OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #109

September 27 and 28, 2010
Comprehensive examination for Fall 2010
PART 1, Monday, September 27, 9:00 am

General Instructions

This Comprehensive Examination for Fall 2010 consists of eight
problems of equal weight (20 points each). It has four parts. The first part
(Problems 1-2) is handed out at 9:00 am on Monday, September 27, and
lasts three hours. The second part (Problems 3-4) will be handed out at
1:00 pm on the same day and will also last three hours. The third and
fourth parts will be administered on Tuesday, September 28, at 9:00 am
and 1:00 pm.

Work carefully, indicate your reasoning, and display your work
clearly. Even if you do not complete a problem, it might be possible to
obtain partial credit — especially if your understanding is manifest. Use no
scratch paper; do all work in the bluebooks, work each problem in its own
numbered bluebook, and be certain that your chosen student letter (but not
your name) is inside the back cover of every booklet. Be sure to make
note of your student letter for use in the remaining parts of the
examination.

If something is omitted from the statement of the problem or you
feel there are ambiguities, please get up and ask your question quietly and
privately, so as not to disturb the others. Put all materials, books, and
papers on the floor, except the exam, bluebooks and the collection of
formulas and data distributed with the exam. Calculators are not allowed.
Please return all bluebooks and formula sheets at the end of the exam.
Use the last pages of your bluebooks for "scratch" work separated by at
least one empty page from your solutions. "Scratch" work will not be
graded.
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Problem #1 (QM)

A beam of neutrons with spin up along the positive z-axis enters (at time t = 0) region where there
is a uniform magnetic field B (see Figure). The Hamiltonian of interaction between the particle
and the magnetic field is H=—pB =2wS-n =215, , where S is the particle’s spin operator, u

is the direction of the magnetic field n =icos¢@sinf+ jsin@sin@+kcos8, and @ = uB/fh.

Ignore the spatial degrees of freedom.

1) Write down the state of the system at time t = 0 and time evolution operator.

2) Find matrix representation of the operator S, in the S;-basis.
3) Using the result of part 2), find matrix representation of the time evolution operator.

4) Find the state of the system at an arbitrary time t> 0.
5) For a particular case of # =i (i.e. magnetic field along x-axis), find the expectation
value of the spin operator (make sure to look at all components) in this state and

discuss.

Pauli matrices are provided below.
0 1 | 0 - i, i 0
O’X = k4 Gy o= . L) 0’1 =
1 0 i 0 0 -1
Spinup ¥

,

»
particles moving
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Problem 2

A cube of mass m and side 2a is sliding with velocity v along a frictioniess,
horizontal floor. The cube hits a very low step head-on and the leading edge
comes abruptly to rest such that the cube then rotates about the step. See the
figure below. '

(a) Considering the quantities momentum, angular momentum, and energy,
which are conserved and which are not conserved during the three
processes: (i) sliding before the step collision, (ii} during the infinitesimally
brief step collision, and (iii) after the collision (but before the cube topples
over onto the floor)? Explain your answers.

(b)  Find the angular velocity of the cube just after the collision.

(¢)  Find the minimum velocity required for the cube to roll over, in the same
direction as the initial velocity, after hitting the step.

2a| —t—
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3. Idealized gasoline engine

Consider an ideal gas consisting of N particles (molecules) with f degrees of
freedom per molecule:

a) What are the equation of state and the internal energy U for this gas?

b) Consider an adiabatic process with constant particle number N: Starting
from the results of a), show that

p*VP=const. and  v°T% = const. (1)
and determine the exponents a, b, ¢, d.

¢) Consider an (idealized) four stroke engine (Otto motor) working with an
ideal gas as a working medium. The (idealized) cycle is given in the figure
below:

AP ;
% _____
. S= const.
g 1 — 2 :expansion
AT R 2 ,
VARRSY ] 2 — 3 :exhaust
! % 3 :intake
- S .
I 3+ 4 :compression
gL ]
; R, 3 > 4 - 1 :combustion
3 E 'S= const. oy

Using the results of part a) and the equations (1) determine the efficiency
n = AW/AQ of this cycle, where AW is the performed work, and AQ) is the
generated heat during combustion.



3. Idealized gasoline engine

Consider an ideal gas consisting of N particles {molecules) with f degrees of
freedom per molecule:

a) What are the equation of state and the internal energy U for this gas?

pV = NKT
U = %NkT

b) Consider an adiabatic process with constant particle number N: Star
ting from the results of a), show that

V¥ =const.  and  v°T% = const. (1)

and determine the exponents a,b,¢,d.

dU =TdS — pdV + pdN
N = const. — dN =0.
Adiabatic process: d@Q =T7dS =0,
dlU = —pdV
From a)
dU = édeT
pdV + Vdp = NkdT
we find
dl = paV + Vdp
and / ;
(1 + —2—> pdV = wwédep
Ty -
(o) [
f vo V po P
2 p
—+1jIner=—-In—
(f ) Vo Do
pVH% = const.




Short answer for 2™ equation: pV = NT = const. x T
5 VT = const.
Independent answer by integration: Using
AU = —pdV
and
dU = fsz kdT
together with
_ NkT
PETy
leads to . -
( 2 ) A
f Vo 17 Ty T
and
TV? = const.
Finally
o=l b=1+ 2 C == 2 d=1
f f '

¢) Consider an (idealized) four stroke engine (Otto motor) working with an
ideal gas as a working medium. The (idealized) cycle is given in the figure
below:

AP ;
p} _____
. S= const.
“g 9 1= 2 . expansion
% ””8} """""""""""""" o 2 3 :exhaust
:li % 3 ' intake
D ?; 3— 4 :compression
A ‘ - 4 — 1 :combustion
Y
: S= const. R 7
Vy V3

Using the results of part a) and the equations (1) determine the efficiency
n = AW/AQ of this cycle, where AW is the performed work, and AQ) is the
generated heat during combustion,



1 -+ 2: adiabatic AQ =0 AWy >0
-2 3: isochor AW =0 AQy <0
3 -y 4: adiabatic AQ =0 AWy <0
4—1: isocher AW =0 AQy >0

The efficiency is (the exhaust heat Qg5 does not matter)

- AW _ Wig + Way
NG Qa1

To compute the work, we start from '

W, = f " v

Vi
with \
pV*T = const, = A
' " Flo-28 25
Wh=Af V*Wwv=mm{% -V )
Vi 2
Similarly
& F (=28 -2/1
ﬂ%=mg/1ﬁHMWzB~@g - v
Vi 2
Choose
A = pﬂ/f”m/f
B — p4-v;f+2/f
and

AW s Wi + W34 = m,‘gm(pl _p4)V41+2/f (V:.;..,g/f _ ‘/;—-Z/f) .

To compute the heat contribution we have AU = AQ and

f f
=L = LoV

U ZNkT z'p
which results in ;

Qar = 5(}31 — paiVa.
Finally
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=55 = W)
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This problem deals’electric dipole radiation from a simple antenna in free
space. A time-dependent current is applied to two wire segments oriented
along the z axis, each being of length d/2. The segments are separated
by & very small distance. The problem is to calculate dP/dS2 in the long
wavelength limit far from the antenna.

a. Begin by writing the basic relation between A(#,t) and J(#,t) using
the retarded Green function G(7,7',%,t'). Assume that J is time-
harmonic.

b. Apply the far-field and long-wavelength approximations to this rela-
tion.

¢. Show that A(F,t) depends upon §{(t), the time-dependent dipole mo-
ment of the antenna. You will need the continuity relation and

| f J()do! = — f # T

d. Determine E and B in terms of 7.

e. Derive the power radiated/steradian, dP/dQ, and the total power ra-
diated, P.

f. A simple model for the current in the antenna is
I(z,t) = I,(1 - %ﬂ)e*"wt .

Construct J(7,t) and use it in your analysis to find dP/dQ2 and P.



This problem describes electric dipole radiation from a simple antenna in free space. A time-
dependent current is applied to two wire segments connected to a coaxial cable. The wires are
oriented along the z axis, each being of length d/2 and separated by a very small distance. The
problem is to calculate dP/dSY in the long wavelength limit far from the antenna.

a. Begin by writing the basic relation between A(F,t) and J(7,t) using the retarded Green
function G(F,#,t,t'). Assume that J is time-harmonic.

(4 points)
A7 t) = gﬁ/(}(ﬁ #Lt YT o' dt

oy

G 7, t,0) = 8(t — (t = |F — #'|/c)/|F — 7| and J(F, 1) = J(F)e~t

JU-o it I @ikl
A(F, L‘)va o /J(" idv with k = w/e¢

b. Apply the far-field and long-wavelength approximations to this relation.
(4 points) Far field approximation: = >> A.

SRIF=7| ik
=~

ikl
;,’w_?:*,'l - e ik

Long wavelength approximation: A >> d or kd << 1, so ™™ & 1,

. 3(for—wt) .
Alrt) = o / T dw

T

¢. Show that A(7,t) depends upon §(t), the time-dependent dipole moment of the anterma. You
will need the continuity relation and

f J#ydef = — f P T

(4 points)
Bp(T, t)
at

So, /f('r’*”’,t)dv’ = wiw/ "o(F e "t dy! = —iwpl(t) = —iwpe t

Continuity condition: V7 - J5 1) = — = fwp(F)e ™"t

d. Determine E and B in terms of §.

(4 points)

i 5 October 2010



Supressing the time-dependence,
E:@"xﬁ'zwik&(—?——;—)fxﬁem

So, as r «— 00,

B= kzgfr«i;-—f x @, and

Vﬂ'xg—-—kzm’e.k Fx(Fxp)=—FxB
B 4 pr=

e. Derive the time-averaged power radiated/steradian, dP/dS}, and the total power radiated, P.
(2 points)

o= (57)rt = gre (B 8) ]t =g (B ) < 5]

aP 4 Mo
g = 432:_2i (7 x §) x #* = k432 2|g§'lz.s".r,ﬂ

o 8m o o
p= f——dsz k“3’;2h§1 /smsé’déidqu G

f. A simple model for the current in the antenna is
I{z,t) = I(1 - %ﬂ)e“*wt .

Construct J{7,t) and use it in your analysis to find dP/df2 and P.

(2 points)
Jlz,t) = I{z, f)zé{x)é(y) = Ve ?—3—5 2)3(y)e ™ for z 2 0
But V.J = —m% =qwp , 80 p(z,t) = 221 Ye~ ™t for z 2 0

1

d/2 . d/2 ; .
p(t) = / Fp(z, t)dv = 22~ / 2oy e 3192 gomit
~df2 o 2w
dp I? 2
&~ 7 kg

where R =—radiation resistance.

25 sin® and P = I3 (kd)? 2= ”" = IR,

2 5 Qctober 2010



5. Statistical mechanics of DNA melting

The micro states of a sirmple model for a double stranded polymer (i.e. DNA
molecule) are given by:

ij
\)/\,L_\_LJ.J)/;’ N

1

(i) The two strands can form bonds at positions 1,2,..., N.
(ii} A closed bond has energy €0 = 0. An open bond has energy € # 0.

(iii) The p-th bond can only by open if all bonds at positions 1,2,...,p—1
are already open.

(iv) The N-th bond can’t be opened.
a) The molecule is in contact with a heat bath with temperature 7. Deter-
mine the partition function for the molecule.

b) What is the average number {n) of open bonds as function of temperature
T and open bond energy € 7

¢) Determine the fraction (n)/N of open bonds in the limit N — 0o of an
infinitely long molecule for both € > 0 and € < 0.

Now consider a double stranded polymer that can be unzipped (have open
bonds) at both ends, i.e. (iv) is no longer valid and a-+b=p < N. Assume

N = odd.
— |
a ~{
b 1
1

d) What is the partition function for this model? (You do not have to
evaluate any sums, although closed forms exist.)



5. Statistical mechanics of DNA melting
The micro states of a simple model for a double stranded polymer (i.e. DNA
molecule} are given by:

{i) The two strands can form bonds at positions 1,2,..., N,
(ii) A closed bond has energy €y = 0. An open bond has energy € # 0.

(iii) The p-th bond can only by open if all bonds at positions 1,2,...,p~1
are already opern.

(iv) The N-th bond can’t be opened.

a) The molecule is in contact with a heat bath with temperature 7. Deter-
mine the partition function for the molecule.

Energy of microstate with p open bonds: E, == pe . No degeneracies. Partition
function:
N-3 N-1 -z
- —~fep P
Z(T,N)=) e Yoz —
p=0 ==}
with x = e7#°,
b} What is the average number (n) of open bonds as function of tempera-
ture 7" and open bond energy € 7
S
- - ~8
= =g 2
b ez N 1 m%ﬁax) _lmé‘Z
Tz N\ 8Be)) T Z\ 0z8(Be’)]  Z 0z
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¢) Determine the fraction (n)/N of open bonds in the limit N — oo of an
infinitely long molecule for both € > 0 and € < 0.

(n) N-1
Ry e
o1
am o= im e x =0

Now consider a double stranded polymer that can be unzipped {have open
bonds) at both ends, i.e. (iv) is no longer valid and a + b = p < N. Assume

N = odd.

T«((‘

-

1}
~,
b

d) What is the partition function for this model? (You do not have to
evaluate any sums, although closed forms exist.)

Z

Now a state with p open bonds can be formed in g, = p + 1 ways.

Z

Gp e P Zy

o

3

z

(p+ e PP 4 2z,

=3
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Problem #6 (QM)

Consider a 1D potential with a step function component and an attractive delta function component just at
the edge (see Figure), namely

V(x)=V6(x)-46(x),

where 8and Sare theta- and delta-functions, respectively, and V and 4 are positive constants. The particle
with energy £ is incident from the left.

1} The particle with energy E is incident from the left, and E> V.
{z) Write down the wave function describing the system.
{b) Find the reflection coefficient, R, defined as the ratio of reflected and incident
probability currents. ‘
(¢} How does R behave as a function of energy £ in the high-energy limit? Compare with
the R ~ 1/E” behavior, obtained from a step-function barrier in the absence of the
delta-function.

2) Consider the case E<0.
(a) Write down the wave function describing the system,

{b) If there are any bound states, what are their energies?

8(x)
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T

Two semi-infinite slabs of dielectric materials are in contact, with the xy
plane being the interface. The permittivities are ¢; for 2 > 0 and e for
z <G

a. A single point charge q is placed in zy plane. Find @, E, D, and P
everywhere and also any bound interfacia] charge density.

b. Replace the single point charge with a conducting sphere of radius R
centered at the interface between the two media. The total charge
on the sphere is ¢. Again, find @, ﬁ, ﬁ, and P everywhere and the
distribution of charge over the sphere



Two semi-infinite slabs of dielectric materials are in contact, with the zy plane being the interface.
The permittivities are €1 for 2 > 0 and e for z < 0.

a. A single point charge g is placed in zy plane. Find @, E, D, and P everywhere and also any
bound interfacial charge density.

(12 points) It is tempting to say

= g
By o=
1 dmeyr

2?forz>0&ndﬁ2:4W3T2?""forz<(},
2

but that would be wrong. The tangential components of these fields are not equal at the
interface as required for the continuity of the tangential component of E. The normal com-
ponent of E is zero in the zy plane, so the continuity of the normal component of D=eEis
satisfled. The relation

] ﬁ-d&:fﬁ;-dﬁ+/ﬁg-d&= 9 g+
Arre dorra

2mre =g

sphere hsy hsa

is satisfled, where hsy; and hsy are hemispherical surfaces in regions 1 and 2. So, define ¢,
and go such that Ei,,, is continuous across the interface with the constraint that q1 +gqq = 2q.

q1 92 LA €
prenad =S I S = —
dmerr®  dmear? € 6 2 €1 %

b ge =2 = (1+62)—2:> -4
g1+ Q2 gd=q1 o q=q = TTe/e
TR
gz = El‘?l =17 paypu

Note that if €3 > e; then g2 > ¢1. An alternative approach to this problem using the method

of images for a charge ¢ above the interface and taking the limit as this dispacement goes to

zero yields the same result. The relevant quantities are:
2q 1 7.1 g 7

" 4 2q 1 7 1 q 7
B d F B e RO S
Ea(r) 1+ eg/ey dmey 7% 2wy + eg T2 and £ (r) 1+erfepdmepr?  2mwe; +epri

2g i1 Ioog 1 2g 11 I g 1
T e e S e —and o) = —F e L -
() 14 egferdmer v 27r£1~§~€27”anc 2(r) 14 e1fendmegr  2me; +ear

Dy=eE,Dy=el and Pig=x12F) 2, where Y12 = €12 — &

There is no bound surface charge. At the interface P lies in the zy plane, and oy = P2 = 0,
Howaver, the bound charge density is not zero:
g 1 x2_ 9 1

— and ppa = == —
P kis 6;—}-627‘3

= A Xi
==V P o= ===
£b £b1 T €5 + €g 78
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b. Replace the single point charge with a conducting sphere of radius R centered at the interface
between the two media. The total charge on the sphere is g. Again, find &, E, D, and P
everywhere and the distribution of charge over the sphere.

(8 points} The only difference between this situation and that of a point charge is that
the charge is dispersed over the equipotential surface of the conducting sphere. The integral
[D -da over a spherical surface just outside the conducting sphere must yield the total charge
g. Thus, E, D, P, @ and p, are the same as in the case of the point charge., The field just
above the surface of the conductor is E12 = (o1,3/€12) 7, and, since |Ey 2| is independent
of direction, the conclusion is that o9 is constant over the respective hemisphere. Hence,
o1 = q1/27xR? and o9 = q;/2rR?. Finally, there is now a bound surface charge density over
the dielectric spherical cavity in contact with the conducting sphere:

x12q1,2 L

Opr2 =P (—F) = “m"@" .

2 5 October 2010



Problem 8

A long cylinder of radius ris held fixed with its axis horizontal. A cube of
side 2a is balanced on top of the cylinder with its center vertically above
the cylinder's axis and four of its sides paraliel to the cylinder axis, as
shown in Fig. (2). The static friction between the cube and cylinder is
sufficient to prevent the cube from slipping, but it can tilt to the side, as
shown in Fig. (b).

(a)  The stability of the balance or equilibrium point in Fig. (a) depends
on the relative sizes of the cube and cylinder. Determine the
relationship that divides the stable and unstable regions.

(b}  Assuming that the equilibrium in Fig. (a) is stable, find the
frequency of small oscillations of the cube about the balance point.

2al

(a) (b
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