OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #107

October 1, and 2, 2009
Comprehensive examination for Fall 2009
PART 1, Thursday October 1, 9:00 am
General Instructions

This Comprehensive Examination for Fall 2009 consists of eight problems
of equal weight (20 points each). It has four parts. The first part (Problems
1-2) is handed out at 9:00 am on Thursday, October 1, and lasts three
hours. The second part (Problems 3-4) will be handed out at 1:30 pm on
the same day and will also last three hours. The third and fourth parts will
be administered on Friday October 2, at 9:00 am and 1:30 pm.

Work carefully, indicate your reasoning, and display your work clearly.
Even if you do not complete a problem, it might be possible to obtain
partial credit — especially if your understanding is manifest. Use no scratch
paper; do all work in the bluebooks, work each problem in its own
numbered bluebook, and be certain that your chosen student letter (but not
your name) is inside the back cover of every booklet. Be sure to make note
of your student letter for use in the remaining parts of the examination.

If something is omitted from the statement of the problem or vou feel
there are ambiguities, please get up and ask your question quietly and
privately, so as not to disturb the others. Put all materials, books, and
papers on the floor, except the exam, bluebooks and the collection of
formulas and data distributed with the exam. Calculators are not allowed.
Please return all bluebooks and formula sheets at the end of the exam.

Use the last pages of your bluebooks for "scratch” work separated by at
least one empty page from your solutions. "Scratch" work will not be
graded.




Problem 1

A particle of mass m and velocity v is moving in one dimension and

experiences a retarding force of magnitude!ﬁ;[ = kme®™, where k and o are

positive constants. Attime t = 0, the particie is located at Xp =0 and has

initial velocity vg > 0.

a) Write Newton's equation of motion for this particle.

b) Solve the equation of motion to obtain the velocity as a function of
time. Discuss the validity of your resuit.

c) How far from the starting point does the particle travel before
stopping?

a—



v, :

e
1, - kT
b
Oy T XY s
e “ -, 6 - dk’t
e,a”kr _ ém-oc’?fb N azk%

. - U, ' | ’
e 2]t




- Re

'




Problem 2

In a simple model of a gas the possible positions of atoms are located on
a lattice. The movement of an atom is then tepresented by an atom hopping
from one lattice position to a neighboring one. We consider such model in
one dimension, where there are M possible positions on a linear chain with
end-points connected (i.e. a linear ring). Therefore the possible positions are
labelled by an index 4, with § = 1... M. Atoms can hop from site 1 to sites
i1, with M -+ 1 being the same at 1 and 0 the same as M. Only one atom
can be on a given site at a given time. The number of atoms N is very small,
N << M. The density of the gas is given by n=4&.

We apply a force that moves the atoms clock-wise, The conductivity of the
ring is proportional to the number of atoms that can hop into an empty spot.
Calculate how the conductivity depends on the density n, to second order,

Now assume that there is an additional energy J for a pair of neighboring
atoms. Calculate how the conductivity depends on J yin the Bmit 1 << N <<
M, again up to second order in n, Discuss your result for .J = 0, 8J »>> 1, and
BJ << ~1.




Solution Problem 2

The -current is proportional to the number of atoms that can hop. The
probability that an atom does not have a neighbor in the clockwise direction is

1w %@%& and hence we have for the conductivity o

N-—-1 1
QRZT!%VR&WI»IEI&

and for large M this is

oo n(l—n)

When there is an interaction between atorns, the probability of having neigh-
boring atoms changes. In the case N << M we can ignore triplets, and only
consider single atoms and pairs. Also, the probability of finding & pair is small.
K we add one atom to the set, there are N ways it can end up next to an atom
in the clock-wise direction, and M — N =~ M ways it does not. But the prob-
ability of being next to an atorn has an extra Beltzmann factor in it. Denote
the probability of finding an ators without neighbors Py and of finding an atom
with a neighbor in the clock-wise direction Py, then we see

Ne—8J
Ne=BT 4 pf -

Strictly speaking this gives us the probability for N + 1 atomns, but since
1 << N that is the seme as for N. Dividing by M yields

P =

_ ne=Fd
T one=AT 1

The conduetivity is proportional to the number of atoms without a neighbor
in the clock-wise direction, which is N{1 — Py), hence -

Py

ne=#J

ne~f4 41 )

oo n(l—

For .J = 0 this gives, with n << 1,
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as before. If 8J >> 1, atoms do not want to be neighbors, we see that the
coefficient of the second order term goes to zero. we have

ne~ R

T e Pl
All atoms contribute to the current.
On the other hand, if 5J << —1 the result reduces to

n(l yan{l-ne Y mn
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this also becomes very small. It is also independent of n. All atoms cluster
together, and only the first of the series can move!




Problem 3
Consider a plane rigid rotator (constrained to move only within one plane)
characterized by the electric dipole d and a moment of inertia /.

(a) Write down the Hamiltonian describing the rotational motion of this rotator.

(b) Find the energy levels of the rotator. What are its eigenstates?

(¢} Now apply uniform electric field € that lies in the plane of rotation. What is the
Hamiltonian describing interaction of the rotator with the electric field?

(d) Let’s say that the electric field is weak enough, so that the interaction found in (c)
can be treated as a perturbation. Calculate the first nonvanishing corrections to the
energy levels of the rotator due to this perturbation. Hint: in the second-order, use
non-degenerate theory.
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Problem 4

Consider an idealized situation where the region of space between 0 < z < L has homogeneous
fields E = {E,,0,0}, B = {0, B,, 0} (Fig.1).

a) A charged particle, charge g, mass m, Is released from the origin x = y = z = 0 with no initial
velocity. Derive a transcendental equation for its time of travel through the field region, and use
the time of travel to find the point where the particle will exit the field region.

b} Find the correction to the above results due to small initial velocity of the particle v

Fig. 1. Trajectory shown is for illustration only!
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Problem 5

A parallel plate cavity of size d with perfect electric conductor (PEC) walls and vacuum core supports a
set of standing-wave modes with frequencies w, = nn/d.

Assume now that this cavity that is filled with spatially inhomogeneous dielectric permittivity e(x) =
e;exp (ax), with €; being a constant. Starting from Maxwell’s equations, derive the transcendental
equation for frequencies of electromagnetic modes supported by the cavity. For simplicity, assume that
the electric field of a mode is parallel to z axis.

Hini: you may want to reduce the differential equation to Besse! equation

L

af
Eqmtigr @ -mf =0

that has two linearly independent solutions f = [, () and f = Y, (§)
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Problem 6

Consider a particle of spin Y%. It is known that the particle is in an eigenstate of
operator Sy.

(a) If S, is measured, what are possible outcomes and their probabilities?

(b) At time ¢ = 0, the particle is in the eigenstate of Sy that corresponds to the
eigenvalue —h/2. If we turn on the magnetic field B, so that the Hamiltonian
describing the particle-magnetic field interaction is H = (eB/mc)S,, what is the
state of the particle at time £ > 07 (e is the charge of the electron, m is its mass,
and c is the speed of light)

(c) IfS;and S, are measured at time ¢ = ¢y after the magnetic field is turned on, what
are the results of these measurements and their probabilities?

(d) What are expectation values of Sy and S, at r = £; ? Is it what you expect based
from the commutation relationships of these operators with the Hamiltonian?
Explain.
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Problem 7

An oscillator is made with a solid disk of mass m weighted by a small
mass, also m, fixed on its rim. The disk is mounted on a frictionless
horizontal axle through its center. Two such identical oscillators are
connéctegd by a spring attached to points on the rims opposite the small
masses, as shown below. The spring has spring constant k and is at its
relaxed length when the oscillators are in their equilibrium positions.

(@) Choose an appropriate set of generalized coordinates and write the
kinetic and potential energies in the limit of small amplitude
oscillations.

(b)  Write the secular equation in determinant form.

(¢)  Find the eigenfrequencies (frequencies of the normal modes).

(d)  Find the properly normalized eigenvectors.

(e)  Sketch the normal modes of this system, discuss their symmetries,
and indicate which normal mode is associated with which
eigenfrequency. ‘
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Problem 8

The pressure of a ges is increased in a reversible, adiabatic process. Origi-
nally the gas is at room temperatuare and atmospheric pressure. We know that
for this gas at room temperature and under atmospheric pressure the coeffi-
cient of thermal expansion o = — & (%)p, y 15 equal to 0.05 K1 and that the
volurne specific heat (heat capacity per unit volume) ab constant pressuré ¢p
is equal to 1500 J /m3K. If the pressure is increases by 0.01 atmosphere, how
much does the temperature increase? Use room temperature equal to 300K and
atmospheric pressure equal to 105 Pascal. Note: you do not need a caleulator

for this problem.



Solution Problem 1

In order to find the change in temperature in a reversible adiabatic process
when the pressure changes we Lave to use

AT = (?_1:) Ap
O/ s
a5

Because we have information about the specific heat, related to (5—]: AL
should be able to use the following identity:

()= (5),. (%)
dp S‘Nm o8 PN O/ rn

The first factor on the right hand side is directly related to ¢,

=L
TEVNT), .

Therefore, the second factor has to be related to a:

Using

QU = T'dS — pdV + pudN
and, with G = U — T8 +pV,

43 = —SdT + Vip + pdN

(@), (or),, =~ (5)
5T ) NG ) " "\ B ) g

to get

or

Put together. this yields:

(Z) -Zva-To
/s n

or (300)(0.05)
(8P)3N N W mgK/']zo‘Gl K/PG

With Ap = 0.01 atm = 10° Py we get AT =

(0.01)(1,006) = 10 K.






