OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #112

Monday, January ¢ and Tuesday, Januaxy 16, 2012
W“ Fat2012 Comprehensive Examination
PART 1, Monday, January 9, 9:00am

General Instructions

This Fall 2012 Comprehensive Examination consists of eight problems of
ecqual weight {20 points each). It has four parts. The first part (Problems 1-2)
iz handed out at 9:00 am on Monday, January 9, and lasts three hours. The
second part {Problems 3-4) will be handed out at 1:00 pm on the same day
and will also last three hours. The third and fourth parts will be administered
on Tuesday, January 10, at #:00 am and 1:00 pm, respectively. Work carefully,
indicate your reasoning, and display your work clearly. Even if you do not
complete a problem, it might be possible to obtain partial credit—especially
if your understanding is manifest. Use no scratch paper; do all work in the
bluebooks, work each problem in its own numbered bluebook, and be certain
that your chosen student letter (but not your name} is inside the back cover
of every booklet. Be sure to make note of your student letter for use in the
remaining parts of the examination.

I something is omitted from the statermnent of the problem or you feel there
are ambiguities, please get up and ask your question quietly and privately, so
as not to disturb the others. Put all materials, books, and papers on the floor,
except the exam, blusbooks and the collection of formulas and data distributed
with the exam. Calculators are not allowed except when a numerical answer is
required—calculators wiil then be provided by the person proctoring the exam.
Please return all bluebooks and formula sheets at the end of the exam. Use
the last pages of your bluebooks for “scratch” work, separated by at least one
empty page from your solutions. “Scrateh™ work wili not be graded.






Problem 1 Monday morning 3

Consider the following normalized wave function for a free particle with mass -
moat =10

: 1 S 72
D(F,t = 0) = —eiorTem i (1)
mEod

ERRATUM: The above equation has an error, and is not normalized and indeed
has the wrong dimensionality. The equation should be:

Y7t = 0) = —memeto e @

n# o

Because of this mistake, certain portions of the exam were graded more leniently
than would otherwise be the case. Unfortunately, no students cought the mistake.

(a) What is the expectation value of the energy of this particle?

(b} What is the expectation value of the momentum of this particle?
(c) What is the uncertainty in its momentum?

{d} Solve for the wave function ¥(k, t = 0) in momentum space.

(e) Write down an expression for wave function as a function of time and
space. If your expression involves an integral, you need not perform this
integral.

For this problem, the following integrals over all space may be heipful:

fjfe””zdﬂz w (3)
/f/uze”"‘zdﬁm—w st 1)

ey
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Consider the following normalized wave function for a free particle with mass

% 5)

matt=0
1 e‘c‘.kg‘f‘e*m

w,t = ) ———
WEE=0) = ——
ERBRATUM: The above equation has an error, and is not normalized and indeed

(6)

has the wrong dimensionality. The equation should be
1 eik‘;-#emg‘;

Y =0) =~
WL

Because of this mistake, certain portions of the exam were graded more leniently
than would otherwise be the case. Unfortunately, no students caught the mistake

a} What is the expectation value of the energy of this particle?

Solution:
Since we'’re locking at a free particle, we only need to find its Laplacian

(7

and then integrate.

Ty = ko - 5
ko 2 3
Sk ) = op (®)

Vi = e 2’5-%—5—-1}5 +

The 3 in the above equation was a little subtle, and comes from the fact
that V- # = 3, while the cbvicus {wrong) guess would be that it shouid

be 1.
9

(H) = f ¥ (mh—zvﬁ) a5
g D - %ep) a

fy')*( ki — 22
3K? o1 5 s
(?,afko bl drm/;w; dr) (11)

(10)

~ h?kg B
T om T 2mot T 2mo?
AR 3K R B '
= - ~FTar o
2m | 2ma? 2m 7r§<y3 a2 f dr (12)
. 7 L dF
U == :; i = ';_“é' (13)
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(b)

()

ﬁzkg 3?7’2 hg _s } 2 —u® e

= om + 2mo* W%ﬁ 2;—2—/u ¢ ()
Bk 3R R® s 1 9 e g

R e e Rl g dii (18)
ﬁ?k% 3K o1l

“9m " 2mot  2mo?2 (16)
R2k2 51*

2m  4dmo?

This is just the ordinary plane-wave energy plus a small correction due to
the gaussian envelope.

What is the expectation value of the momentum of this particle?

Solution:

This is much like the last one...

= —ihV (18)
Ty = ik~ o (19)
P = ke ~ m-}w (20)
# = f [ v e @)

- f f |12 (m&; - mgl;) dF (22)
= hko (23)

This one comes out just like it would be for a pure plane wavel = A
common mistake on this problem (as well as elsewhere) was to omit the
~ on vectors, as well as to omit the - in dot products. It is Likely that
students knew that they were working with vectors, but we can only grade
students on what they actually write.

What is the uncertainty in its momentum?

Solution:

To find the uncertainty in momentum, we will use the standard deviation,
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(d)

which we can get from the usual formula.

() ~ (B (24)
- \/ (ﬁzkg + %) o (25)
h
= Vo @)

Where I used the previous solutions for the expectation values of energy
and momentum (and the fact that energy is 2——)

Solve for the wave function ¥(E,t = 0) in momentum space.
Solution:

We just need to find the Fourier transform of the wave function. Note that
I'm going to do a transform to E space, which is one sort of momentum
space, but you could also do a transform to § space, which d1ﬁ"ers in
dimensions by a factor of f, which would change {2%) T {0 (2¢rrﬁ

{7, 1) = W f f (E, 1) E Tl o7
ikt =0) = (2%}% f / f G(F, ¢ = 0)e T g (28)
~ o ] e e )

- 25;)% ] o g @

(27r 73 ff/ \/ﬂaseu% (i) 4R g 3y
(273')%6 TR zf/f (om)? \/;ﬁ}?e e e

(32}

We now just do a little change of variables to make the integral match one
we know the solution to {because it’s provided). The change of variables
involves a complex integrand, but this is okay because at the limits (at
oo) the integrand is zero (which is real) and the contour of the integral
doesn’t matter, since there are no singularities in the integrand.

(g —i(k — k’g)a) (33)

i

il

g Sl

Q.
=4
i

¥

(34)
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= 1 Lip_ a2, 2 I 3 2 !
Pk, t=10) = —em Blhkol et 0% 58 ]//e”” dii (35)
2

o LRl (36)

(e) Write down an expression for wave function as & function of time and
space. If your expression involves an integral, you need not perform this
integral

Solution:

Since a plane wave is an energy eigenstate of the Hamiltonian, we can
write the time-dependence in momentum-space very easily in momentum
space:

Pk, t) = Pk, t = 0)e o (37)

and thus we can find the time-dependence of the spatial wave function
using a Fourier transform:

W E) = f / f W(F,0)eF TR T (38)

Where the function ¢{k, 0) is your answer from the previous section. This
comes out to:

w{F,t) o 71""% ff/e~%iE_E°‘202+iE'F"i%%tdz (39)

At this point we have solved the problem. For extra fun, we could have
taken an expansion under the assumption that Ly « o?, which would
have shown how a wavepacket spreads out.

For this problem, the following integrals over all space may be helpfuk:

[ [ f e dif = w3 (40)
/]f’uze"”adﬂm %ﬂ'% {41)
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Comp Exam Winter 2012
E&M Problem #1

Consider an infinitely extended cylindrical cable, in which the interior lead with radius R, is carrying a
direct current ! and the cable sheath, with interior and exterior radii R; and R;, respectively, is carrying
the same current /, but in the opposite direction. Magnetic permeability in the conducting regions is .,
while in the space between the lead and sheath, and outside the cable, it is .

Betermine the vector potential and magnefic field in the regions:

{a) O<r<R,

{b) RiSr=R;

{c) ReSr<Ry

{d) Sketch the vector potential and magnetic field as a function of r {including the region withr >
Ra). Discuss,

Assume the Coulomb gauge V-A=0. Also assume that the vector potential is zero at r = R;. Cross-section
of the cable is shown below.
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Suppose that N Ising spins are arranged along a ring (Plot (a}) in the figure
below). Assume that the energy of this system is is given by:

N
H o= ‘fZUjUjH (oN41 2 01),
F=1

where o; takes the value +1 or —F. Assume that N 33 1, and that it is an even
nuamber.

The physical situation in the system may be represented graphically in the
form of a ring with N “dots”, each of which symbolizes an Ising spin, as shown
in Plot (b} below. The dots in are connected with “links” — some of them are
“heavy” and some of them are “light”. A “heavy” link means that the two spins
it connects have the same orientation (both “up”, 11, or both “down”, |l}). A
“ight” link means that the two spins at its ends have opposite orientations (1,

or JT).
@ (b)

BTN

{a) (2 pts.) Show that in such 2 ring the number of “light” links, nygne, may
only assume even values (0 is considered as an even number),

(b) (3 pts.) What is the energy of a state corresponding to a given nygy; value,
and what is the multiplicity factor of such state?

{¢} (5 pts.) Show that the epact solution for the the partition function of the
system is:
Z =2V {fcosh(J/ET) N + [sinh(J/ET)V }

Hint: Note that the partition function is not an expansion of a binomial
raised to m-th power. However, you may want to express it in terms of a
sum of the m-th powers of fwe binomials: (x+ 1)™ + (x - 1)™ (where =
is a generic variable, and m is a generic integer power exponent).

(d) (5 pts.) Find the asymptotic form of the partition function in the large N
limit {Hint: for m — oo, lim[sinh(z)/ cosh{z)]™ = ... ).

{e) (5 pts.) Find the temperature-dependent Helmholtz free energy F, and
the heat capacity of the system in the large N limit.
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A pendulum consists of a mass m attached to an extension-less string of length
I. The fixed end of the string is connected to a fixed vertical disk of radius R
with R < /7, as shown in the figure below. The motion of the pendulum occurs
in the plane of the figure. The string is attached to the disk in such a way that
for the oscillations of interest here the string is always tangent to the disk.

{a) Find the equation of motion for this pendulum.
(b) Calculate the period of oscillations for small oscillations.

(¢) In the small oscillations regime find the line about which the angular
motion extends equally in either direction (ie. 8y = 82).
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Comnsider a system consisting of two simple harmonic oscillators that are weakly
coupled. The Hamiltonian of the combined system is

my?
2

2 2 2
2 QR N ¢ NN dlcodit M

2m  2m 2

i+ (21—~ 29)%. (42)

(a) Write down the eigenvalues and eigenstates of this Hamiltonian (Equa-
tion 43) when v == 0. Please write your eigenstates in terms of the single-
particle simple harmonic oscillator solutions.

{b) Use first-order perturbation theory to solve for corrections to the energy
of the ground state and first excited state when v <€ w.

{¢) Solve for the exact eigenvalues and eigenstates of this Hamiltonian (Equa-
tion 43) when v £ 0.

(d) Check that in the limit of small coizpling your exact solution approaches
your approximate answer from perturbation theory.

{e) How would the set of energy eigenstates change if the two particles involved
were identical spin-% fermions? What will be the spin degeneracy of each

state? Note that for this question you need to answer for all eigenstates,
not just the first few.
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Consider 2 system consisting of two simple harmonic oscillators that are weakly
coupled. The Hamiltonian of the combined system is

mw? oy

2

2 2 2
D SR & R
Hom ot o2 ——xl +

(:l’.'} i 2'[22)2. (43)

(a) Write down the eigenvalues and eigenstates of this Hamiltonian (Equa-

ticn 43) when v = 0. Please write your eigenstates in terms of the single-
particle simnple harmonic osciliator solutions.

Solution: A
The hamiltonian (without the v term) separates, so we have products of
single-particle eigenstates, and the energy is the sum of their energies.

\Ij‘nfnz (551 73:2) = n, (Ii)!zong (‘732} (44)
or (45)

|namg) = ing}y [nedy (46)

and (47)

Eping = Rwing +ng 4+ 1) (48)

Use first-order perturbation theory to solve for corrections to the energy
of the ground state and first excited state when v <€ w.

Solution:

Unfortunately, there are a huge number of degeneracies, with the only
non-degenerate state being the ground state. So let’s handle the ground
state first, and then tackle the first excited state later.

AEg = <00 ‘—ﬂl}g-(xl — z5)? oo> (49)
™ 2

= 2L (0}(0 (a1 ~ z2)*] 0),|0), (50)
2

- %’L (0(8|2% — 22,2, + ~32] 0}, | 0), (51)

m 2
= - ((0[=3]0), + (0}2] 0), — 2(01m| 0, (Olz2[ 0),)  (52)
= my* (O |:c§{ 0>1 (53)

At this stage, we just need to compute a few expectation values. For later
use, we'll compute more general matrix elements than we need for the
ground state. We can do this most easily by converting =y and x5 into
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raising and lowering operators.
’ h 11,7
(nlaln) = 4/ 5——(n]a +a'[n’) (54)

[ R o
= % (\/gén’(n-ivl) + VR 4 16(ﬂ’+1)n) (55)

This tells us that an z connects neighboring states, and its expectation
value (n = n') is zexo, which is also clear from symmetry considerations,
since the square of the wave function is even, and z is odd.

E
<n|m21n’> = %;<n](a"|’*aj)21n’> (56)
- 'z?% <”‘ 1‘12 +aa! +ala+al” n} (57)
B
= 2mu (5““’(2“ + 1)+ dngueay V(0 + D+ 2) + gy VR (0 - 1))
(58)

So now we've got all the matrix elements we'll need to handle degenerate
perturbation theory... but first, let’s finish the ground state.

— my° 2 2 »
AFg = - ({03 0), + (0]z3| 0}, ~ 2 (011] O}, (Ozs] 0),) {59

h
=my? 2-0+1
myte— (2-0+1) (60)
1 Ay?
S ©1)

Alas, now we must bite the bullet and use degenerate perturbation theory
to handie the first excited state. Degenerate perturbation theory requires
us to diagonalize the perturbation hamiltonian in the subspace of degen-
exate states, so we'll begin by enumerating that subspace, which is defined
by n1 + na = neet, s0 the total degeneracy is nyor + 1. Actually, the first
excited state is pretty simple, as there are only two states involved, |01}
and [10}.

(o

2
i (#1 ~ xz)g

2
01> - Tzl_ (01 |22 + @} ~ 21| 01) (62)

= T2 (0[]0}, + (| 1), - 200} 01y sl 1)

(63)
wz—f(usw) (64)
= fﬂi (65)

W



Solutions to problem 5 Tuesday morning 26

And for the off-diagonal matrix elements, we find

2
<0§. i-ﬂi;—--(:rl - $2)2

2
10> - -”% (01 |22 + 73 — 2012|106 (66)

2
- %L (0 |22] 1), + (]3] 0), ~ 2{0 1] 1), (1]z3] 0),)

(67)
Firy®
e o 68
L (0+0-2) (©8)
1 Bvy?
=3 (©9)
We end up with a simple matrix that looks like
Hiy? 1 m—%
Aféj—‘:r( _,.% 1 {70}

Using symmetry between the twe particles, it’s simple to diagonalize this
matrix, and we find its two eigenstates

! (1) L
AR5 (10 % 10) = 22 (1:F2) S(on£lo) ()

which tells us that in the end

1 hy?
AEqgy = '2'—;'(— (72)
3 hy? '
1 Ay?
(76)

() Solve for the exact eigenvalues and eigenstates of this Hamiltonian (Equa-
tion 43} when v # 0.

Solution:

To solve for the exact solution, we need to find the normal modes of
the coupled system. There are a variety of ways to solve this problem,
which is commonly seen in classical mechanics. In this case, symmetry
makes things simple. Because the z; and 2y coordinates are cornpletely
symmetric, we can immediately see that the normal mode coordinates
must be g, = E‘%ﬂ and g = #5£2, and we just need to perform a change
of coordinates into these variables. Here g, is proportional to the center-
of-mass coordinate, and ¢_ is a relative coordinate, although not the usual
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one. You could choose any set of coordinates that are proportional to g4
and g, so long as you do the transformation properly. 1 just chose a
length-preserving transformation, so that the masses would come out the
same in the new coordinate system, so I wouldn’t have o deal with total
and reduced masses.

1+ g
€Ty = z \/Eq (76)
Zy = %\"/“_éqw (77)
Loy | o
7} = 5(qh + & +200q.) (78)
1
Z2 = E(qi + g~ 2q4.9-) (79)
ftai=ql +g° (80)
. O
"= m”é:,,:;‘; (81)
_ Bg., 0  Bg. B
- (Gt B o
1 9 1 &
(Lo 19 83
! (ﬁ3q++\/§3q~) (#)
1
= (py +po 84
75 (P +7-) (84)
1
P2 = “J—é‘(?v;» - p.) (85)
PP =pt 400 (86)
2 2
-k 7
T= 5 T om (&7)
2 2
=B P
= 5m T om (88
V= gmetal 4 gmtel b gt ) (89)
1 1
== Emwzqi +5m (w® + 2v%) ¢° (90)

We can check that we did the change of variables properly, since the en-
ergies should be unchanged H v = 0. We can also see that we chose a
good coordinate transform, since in the new coordinate system the hamil-
tonian is once again uncoupled simple harmonic cscillators. So the energy
eigenstates are simply:

1 1
En+n_ = Fiw (n+ + E) + ﬁ\f‘ w? + 2“)’2 (n_ + 5) (91}

(d) Check that in the Hmit of small coupling your exact solution approaches
your approximate answer from perturbation theory.
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Solution:

Let’s start with the ground state energy. The exact answer is:

AEg = (éﬁw+ %ﬁ\/wz ¥ 272) - P
= %FL (\/wz + 272 w)

wl 72_..
= 2?1&)(1}1+2w2 i)

28

(02)
(03)
(04)
(95)

(96)

This is indeed the same answer that we found using perturbation theory,
as indeed it must be, since first-order perturbation theory by construction

gives the correct energy to first order.
Now for the first excited state energy. The exact answer is:

AR = (%ﬁw + %ﬁ\/wz + 2’}/2) ~— Phw
= gh (\/oﬂ + 292 w)

3 2
=250

2 w

Omnce again, we see that we did perturbation theory correctly.
3 1, o
AE;.{, == (-2—?&) 4 -2'7'1 ".:.J2 -+ 2"‘[2) o D Pt
(-

L

1
= 5h7

(100)
(101)

(102)

And one last success story. It can be a useful trick to solve the same
problem two ways, since it lets us see whether we made a mistake. I think
it also can help us to understand perturbation theory just a bit better.

(e) How would the set of energy eigenstates change if the two particles involved
were identical spén—% fermions? What will be the spin degeneracy of each
state? Note that for this question you need to answer for all sigenstates,

not just the first few.
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Solution:

If these were identical spin—%« fermions, they’d have to have antisymmetric
wavefunctions., They would also have spin degrees of freedom. Since the
spin degrees of freedom don’t couple {in this case) to the spatial degrees
of freedom, we can separate out the spin wavefunction from the spatial
one. The spin one will either be symmetric or antisymmetric {triplet or
singlet), and the spatial states must then be the opposite, so the total
wavefunction is antisymmetric.

Figuring out which states are symumetric (or antisymmetric) is slightly
tricky when we do our change of coordinates. We mean antisymmetric
(or symmetric) under exchange of the two particles, which means when
we switch z, and o, When we do this, g+ doesn’t change, but g_ flips
sign. So when the wavefunction is antisymmetric under inversion of ¢,
it is antisymmetric under particle exchange. Which means that when n_
is odd, we have an antisymmetric state. So each of our spatial states
will be & valid wavefunction, but the states with n_ odd will be triplet
states (triply-degenerate in spin), while the others will be singlets (and
thus having no spin degeneracy).
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A steel bar of rectangular cross section (height ¢ and width b) is placed on a
block of ice of width ¢, with the bar ends extending a trifle as shown in the
figure below, A weight of mass m is hung from each end of the bar. The entire
system is at 0° C. As a result of the pressure exerted by the bar, the ice melts
beneath the bar and re-freezes above the bar. Heat is therefore liberated above
the bar, conducted through the metal, and then absorbed by the ice below the
bar (we assume that this is the most important way in which heat reaches the
ice immediately beneath the bar in order to melt it). Based on the Claussius-
Clapeyrone Equation, dp/dT = [/{TAv}, Find an approximate expression for
the speed with which the bar thus sinks through the ice. In addition to the data
given above {a, b, m, and the ice temperature T'), you can use the following
parameters:

o [, the latent heat of fusion per unit mass of ice at 0° C;
o p; and pq, the densities of the ice and water, respectively, at 0° G;

* g, the acceleration due to gravity;

* K, the thermal conductivity coefficient of of steel (if in a material there is
a temperature gradient dT/dz along a » axds, the heat power B,..¢ flowing
through a unit cross section area perpendicular to the z axis is related to
this gradient via the x coefficient: Fhear = s{d1"/d2}).
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Two stars of mass my,my are in a circular orbit (with separation r = 7o) when
star 1 beging losing mass spherically symmetrically. Assume that the velocity
of the ejected gas is much greater than the orbital velocities of the stars and
that there is no interaction of this gas with the companion star 2.

Part 1: Consider the case in which star 1 is losing mass at a slow, constant rate
dm, fdt = —rir, such that the mass-loss timescale v ~ -y /{dm; /dt) is much
greater than the orbital period (stellar wind). In this part only, take my >> my.

(a) After star 1 begins to loose mass, will the distance between the 2 stars
increase, decrease, or stay the same?

(b) Obtain a formuls for the change over time of the distance between the 2

stars
drfdt = flr,mh,...},

justifying any assumptions made in your caleulation.

Part 2: Now consider the case in which the mass-loss timescale 7 is much
less than the orbital period (supernova). The total mass lost by star 1
is &Am and the mass ejection can be assumned to happen instantaneously.
The object of this part is to find the conditions under which the final orbit
will still be bound.

(¢) What are the kinetic and potential energies of the binary stars in the
center of mass reference system. Express both in terms of the reduced
mass o = mymgy/(mi + mg) and the total mass M = my + me and
assume a velocity vo.

{d) A mass m moves n a circular orbit (centered about the origin} in the fieid
of an attractive central force with potential energy U = kr™. Prove the
virial theorem T = nl//2.

(e} Use the virial theorem to determine the velocity vg of the binary stars in
the center of mass reference system.

(f) What are the kinetic and potential energies of the binary stars in the
center of mass reference system after the instantaneous mass loss of star
1?7 Justify your result.

{g) Obtain the condition (involving only Am and the initial masses m; and
ma} under which the final orbital will still be bound.
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Problem #2

1

1)

A hemisphere-shaped grounding electrode is buried in the ground, so that its flat is level with
the surface. Lightning strikes, which send current f through the electrode. A man happens to be
walking towards the electrode, The length of the man's step is /, and the distance between the
man’s nearer foot and the electrode is 1y,

{8} Find the current density in the ground with conductivity ¢ as a function of distance rfrom
the center of the electrode;

{b) Find the electric field as a function of r;

{c} Find the voltage expetienced by the man per séep;

{d) Caicuiate the voltage per step for ¢ = 0.01 {Ohm m)™, /= 100 kA, 1p= 2 m, and [ = 1 m,

Now let’s consider a similar problem but in a slightly different geometry. An overhead conductor
which broke and larded on the ground is carrying a current /. The length of the conductor on the
ground is L.

{a) Find the voltage per step experienced by a man walking up to the conductor at a right
angle with respect to the wire, close to the middie of the wire {see figure);

{b) Calculate the voltage per step using o = 0.01 {Ohmm) ™, 1= 1kA, rp=2m, =1 m,and L =
500 m.

In both parts of the problem, assume the conductivity of the ground is much lower than that
of the grounding electrode or conductor.

F 3
Y

L 4

ro [ o
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Comp Exam Formula Sheet (SI)

Harmonic oscillator: [a,al] =1

5 Useful math formulas

co
gikreosf _ 2(25 -+ 1)7jljt(]c?")ﬂ(c05 9)
l=2()
@ .
/ eVdy = 2nd(z)
—00

le ]
/ e dx = nl, integer n
0

(I+z)" = i Wk,(nni k)!mk
4 Electromagnetism P :
log(n!} ~

sin(z +y) =sinzcosy & coszsiny

i
Maxwell's equations: 5 log(2mn) + nlog(n) — n

oB
V-D=p VXE=W-(—9-£- cos{z dy) = coszcosy Fsinzsiny
oD
V-B=0 VxHe=——+1J 1 dar rf< ,
’ ” x—x] Z 1o (0 0Yim(6,9)
Magnetic dipole fieid:
o 38(F - m) —m ! => £ Pi(cos9)
B = K —rz] Lo i
Energy density: U = 1(E-D+B - H) Spherical Bessel functions:
Poynting vector: S=E xH jolz) = sinz no(2) cos z
olz) = —
z
General solutions of Laplace’s equation ;) = % ~ 5 ni(e) = _0032 z _sing
z z z z
in cylindrical coordinates {independent of z): Legendre polynomisls:
O(p, ¢) = aclog(p) By(z) =1 Py(z) = -;— (8z% — 1)
el
8 g i L
o ?; (pn e bnp ) (cn, C{)anb -+ dn Slnné) Pl(x) =z P3($} .5 (5$3 . 33:)
m/j2 dmﬂ

Bz} = (1 - 332) Tam

Spherical harmonics:

in spherical coordinates:

[==] I
50,8 =33 (Aamrf X —Big”_;> Yion (8, 8) , T
=0 m=—I ™. :Y(}o = W 1/22 = ﬁ* sin Qe
b B Yii= -~§~«sm€e¢ Yoq m= —1/—1-—5-s;'nf?coséiei"5
P(r,8) = Z (A;r + E-H) Pi(cos §) 8w 8
=0

3 5 /3 1
Yio = 1/ — g = 4 | = g 2
10 Wcos Yoo ”4~fr (Qcos @ 2)

(with azimuthal symmetry)
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1 Physical constants Spherical coordinates:
8f, 18f - 1 8f-
) Vi=% +r@99+rsin98_¢
. S 18 ! 1 Ay
fine structure constant : o = Treche = 137 VA= S (r24,) + — %% (sm 8Ap) + S he
meet A 0A
Rydberg energy :  Ey = 5z - 6
g gy SR (dme,)? VxA= ond (8(9 (sinfAg) — 59 )r
mec’e? 1/ 1 84, @ ;
- K *?(W%‘“E“‘%))G
e
: = 1 BAN -
Bohr magneton:  up Py 2 ( (rAg) — ) 3
. 4regh?
Bohr radius: g, = 5 2, & 0 3}" 1 8/, 8f
et vf——ﬁé‘r( o) T EEn 58 Smg%
1 a*f
. : + 2 gin? § 042
2 Vector calculus relationships
Cylindrical coordinates:
Triple products: 5 18 5
vi= aﬁp * 5t et
Ax(BxC)=B(A-C)-C(A-B) . 16A¢ 5A
A (BxC)=B.(CxA)=C-(AxB) pap(F’ )t e
104, 0B84\ .
Product rules: VXA = (_ b5 _5‘}_") P
V(A -B)=(A -VIB+ (B -V)A ( - 6p)
+AX(VxB)+Bx(VxA) ; 8 .
V. (¢A)= 4V A+A- V4 I COREIL
V. (AxB)=B (VxA)+A-(VxB) . 1 f 132f 32 f
Vo= o + 2 555+ 303
Vx(AxB)=AV.-B-BV- A+ pd 5p2 " Bz
+(B-V)A -~ (A - V)B .
3 Quantum mechanics
Second derlvatives: Raising and lowering operators for ang. momentum:
Vx(VxA)=V(V A}~ VA Jy = J, 4,
VA (VxA)=0 i lim) = a5 4+ 1)~ mmE 1) [, m 1)

Green’s theorem: Perturbation theory for nondegenerate states:

0 [{nl V. |m)?
/(?/)V%-qbvzﬁb)dvzj{(?!JVqéquw)»dS Ep & ER A (nfV[n) +};—~T+-.-
Vv g mEn



