OSU Pyysics DEPARTMENT
COMPREHENSIVE EXAMINATION #111

Monday, September 28 and Tuesday, September 27, 2011
Fall 2011 Comprehensive Examination
PART 1, Monday, September 26, 8:00am

General Instructions

This Fall 2011 Comprehensive Examination consists of eight problems of equal weight (20 points each). It
has four parts. The first part (Problems 1-2) is handed out &t 9:00 am on Monday, September 26, and lasts three
hours. The second part (Problems 3-4) will be handed out at 1:00 pm on the same day and will also last thyee
hours. The third and fourth parts will be administered on Tuesday, September 27, et 9:00 am and 1:00 pm,
respectively. Work carefully, indicate your reasoning, and display your work clearly. Even if you do not complete
& problem, it might be possible to obtain partial credit—especially if your understanding is manifest, Use no
scratch paper; do all work in the bluebooks, work each problem in its own numbered bluebook, and be certain
that your chosen student letter (but not your name) is inside the back cover of every booklet. Be sure to make
note of your student letter for use in the remaining parte of the examination.

If something is omitted from the statement of the problem or you feel there are amtbiguities, please get up
and ask your question quietly and privately, so as not to disturb the others. Put all materials, books, and papers
on the floor, except the exam, bluebooks and the collection of formulas and data distributed with the exam.
Calculators are not allowed except when a numerical answet is required—ocalculators will then be provided by
the person proctoring the exam. Please return all bluebooks and formule sheets at the end of the exam. Use
the last pages of your bluebooks for “scratch” work, separated by at least one empty page from your solutions.
“Seratch” work will not be graded.







Problem I ‘ Monday morning

An electron under the influence of a uniform magnetic field B (directed along y-axis) has its spin initially
{at t = 0) pointing In the positive x-direction. That is, it is in an elgenstate of S, with eigenvalue /2. We
need to calculate the probability of finding the elactron with its spin pointing in the positive z-direction,
{lenore all Hamiltonlan terms apart from the interaction of the magnetic dipole moment due to spin and
the magnetic fleld, Hs - B =0 5.} - '

For this:

{a) Present the initlal state of the electron In terms of the eigenstates of the Harmlitonian H

(b) Write down time evolution of the state for an arbitraty timet>0

{c) Find the probability of the electron to be in the state with spin in the positive z-direction at
timet '

[d} Atwhat time{s) Is the probability of finding the electron inthe state with spltt in the positive
z-irection equal to 1?
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Problem 2 | Monday morning 6

A pair of circular metel plates of radius 7 ave separated by 3 distance b < H in vacuum. If the plates are
connected to a DC source of voltage V, there is a uniform electzic field

v
E=s 1

between the plates (neglecting the edge effects).
However, if this system is connected to an AC source with output voltage V{t) = Vampie™?, by inserting this
voltage to the “static” Eq. (1) one obtaing a zeroth-order solution for the time-dependent electric field Ey:

By = Boft) = “El gt 3

which is exactly correct only on the axis of the system.

{2} Using qualitative reasoning, explain why Eq. (2) is not the exact sclution for poiuts other than those lying
on the system axis; -

Then, use the iterative method to caleulate corrections to Eo(2) at an arbitrary radius r from the center, to
the fourth order in » — by performing the three following tasks: .

(b) Write Maxwell’s Equations for the electromagnetic field at all points between the plates in integral form
(again, neglecting the edge effecta);

{¢) By choosing appropriate integration paths, use the above equations:

« For calculating the magnetic induction at an arbitrary radius »,
- And then for caleulating the comection to the electric field Eo(t) at 7, and for showing that this
correction is of the second orderin r.

{d). Use an analogous procedure to calculate the B-field contributed by this second-order correction to the
electric field, and then for caleulating the resulting next correction term to Eo(t), and for showing that this
is & correction of fourth order in v

The items (a) - (d} are priced 5 pts. each.

//ﬂ \v

e
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A pair of circular metal plates of radius R are separated by a distance h < R in vacuum. If the plates ave
connected to a DC source of voltage V, there is a uniform electric field
v »
B=— @
between the plates (neglecting the edge effects).

However, if this system is connected to an AC source with output voltage V{(t} = Vampie™?, by inserting this
voltage to the “static’ Eq, (1) one obtains a zeroth-oxder solution for the time-dependent electric field Fo:

Ey = Fy(t) = %ﬂgﬁ@w (4)

which is exactly correct only on the axis of the system.

(a) Using qualitative ressoning, explein why Bq. (2) is not the exact solution for points other than those lying
on the system axis,

Solution:

When there is an AC input voltage, the electric field, changing in time, induces a magnetic field perpendic-
ular to the E-field lines, and, at every point, it’s tangent to a circular Joop whos center lies on the system
symmetry. axis (see Fig. 1; the circular shape and the position of the loop center are dictated by the system
symmetry). For the points lying on the axis the loop is reduced to & point, 50 the E-flux accross is Zero
and no magnetic fiels is induced at the axis. THe magpetic field, in turn, induces an eleciric field; an
approprapriate loop shape, again dictated by the symmetry, for calculating the flux of the magnetic field,
and the electric field induced is shown in Fig. 2. For poits on the symmetry axis there is zero flux because
the loop ares is reduced to zero, and consequently, no “extra” E-field. The E-feld at all other points is the
correction to the spatially uniform E-field resulting from the input voltage. By rerpeating the procedure for
the induced F-field, one can obtain a higher-order corection; from that correction, yet another correction,
etc. But in the current problem the task is to find only the first two correction tems to E.

Then, use the iterative method to calenlate corrections to Eq(t) at an srbitrary radivs r from the center, to
the fourth order in r ~ by parforming the three following tasks:

(b) White Maxwell’s Equations for the electromagnetic field at all poinis between the plates in infegral form
(ngain, neglecting the edge effects);

Solution:
Maxwell’s Equations in vacuum in differential form (it was not necessary to write them down in the exam
solution}:
* VD=0
VB=0
= OB
Vxb= "'-52-
¥ x =2

Bt
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The last two can be applied in integral form:

co B [a
fEﬂzwgéfB-ds (5)
L8 .
fﬂde:-é;fp-ds

But in vacuum B = o H, and D = B, so that the latter equation can also be written in terms of E and
B: .
o b " - 1 8 o
%Bd@—#nfgggfﬁ-ds o }Bdﬂngath dg {6)

{c} By choosing appropriate integration paths, use the above equations:

and

- For calculating the megnetic induction at an arbitrary radius 7,

- And then for calenlating the correction to the electric field Eo(t) at v, and for showing that this
correction is of the second orderin r.

Solution:
In the zeroth order, By = (Vump/R)e"*. Since Ep = Eo(t}, st radius r there is & B-fleld (denoted as B)
that can be found from Eq. (4) and a geometry shown in Figure 1 below:

Figure 1: A loop for calculating the induced magnetic feld.

= ) f Bydf = Z2e = B=3Zm=m@

This varying By-field will produce an electric ﬁeld {denoted as E3), which we find by applying Eq. (3} to
the path depicted in Flgure: 2 below, keeping in mind that Eqo{r = 0) = 0, and that the electric field is

vertical:

h di

o e

Figure 2: A loop for caleulating the E-field, induced by the magnetic field.
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2 2 2 Wi (Y 1
—-Egk = mmfﬁlds Ll :2-*5-/ ‘J"thdf = Ez == —-W“Eo = -—-Zgzm ('-}";f‘g") eiwi (8)

dok
Which is indeed & second-oxder correction term in 7.

(d) Use an analogous procedure to calculate the B-field contributed by this second-order correction to the
electric field, and then for calculating the resulting next correction term to Ep(t), and for showing that this
is a correction of fourth erderin r,

Solution:
The electric field B will contribute more B-field (denoted below as Bgh

- ” 13 ?’EV,;mp; 'H.o‘t E‘ws
Zwrmwg-a—%-/é}'g F: czatf ( i )-2frrdr-—-i-€£52m~4

So that:
iwsrd

e Bo= By(t) ©

Which, in turn, contributes another electric field correction term (denoted below as By). Invoking again
the Eq. (3) one gets:

By =

a wird By wird
—EBgh = —-at (—--—W) hdr =% Eys= wEm {10}

which is indeed of the fourth order in
By combining Egs. (2), (6) and (8), one obtains:

2.2 4.4
whr o.rr) (1)

E(ﬁ, )= E{)(t) ( -"-Ez—' o W

The items (a) - {d) are priced b pts. each.
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Consider the earth's atmosphere. For this problem we will neglect the rotation of the earth, which we will
also treat as a sphere. You may call the earth’s radius R. For simplicity, we will assume that air is one part
axygen and four parts nitrogen at the earth’s surface. You may call the mass of a single molecule of oxygen and
nitrogen mp and my respeciively, The thickpess of the atmosphere is synall compared with the radius of the
earth, s¢ you may assume a gravitational force which s independent of height.

{2) Work out the probability per unit volume of a single molecule with mass m being between height & above
the surface of the earth, provided it is in thermal equilibrium at temperature T

(b) Asguming there are N molecules of a given element in the atmosphere, work out the number per unit
volume present as a function of height above the surface of the earth.

(¢) Given that the ratio of the concentration of oxygen and nitrogen molecnles at sea level is 1:4, find ratio of
the $otal yumber of molecules of oxygen in the atmosphere to the total mumber of nitrogen molecules in
the atmosphere. You will need to know the ratio Z& = 1

{d) What is the pressure, as a function of altitude, taking into account both nitrogen and oxygen. You may
sssume the entire atmosphere is at the same temperature (which it isn’t).

(e) Verify that the pressure at any given altitude is equal to the combined welght per unit area of the atmosphere
above that aliitude,
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Consider the sarth’s atmosphere. For this problem we will neglect the rotation of the earth, which we will
also treat as a sphere. You may call the earth’s radius B. For simplicity, we will assume that air is one part
oxygen and four parts nitrogen at the earth’s surface. You may cell the mass of a single molecule of oxygen and
nitrogen mo and my respectively. The thickness of the atmosphere is small compared with the radins of the
earth, 80 you may assume a gravitational force which is independent of height.

(=) Work out the probai)ility per unit volume of a single molecule with mass m being between height k above
the surface of the earth, provided it is in thermal equilibrium at temperature T

Solution:
We use the standard formaula for probability, which is the Boltzmann factor divided by partition function,

Because the energy is separable between momentum and position coordinates, we can ignore the kinetic
energy contribution. Note that since the change in height is small compared to the radius, we can ignore
the (R + h)? aspect of integrating over volume.

V (k) = mgh . (12)
o e~ BV ()
(h) = = (18)
e""ﬁ"n-gh
= (14}
Z - jw e~Pmahgg R2gn (15)
0
A R? .
= mﬁmg (16)
Bmg _gm
P(h) = fpze ™ (17)

{b) Assaming there are N rmolecules of & glven clement in the atmosphere, work out the number per unit
volume present as a function of height above the surface of the earth.

Solution:
This is actually quite easy given the probability we previously computed. The number of molecules per

unit volurme is just the probability per unit volume of each molecule times the number of molecules.

n{h) = NP(h) (18)
- N%%e“ﬁmgh (19)

{¢) Given that the ratio of the concentration of oxygen and nitrogen molecules af sea level is 1:4, find ratio of
the total number of molecules of oxygen in the atmosphere to the total number of nitrogen molecules in
the atmosphere. You will need to know the ratio 4’5‘% = :aE
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Solution:

ny (8} = 4no(0)
N PmNg 4N Bmog

N r2 inRe
Nymy = 4Nomo

Ny  mo
No ~ “my

8

= 47

82

-

So in total, there is & times as much nitrogen in the atmosphere as there is oxygen.

12

{20)
{21)
(22)
(23)
(24)

(25)

(d) What is the pressure, as a function of altitude, taking into account both nitrogen and oxygen. You may

assume the entire stmosphere is at the ssme temperature (which it fsn’t).

Solution:

To find the pressure, we just use the ideal gas law, p = kgT'n, and add up the pressures of the two gas

species, Or if you like, we add up their densities to find the total density,
p(R) = kpT(nn(h) + nolh))

= kgT'Nyn -————-——’BmNg g Braigh + kBTNoWﬂmoge“‘smogh

4 B2 da R
= Ny NG~y gh Mog —pmogh
Ny argi? +No 4n R* €

4?5312 (Nymye=Fmndh 4 Nomge fmosh)

(26)
(27)
(28)
{29)

{e) Verify that the pressure at any given altitude is equal to the combined weight per unit area of the atmosphere

above that altitude.

Solution:

To find the weight of the atmosphere above a given altitude, we need only find the total number of each
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sort of molecule above that altitude,
&0
NS o (h) = f no(h)dw B2 dh

h

_ BMog —pmoghy, gt

_—_/:QNO 47rR26 drR*dh
o

- / Noﬁmoge“‘ﬁmogi‘dﬁ
h

XY

= No / Ud
Brmogh

= Npe~fmosh

The mitrogen comes out the same way, so the weight above & is

Wi(h) = Mog + Mng
= moNg™"*(h)g + ma N (h)g
= mogNoe Pro 4 mygNye frek

" "The surface area, of course, is just 41 R%, so we get a pressure of

o) = 20

= e (moNoe oo + my Nye™#mrs%)

which Is the same as we worked out using the density.

13

(80)
(31}
(32)

(83)
(34)

(35)
(36)
(87)

(38)
(39)
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(a} From Newton's law show that the equation of motion in & rotating reference frame with angular velocity
w is given by .
m¥ = P4 2mt Xw+mw X)X w. {40)
Hint: the time dexrjvative of any ons vector (;5 as measored in the inertial frame Sp in terms of the corre-
sponding derivative in the rotating frame 8 is given by

dé} a6 .
o g
{b) Identify and describe the terms in equation 40.

Now consider a free falling object (mass m} on the surface of a spherical earth (radius R, mass M, angular
velocity w, no atmosphere) (see figure). '

(c} The gravitational force on the surface of the non-rotating earth is given by
GMm

Fgr@g S M—'—ﬁa-“f = m§0 .
Neglecting the Coriolis force, what is the effective gravitational acceleration § at a point (6, ¢) on the surface
of the earth due to the rotation of the earth?
Give an order of magnitude estimate of this effect (R ~ 12000km, go = 10m/s?, 1 revolution in 24 hours).

®

z (up)

(d) Due to the Coriolis force a free falling object will not fall straight down (straight down is defined as the
direction of a plumb line which points in the direction of § and not §3). Give the direction of the deflection
and derive a first order estimate for the deflection.
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Solutions to problem 4
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Problem 5 Tuesday morning 18

A particle of mass m and charge g moves in one dimension between the impensatrable walls of an
Inflnite square-well potential, so that V{x} = 0 at {x]<Land Vi{x}= oo at {x[> L.

LT on

{a} Wirlte down wave functions and energy levels.
{b} The particle is in the ground state. At =0, we Instantaneously turn on a weak uniform time-
independent electric field of strength £,

i Write down the perturhing potentlal dug to the electric fleld Interacting with the
particle. Assume that the potential Is equat to zero atx = 0.

{1t) Calculate the first non-zero correction to the particla’s ground-state energy and state.

{in} What is the probability of finding the particle in the first excited state?

{c} Consider now the case of a time-dependent electric field of the form £= Lyexp(-t/t}att>0and
€ =0att<0{ieturnad on instantanaously at ¢ = O followed by exponential decay ).
) - Calculate the transition probability from the ground state of the system to the first
exclted state in first-order time-dependent perturbation theory at times t »»t.
(i) Under what condition does this probability approach that caleulated in part (b)? Show
and discuss,

Hint: you may find the foliowing useful;

32mi?
(4m* - 1)*r2

i m? w5 -n?)
(amE -1y~ 12288
=l

L
Xy I B .
j; €OS (“ff) sin (mzm) xdx = (-1)™ (misan mteget)
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8, - 5
s .
Consider a heat engine operated using the three-step cycle shown above.

{(a} Describe in words each of the three steps of the process, including whether they involve compression or
expansion. You may assume that the working material is an ordinary material that expands when its
temperature is increased, If you would need more information to describe any of the steps, please say so.

(b) Find the quantity of heat transfered to the system in each of the three steps (A, B and C).

(c) What is the net heat transfer to or from the system over one complete cycle? What is the divection of the
net heating?

(d) What is the net work done by our system over one complete cycle of this engine?

(¢} What is the efficiency of this heat engine, Note that the efficiency is defined as the net work done by an
engine divided by the amount of energy added to the system by heating.

(f) How does this compare with the Carnot efficiency? If the same, why is it the same? If different, why is it
different?
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T}

A ' 5
5
Consider a heat engine operated using the three-step cycle shown above.

(8) Describe in words each of the three steps of the process, including whether they involve compression or
expansion, You may assume that the working material is an ordinary material that expands when its
temperature is increased. If you would need more information to describe any of the steps, please say so,

Solution:

A is an adisbatic compression, B is an isothermal expansion. C is & bit confusing. We can’t tell i it Is a
compression or expansion without some additional information. All we kuow is that the material is cooling
down and is heating its environment.

(b} Find the quantity of heat transfered to the system in each of the three steps (A, B and C).

Solution:
The heat is

Q= [ Td§ (41)

80 we just need to find the ares under each curve, For A, (@4 = 0. For B, it Is Qg = Ty{(Sp~5;). Cis only
slightly harder, as we just need to add add a triangle to a vectangle: Q¢ = To{Sa—8s)+3 Ty —Tc)(Sa—5b).
We should note that Q¢ is negative, since the arrow is going to the left.

{¢) What is the net heat transfer to or from the system over one complete cycle? What is the direction of the
net heating?

Solution:
‘We could add together our previous answers, but it’s a little easier to graphically recognize that we just

need the area of the triangle (and the answer is positive), 5o it’s just Qnet = 3(Ta — To}(Ss — Su).

(d) What is the net work done by our system over one complete cycle of this engine?



Solutions to problem 6 Tuesday morning 2%

Solutions . .
By the first law (and because intexnal energy is a state function), since this is a cyclical process and returns
to the same state after one cycle, the net work done by our system must be equal to the net heat added to

it. Wne!; = ‘%(TH - TC)(Sb - Sﬂr)

() What is the efficiency of this heat engine. Note that the efficiency is defined as the net work done by an
engine divided by the amount of energy added to the system by heating.

Solution:
The heat added to the system iz all added during step B, so cur efficiency is

Wet
"= g (42)
_ 3(Tn = To)(S5 ~ Sa) (419)
Ty (Sb e Sc) ‘
= :Zwmml (TH o Tc) (4.4)
Ty i
1 To 3
-3(-%) (#5)
(f) How does this compare with the Carnot efficiency? If the same, why is it the same? If different, why is it .
different? ’
Bolution: o
The Carnot cyele (which consists of a rectangular cycle on our plot) has an efficiency of

To
o= [ ] 46
a=(1-5) (46)
which is twice the efficiency of our engine. 'We find a lower efficiency because our system dumps heat to |
its enviroment while it s still hot, which is an frreversible process if the environment is cold. Or if the “

environment isn't all cold (consisting of different regions), we could have done more work by taking it to
the cold environment (and adiabaticsHy cooling it) before letting it durnp heat.
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A pendulum consists of & massless rod of length L connecting two masses my and mgz. The pendulum is free
to swing in a plane around my and my, and therefore the hinge of the pendulum, can slide over a horizontal

segment {see Figure).

A

my

(a) Find the Lagrange equations of the pendulum,

{b) Starting from the Lagrange equations find the curve described by the point mgy during (arbitrarily large)
oscillations. '

{¢) Discuss the motion in the limiting cases my 3 my and my > mq . (This part can be tackled without first
solving part b).
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Consider an infinitely long conducting cylindrical pipe of redius R, with linear charge density A. The pipe is
“sut in half” along two generatrices 180 degrees apart, into two coaxial half-cylinders (see Fig. 1) remaining in
contact. Caleulate the force of repulsion per unit length between the two half-cylinders.

Figure 1, Two coaxial half-cylinders. For clarity, in this figure they are shifted apart in the vertical direction
but in the problem, they remain in contact.
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