4
1 T P »
= in{— in{— +2i¢
Y1142y, @) = amsm (Za x) sin (Za y)e
Level-5

Y1201 (X, 7, ¢) = a\;z_nsin (E”a—x) sin (gy) etid

1 T 2 )
= i — i — tig
¢Zlil(xJYl¢) amSln (a x)Sln(a .V)e
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(c) Someone tilts the table a little so that the potential linearly increases along the x-axis,
i.e.,, V(x,y) = 0 at one edge and V (x, y) = V, at the other inside the potential well,
where Vj, is negligibly small compared to the energy eigenvalues acquired in (b). Make
first order corrections to the three lowest energy levels. The following integrals may be
useful:

x2 1 1
.2 = —Zxsi
fxsm x dx 2 8cos(2x) 4xsm(Zx)

f x sin(x) sin(2x) dx = —1%[9 cos(x) — cos(3x) + 12x sin3(x)]

The perturbation Hamiltonian can be written as

V, V
H, = —4(-)-+4—°x 0<x,y<2a
Ooa otherwise

(i) The first order energy correction for the ground state (level-1) is

2w p2a p2a
AE;;0 = (110|H,|110) = f f Yl10H1WP110 dxdyde
o Jo Jo

V() Vo 2a .9 T
_-2-4-153 | X sin (Ea-x)dx
— VO VO (za an' 2 _ T
——Z+Z(_17 ?) o nsin®(n) dn, where 7 =oox
Vo Vo r2a\*[n? 1 1 ™y,
4 +4a2(7r> 7 8cos(ZTl) i sin(2n) =3
(i) Level-2

This energy level is degenerated with two rotational states, but the perturbation affects

only translational energy. The two states have the same first order energy correction.

2w p2a p2a
My = (£ E) = [ [ [ Yl Hipirss dudydg
0 0 0

Vo Vo -[2“ T
=4 — xsin?(—x)dx =—
4 4a? ), (Za ) 2
(ii) Level-3
We have to apply degenerated perturbation theory for this level. First, we calculate the

four matrix elements:
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Vo, Vo [ (™ Vo
{120|H,|120) = Z+mfo x sin ('27'9() dx = >
VO VO 2a . 2 A
{210|H,|210) —Z—+Z-(-1—2 | x sin (;x)dx
Vo Vo ,anz[n® 1 1 oy,
=3 tia(m) |7 —gnsn@n)| =5

{120|H,]|210) = (210|H,|120) = 0 because the y-axis basis Yny(y) are orthogonal. The

perturbation is diagonalized in this 2 dimensional subspace,

Hy = (Voo/ i VOO/Z)

i.e.,

Vo
AE 50 = AEy1p = E‘
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Consider a protein that has two conformations, square and circular. The square
conformation has a multiplicity of two—meaning that there are two distinguish-
able ways that the protein may assume a square conformation that is identical
in every other way.

(a)

(©)

(d)

K__/—Y\_J\/V\J

What is the entropy of a system consisting of IV protein molecules, of which
Np are square and N are circular? Please only consider the entropy
arising from the conformation of the molecules (e.g. neglect entropy of
orientation or position). Moreover, you may assume that the protein has
no internal degrees of freedom in either conformation, apart from the
above-mentioned multiplicity of two in the square conformation.

Derive an expression for the ratio No/Np if the energies and volumes of
each configuration are identical, using the Second Law and your expression
for the entropy of the proteins.

Now consider the scenario where the energies the two conformations dif-
fer (em # €p), but their volumes are identical (Vo = V(5). Derive an
expression for Ng/Ng as a function of temperature and pressure.

Finally, consider the scenario where eq # €0, and Vg # V5. Derive an
expression for Ng/Ng.
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Consider a protein that has two conformations, square and circular. The square
conformation has a multiplicity of two—meaning that there are two distinguish-
able ways that the protein may assume a square conformation that is identical
in every other way.

(a)

(b)

What is the entropy of a system consisting of N protein molecules, of which
Np are square and N are circular? Please only consider the entropy
arising from the conformation of the molecules (e.g. neglect entropy of
orientation or position). Moreover, you may assume that the protein has
no internal degrees of freedom in either conformation, apart from the
above-mentioned multiplicity of two in the square conformation.

Solution:
The entropy is most easily found using the formula

single-particle microstates

S = —Nkg Z PilnP,; (34)
= —Nkg ( DllnPDl+PD21nPD2+POIHPO) (35)
:—ng(% n——+—1 PD+PolnPO> (36)
= —Nkp (PD In— + Poln PO> (37)
= —Nkg ((1 — Po)ln——L + Poln PO> - (38)

where P = No/(Ng + No).
We could also have obtained the same answer by the S = kg In W defini-
tion, using Stirling’s approximation and a bit more math.

Derive an expression for the ratio Nj/Nq if the energies and volumes of
each configuration are identical, using the Second Law and your expression
for the entropy of the proteins.

Solution:

The Second Law states that the entropy of a system plus that of its sur-
roundings cannot decrease. Thus this combined entropy must be at a
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maximum for a system in equilibrium with its surroundings. We have al-
ready established the entropy of the system, so we need only find how the
surroundings will change in entropy and then maximize the total. Since
there is no energetic or volume difference between the states, the surround-
ings aren’t changed when N changes, so the entropy of the surroundings
doesn’t change, and our life is easy.

%syos ~0 (39)
-—N-}c;‘fl*ijg ~0 (40)
0=—mi=f0 1 mpy+1 (41)
=InPo—In 1 _2PO (42)

=1In 12_ng (43)

1= 12_P]?O (44)

]—]\‘% =2 (45)

Of course, it is also correct to get this answer by arguing that each mi-
crostate is equally probable in this case. But that wouldn’t help as much
for answering the following questions.

(c) Now consider the scenario where the energies the two conformations dif-
fer (eg # €p), but their volumes are identical (Vg = V(). Derive an
expression for Ng/Ng as a function of temperature and pressure.

Solution:

This problem is much like the last, with the difference that a change in Pq
will now change the surroundings, since there is an energy difference (and
energy is conserved, as the First Law requires). The change in entropy of
the surroundings is actually quite simple using the First Law:

AUsyrr = Q +W (46)
= /Tdssurr - /pdvsurr (47)
= TASsurr - pAVer (48)

Here I have used the thermodynamic identity, and the fact that the sur-
roundings are at a given pressure and temperature (as stated in the prob-
lem), and can be taken to be much larger than the system (so T and p are
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constant). Since the volume doesn’t change, the work term vanishes (but
will be relevent in the next section), and we have an expression:

ASyury = 20 (49)
T o0
T 61
= -7 o —<0) (52)

Now we will invoke the Second Law as we did before, and maximize the
total entropy

_ dSsys | dSseurr

= —5 (53)
dPo ' dP,
2P N
—-—Nk:Blnl_PO ——-1:(60-6|j) (54)
2NO
In Ne = B(eo —en) (55)
No _y8eo-cn) (56)
No

Clearly this is just the familiar Boltzmann factor, along with the extra
degeneracy term.

(d) Finally, consider the scenario where eq # €0, and Vo # V5. Derive an
expression for No/Ngy.

Solution:

This last solution is essentially like the previous one, except that we don’t
drop the —pAV term that showed up in Equation 48.

_ dSsys + dSsurr

0="3p5 *ar;, &7
_ 2Fq N Np
= —Nkgln— PG T (€o—eo)+ - (Vo —Va)  (58)
2N,
In é) =B (eo —en) —pB (Vo — Vi) (59)
Mo _ 5 8(comco)-p(Vo-Va)) (60)
No

(61)
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As you can see we now have the enthalpy sitting in where the energy
normally lives in the Boltzmann factor. We could alternatively convert
the multiplicity factor of 2 into an entropy difference (which would move
up into the exponential), which would put the Gibbs free energy into the
Boltzmann factor. Yay.
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In the Bohr model of the hydrogen atom ground state, the electron moves in a circular orbit of radius
o = 0.53x107° m around the proton. The proton is assumed to be rigidly fixed in space. Since the
electron is accelerating, a classical analysis suggests that it will continuously radiate energy, and

therefore the radius of the orbit should shrink with time.

Question: Assuming that the electron is a point charge and always in a nearly circular orbit, and that
the rate of radiation of energy is sufficiently well approximated by classical, nonrelativistic
electrodynamics, how long is the fall time of the electron, i.e., the time for the electron to spiral into

the origin?

e When answering the above question, you are encouraged to make appropriate estimates and
approximations. It is acceptable to have a final answer that is off by a factor 10.

e Dimensional analysis can give you an equation for energy radiated by an orbiting charge. Such an
equation would be correct to within a multiplicative constant. Note that the energy radiated by a

charge moving in a circular orbit depends on

w, the angular frequency of the orbit,
p, the effective dipole moment of the orbit
¢, the speed of light

g0, the vacuum dielectric constant
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A skyhook is an orbiting ‘elevator’ of length L extending radially from a fixed
location just above the ground at the equator of the Earth. It is not attached
to the earth (of radius R), so the only force is gravitational. Thus the angular
velocity of all locations on the elevator is the same as that of the earth.

a) Idealize the orbiting elevator as a (thin) rod with uniform mass density
p and cross sectional area A.. Calculate the required length of the elevator
relative to the radius of the earth, i.e. L/R, and give a quantitative estimate.

b) Estimate the maximum stress (force per unit area) induced within the
rod. Could it be made from ordinary materials, which fail at a stress of ~ 108
Nm™2?

Ezplain any approzimations made. All answers need only be accurate to one

significant figure (less than 10% error).

Possibly relevant constants and parameters for the earth:
G~ 6.7x 107" m3kg~'s7?
For the earth:

Rr64x10°m M~60x10%kg g~98ms™

Use appropriate common sense estimates for any other numbers you might
possibly need.
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