OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #110

March 28 and 29, 2011
Comprehensive examination for Spring 2011
PART 1, Monday, March 28, 9:00 am
General Instructions

This Comprehensive Examination for Spring 2011 consists of eight
problems of equal weight (20 points each). It has four parts. The first part
(Problems 1-2) is handed out at 9:00 am on Monday, March 28, and lasts
three hours. The second part (Problems 3-4) will be handed out at 1:00
pm on the same day and will also last three hours. The third and fourth
parts will be administered on Tuesday, March 29, at 9:00 am and 1:00 pm.

Work carefully, indicate your reasoning, and display your work
clearly. Even if you do not complete a problem, it might be possible to
obtain partial credit — especially if your understanding is manifest. Use no
scratch paper; do all work in the bluebooks, work each problem in its own
numbered bluebook, and be certain that your chosen student letter (but not
your name) is inside the back cover of every booklet. Be sure to make
note of your student letter for use in the remaining parts of the
examination.

If something is omitted from the statement of the problem or you
feel there are ambiguities, please get up and ask your question quietly and
privately, so as not to disturb the others. Put all materials, books, and
papers on the floor, except the exam, bluebooks and the collection of
formulas and data distributed with the exam. Calculators are not allowed.
Please return all bluebooks and formula sheets at the end of the exam.
Use the last pages of your bluebooks for "scratch” work separated by at
least one empty page from your solutions. "Scratch" work will not be
graded.
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Problem 1

Many pieces of athletic equipment, such as tennis rackets, baseball bats,
and golf clubs, have a "sweet spot.” The simplest definition of the sweet spot is
that point where a ball should be struck so as to cause the racket, bat or club to
rotate about the hand that grips it and therefore impart no force or impulse to the
hand. The sweet spot is also known as the center of percussion.

To model the sweet spot, consider a simple rod of mass m, length L and
uniform density. The impact of the ball is modeled as a brief impulse FAt applied
to the rod a distance d from the center of the rod, as shown below. For this
impact point to be a sweet spot, there must be a conjugate point on the rod that
does not move during the impulse—the rod rotates about an imaginary axis
through that conjugate point (which is where you would grip the rod with your
hand). In this simple model, there is no gravity, the rod is initially at rest, and we
ignore any effects of the hand gripping the rod.

(@)  For the impact point (i.e. sweet spot) shown below, find the location of the
stationary conjugate point.

(b)  Demonstrate that the work-kinetic energy theorem is obeyed for this
process.




Problem 2
A

na;

Consider a hydrogen atom in its ground state: y, (r,6,¢)=

(a) (3 pts) What is the expectation value of the kinetic energy in this state? Hint: the fastest
way to answer this question is to use the virial theorem.

(b) What is the probability of finding the atom with a kinetic energy larger than the
expectation value found in (a)?

To answer this question, consider the following:

(i) (8 pts) A measurement of kinetic energy is equivalent to a measurement of
momentum. So, first find the probability density for finding the system with
momentum p.

(i) (2 pts) Find the momentum py corresponding to the kinetic energy equal to its

expectation value in part (a).

(iif) (7 pts) Using the results of parts (i) and (ii), determine the probabﬂlty to find the
system with momentum larger than py.

You might find this integral helpful:




Problem 3

For a system, labeled 4, which occupies energy eigenstates labeled o with
arbitrary probabilities p; ., the entropy is given by

S; = —kp me Inpie .
[&]

For two systems, ¢ = {1, 2} the probability of finding system 1 in state o and
system 2 in state 8 is given by pag = Prans

a) Show for two non-interacting systems, i.e. for which pog = pPr,a - P2s,
that entropy is additive:
S=54+85;.

b) For two interacting systems, i.e. for which in general pog # pro - P28,
calculate S — {57 + S3) and show that the entropy obeys the inequality:

S <8+ 5.
c) Now consider one system with eigenstates a and an arbitrary probability

distribution py. with mean energy (£} = ). 11 oF and compare it to a
Boltzmann probability distribution

1 e _
pO,(}z - _Z_e Eo(/kBT’ Z — ;8 Ea/r'cBT7

with the same mean energy
<E> = ZPo,aEa = Zpl,ozEav
s 84

Calculate S; — Sy and show that

S; - Sg e kB Zplla In (goﬁ) .

D1

From this result proof the following 2 statements:
B

(i) So = 9

(i} Sp =5 if and only if - poo = Pra Vo

Hint for parts b) and c¢): lnz<z-1 ; z20



Problem 4

A beam of particles is subject to a simultaneous measurement of the angular momentum
variables L, L,. The measurement gives pairs of values £=m =0 and (=1, m=-1 with

probabilities % and Y% respectively.

(a) (2 pts) Reconstruct the state of the beam immediately before the measurement.

(b) (13 pts) The particles in the beam with £=1, m=~1 are separated out and subjected to
a measurement of L. What are the possible outcomes and their probabilities?

Hint: it may be useful to recall that the eigenstates |1,m, ) of the L, observable can be expressed

in the L,-basis as:

[Lm)= 3, C, (L)

=]

where C,, are coefficients of expansion which depend on #1,.

(c) (5 pts) Construct the spatial wave functions of the states that could arise from the second
measurement,



Problem 7

A small bead of mass m is free to slide on a frictionless, rigid rod. The rod
pivots about one end and rotates in a vertical plane with a constant
angular velocity @. At t =0, the rod is horizontal (with respect to the local

uniform gravitationat field) and the bead is a distance ry from the rotational
axis and has zero radial velocity.

(@)  Find the differential equation of motion of the bead.
(b)  Solve the equation of motion to find the position r{f) of the bead.



Problem 8

( .

This problem explores the behavior of a small, straight coil positioned above a conducting plate with a
spatially uniform, time-dependent current density parallel to the surface. The axis of the coil is parallel
to the surface but perpendicular to the current demsity. Leads from the ends of the coil are brought
together just outside the middle of the coil such that a small gap exists. When the current in the plate
is varied sinusoidally, it is possible to observe a spark across this gap. In order to be able to make useful
approximations, the length and width of the coil must be much smaller than the length and width of the
surface of the plate. Also, the distance from the plate must be small as well.

o)

T ® T &
(Pants -4 ) T 5

The plate has a length L, width W and thickness T. The coil has length ! and cross-sectional area a and
Hes a distance D above the metal surface. The coil is small compared to L and W. The coil is close to the
surface so that D << L and D << W. The number of turns iV is large enough so that the usual solenoidal
approximation can be used. The leads from the ends of the coil are brought together so that there is a very
small gap between them, and potential at which the air in between experiences dielectric breakdown is V.
"The capacitance of the structure can be ignored. The time-dependent current in the slab is I{t) = et

1. What is the minimum frequency w, at which a spark will be created?
2. What is the seli-inductance of the cojl?

3. If the total resistance of the coil and the spark is R, what is the characteristic discharge time 77
What must R be such that 7 < T}, where T, = 27 fws?

4. The air in the interior of the coil is replaced with a material of permeability 4 > t,. Do w, and 7
change?

5. Suppose that a second identical coil is positioned parallel to and directly above the first coil. The
distance between the two is d, and d < D). The coils are small enough so that d >> . At the moment
of dielectric breakdown, what are the magnetic dipole moments of the two coils? What is the force
on each coil?

28 March 2011
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Problem 5

For a stretched plastic rod, length L, the tension force f is given by
f = G’TQ(L - LO):

where a is a positive constant and Lg is the length of the unstretched rod.
For L = Ly the heat capacity of this plastic rod is given by

Crlo=ry = 0T,
where b is a positive constant.

a) Write down the fundamental thermodynamic relation for this system:
dU = ...

and express dS in terms of dU and dL.

b) Consider the entropy as a function of temperature T and length L,
S(T, L). Calculate
a8

3L,
c) Assume that S(T5, Lg) is known, calculate S{T, L) for general T and [..
d) Calculate the heat capacity Cy for general L.
e) Starting with a rod with initial length L; and temperature 7%, the rod

is adiabatically stretched to length Ly > L;. What is the final temperature
Ty7 Is Ty larger or smaller than T} 7



Problem 6 (,.- K

This problem is concerned with the electrostatic potential arising from sections of a surface over which the
potential is specified. Each figure shows two thin conducting sections of a single spherical surface of radius
R centered at the origin of the coordinate system. In terms of the angle # measured from the z axis, the
upper surface runs from 0 to 6 and the lower surface from 180° — 8 to 180°. The electrostatic potential
of the upper shell is +V, and that of the lower shell is ~V. In answering the following questions, clearly
state and justify all approximations that you use.

Figure 1: Sections of spherical shells for 8 = 89° and ¢ = 60°.

i. For 6 = 89°, find the potential everywhere within the sphere, that is, for r < R. What is the surface
charge density distribution over the interior of the shells?

2. For 6 = 89°, find the potential everywhere outside the sf)here, that is, for r > B. What is the surface
charge density distribution over the exterior of the shell? At what distance from the origin does the
leading term in the potential account for 90% of the total?

3. What is the capacitance of this structure?

4. Suppose that the lower shell is replace by a thick, conducting slab of infinite extent in the my plane.
Find the potential inside and outside the shell.

5. Returning to the original geometry, how does the potential for r > R change if a thin layer, of
thickness d << R, of a dielectric material is deposited on the outside of the shells?

6. Suppose that the angular range of each shell is reduced from 89° to 60°. What is the potential for
7 > R? Clearly state any ambiguities or approximations NECESSary. f
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This problem is concerned with the electrostatic potential arising from sections of a surface over which the
potential is specified. Each figure shows two thin conducting sections of a single spherical surface of radius
R centered at the origin of the coordinate system. In terms of the angle # measured from the z axis, the
upper surface runs from 0 to § and the lower surface from 180° — @ to 180°. The electrostatic potential
of the upper shell is +V, and that of the lower shell is —V. In answering the following questions, clearly
state and justify all approximations that you use.

Figure 1: Sections of spherical shells for § = 89° and 8 = 60°.

1. For 8 = 89°, find the potential everywhere within the sphere, that is, for r < R. What is the surface
charge density distribution over the interior of the shells?

Answer (6 points): The general solution is

(7)) = Z[A;rﬂ(cos@) MPI(C%Q)}

Begin by letting the gap between the hemispheres become infinitesimally small. This is a necessary
first step in order to use the orthogonality relation for Legendre polynomials,

! 2 By
./~1 Pyz)Pi{x)dz = 57 _{_15& = / $(r,8) Fi(cos §) sin 8df = ST {Agr + !+1}
r< H=r all By =0

The potential over the shells, &(R,8) =V for 0 < 8 < #/2 and —V for /2 < 8 < 7, is antisymmetric
over [0, 7], so only F; functions which are antisymmetric (odd I values) will appear in ®. Hence,

i 1 G
f P(R,0)P{cos ) sinbdd =V f Pz)dz ~ / Pz)dz| = = AR
o] 0 —~1 25 -+ 1

Explicit integration for I = 1,3 using Pi(z) = z and Ps(z) = (52% — 32)/2 yields

s

3r T3
= @(T,@) =V [§~RP1 (0059) - '8— ("‘ﬁ) pg(COS 9)] .

3V TV
Alm%a dA'g 8R3
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Notice that many more termns are needed to come close to satisfying the boundary condition
B(R,0< 0L w/2) =V, just as a square wave of frequency w is described by a slowly converging
sum of sin (2n + 1wt functions. The charge density over the conducting interior surface of the sphere
is

S—— ‘gf - 2eog;<13{7', 6)lrmr = 2€0 [A1 Py (008 0) + 345 R2Py(cos )]
3¢,V 7 3¢V
T, = jﬁ*— [Pl{l) — Pi(x}} ;R [29z — 352°] .

2. For & = 89°, find the potential everywhere outside the sphere, that is, for r > R. What is the surface
charge density distribution over the exterior of the shell? At what distance from the origin does the
leading term in the potential account for 90% of the total?

Answer (6 points): Outside the sphere » > R, and all 4; = § so that

o(7) = Z l}-l i{cos 8.
=0
2 2 B
241 20 4 1 pi+d

The potential over the shells, ®(R,8) =V for 0 £ 6 < 7/2 and —~V for #/2 < § < =, is antisymmetric
over [0,7], 80 only F} functions which are antisymmetric (odd ! values) will appear in ®. Hence,

o - 2 B
2l 1 R

1 T
/ Bz} Py (z)dz = dig = / O (r,8)Fi(cos @) sin 6df =
-1 Jo

/: (R, 0)P,(cos 8) sin §d8 = V Uol Pw)de - fl P(z)

Esxplicit integration for [ = 1,3 using Pi(z) = x and Py(z) = (52° — 32)/2 vields

3VR? TV R

B}L‘—‘ 5 &ﬂng}m-‘

2 4
O{r,0) =V [g%f’l(cos ) - g%Ps(cos 9)} .

The charge density over the conducting exterior surface of the sphere is

Text = “260'8'(? = — 26, 8@(7", 9)

2B 48
o Timﬁ ws 2, [ 7 Py(cos 6} + ——R—~P3(coa 9)}

€V S,V
Teat =~ 2P {z) — TP(z)] = 5

which is less than the interior charge density. For the leading term in & to be at least 9 times the
second term

[5z ——TmJ,

3R? _ 9.7RY 21
> Ll >R,
S gd T T2V
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3. What is the capacitance of this structure?

Answer (3 points): Finding the capacitance C = Q/AD = (Qin + Qem)/2V requires integration of
surface charge densities over the interior and exterior surfaces of only one hemisphere.

/2
Q= / [0in(8) + Teae(6)) R4 = 2 R? f [0 (0) + 0ope (0)] sin 06 .
upper 0
hemisphere
L 1
Qin = 2w R> / SEEV [202 — 352°%] do = —6—%7523@ and Quyt = 2T R> f SFE’?V (52~ 7% dz = }%@
o o
C =42me.R.

4. Suppose that the lower shell is replaced by a thick, conducting slab of infinite extent in the zy plane
held at potential ® == 0. Find the potential inside and outside the upper shell.

Angwer (1 points): The solutions for the potentials inside and outside the sphere are 0 in the zy plane,

so the solutions are the same for this situation. The surface charge density is —260%55».

5. Returning to the original geometry, how does the potential for » > R change if a thin layer, of
thickness d << R, of a dielectric material is deposited on the outside of the shells?

Answer (4 points}: There are additional boundary conditions at the dielectric/air interface: the normal
component of D, the tangential component of ¥ and @ are continuous. Qutside the dielectric, the
simplest approximation for ®@(r > R,#) is

o '

B
Y7 =~ Filcost),

{=0

which, when used with the solution to question 2, cannot meet all the boundary conditions. A general
approach for small d would be to base the solution on two unknown surface charge densities, one over
the metal surface, o, and the other over the outer and inner surfaces of the dielectric, o4. The surface
charge density over the conducting surface will not be the same as geq given previously. For d << R,
consider a small patch of the dielectric/conductor structure over which the field is approximated as
being purely radial. Then,

Tm O'd]

Dcr/i'.’i" Py Ddielectric = Em'r == (f/ﬁo}Edz'electric == (E/EU) [.._2._; - ng

For r >> R, the field will be dipolar and proportional to F.y..
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6. Suppose that the angular range of each shell is reduced from 89° to 60°. What is the potential for
r > R7? Clearly state any ambiguities or approximations.

Answer (2 points): The greatest difficulty is that the orthogonality relation

1
2
/ Rla)Pila)de = g du

can no longer be used even in an approximate sense. The potential over the missing section of the
spherical surface is unkvown, but we do know that the potential and field are continuous over that
surface. All we can state is that for large 7, the solution will be of the form

B

B(7) = ngl (cos 6).
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This problem explores the behavior of a small, straight coil positioned above a conducting plate with a
spatially uniform, time-dependent current density parallel to the surface. The axis of the coil is parallel
to the surface but perpendicular to the current density. Leads from the ends of the coil are brought
together just outside the middle of the coil such that a small gap exists. When the current in the plate
is varied sinusoidelly, it is possible to observe a spark across this gap. In order to be ablie to make useful
approximations, the length and width of the coil must be much smaller than the length and width of the
surface of the plate. The distance from the plate must be small as well.

Just o ga
/ not a cap%c{)tbr. g

o) + o)

[POS—— [P —

[ {

- diiD)

D D
TI J o T J O
W >> D, ‘ ' W >> D,
{a) For parts 1 to 4. (b} For part 5.

The plate has a length L, width W and thickness T". The coil has length | and cross-sectional ares o and
lies a distance I above the metal surface. The coil is small compared to L and W. The coil is close 1o the
surface so that D << L and DD << W. The number of turns IV is large enough so that the usual solencidal
approximation can be used. The leads from the ends of the coil are brought together so that there is a very
small gap between them, and potential at which the air in between experiences dielectric breakdown is V.
The capacitance of the structure can be ignored. The time-dependent current in the slab is I(t} = I,e™!.

1. 'What is the minimum frequency w, at which a spark will be created?

Answer {6 points}: Since D is small compared to the length and width of the plate, edge effects can
be ignored and B agsumed to be uniform over the length of the coil. Choosing, J = J# and § to lie in
the plane of the plate,

V x B = o and J = 2I/TW =3 B = ju,I/2W .

- o OB L. a S Gz
VXEW"‘““&*W Edt—WVé}“EN B'dGL—-—WG,N"é"E“
_ a,uoN_@_{ _twapeN AWV,
AU = o = Taw (W T =2
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2. What is the self-inductance of the coil?

Answer (5 points}: Given a current I in the coil and assuming that the coil is close to an infinite
solenoid, Ampere’s Law yields B(f) = uoni(t) in the interior, where n = N/I. Then, application of
Faraday’s Law yields

0B ,cLoNzaEi“{ o [ polN?a

AR(H) =aNZp == z

3. If the total resistance of the coil and the spark is R, what is the characteristic discharge time 7
What must R be such that v < &, where £5 = 2n /w,?

Answer (4 points):

dI da R a L
L'a';t-w-“IR:?-c'&'*—“—iIZ?I(t)—Ioe L @Twh—
_apol N _ peN*a o 4ArV,WN
b= govow 4T = P AR

4. The air in the interior of the coil is replaced with a rod of material of permeability g > uo. Do w,
and 7 change?

Answer (2 points): The exact solution for B within the coil is not easy to determine, but approximately,
B increases by the factor p/pe. 50, ws(p) = (to/p)ws(ito), and since L = puNZa/l, we find that
T(u} = (1] b )7{pho)-

5. Suppose that a second identical coil is positioned parallel to and directly above the firsi coil. The
distance between the two is d, and d < D, The coils are small enough so that d >> [. At the moment
of dielectric breakdown, what are the magnetic dipole moments of the two coils? What is the force
on sach coil?

Answer (3 points): To be precise, the self-consistent solution for 7 must include the effect of the
magnetic dipole field of the other coil. However, assuming the coils are sufficiently far apart, at the
moment of breakdown, I = V,/R and m = —Jaf for each coil. For the magnetic dipole potential
{7 = meos8/r?, where ¢ is measured relative to the direction of %, the field at the position of
the other coil is Bp(r = d,0 = n/2) = ~V7<I)m(7' = d,0 = 5/2) = gm/d®. The potential energy is
U=~ By =m?/d® and the force is F = 3m?/d* in the direction away from the other coil. Since
the fleld from the plate is uniform and oriented along the axis of each coil, there is no foree or torque
on either dipole due to this fleld. Alse, since the magnetic dipole moments are parallel, there is no
torque on either dipole.
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