OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #106

March 30 and 31, 2009
Spi‘ing 2009 Comprehensive Examination
PART 1, Monday, March 30, 9:00 am
General Instructions

This Spring 2009 Comprehensive Examination consists of eight problems of equal weight
(20 points each). It has four parts. The first part (Problems 1-2) is handed out at 9:00
am on Monday, March 30, and lasts three hours. The second part (Problems 3-4) will be
handed out at 1:00 pm on the same day and will also last three hours. The third-and
fourth parts will be administered on Tuesday, March 31, at 9:00 am and 1:00 pm.,
respectively. Work carefully, indicate your reasoning, and display your work clearly.
Even if you do not complete a problem, it might be possible to obtain partial credit -
especially if your understanding is manifest. Use no scratch paper; do all work in the
biuebooks, work each problem in its own numbered bluebook, and be certain that your
chosen student letter (but not your name) is inside the back cover of every booklet. Be
sure to make note of your student letter for use in the remaining parts of the examination.
If something is omitted from the statement of the problem or you feel there are
ambiguities, please get up and ask your question quietly and privately, so as not to disturb
the others. Put all materials’ books, and papers on the floor, except the exam, bluebooks
and the collection of formulas and data distributed with the exam. Calculators are not
allowed except when a numerical answer is required — calculators will be then provided by
the person proctoring the exam. Please return all bluebooks and formula sheets at the end
of the exam. Use the last pages of your bluebooks for "scratch” work separated by at least
one empty page from your solutions. "Scratch” work will not be graded.






Comprehensive Examination, Spring 2009 - Problem 1

Consider the following arrangement of identical springs with spring constant k
connected to a mass m. In equilibrium, as shown, the springs are stretched a distance d
beyond their unstretched length.

— e e > X

When the mass is displaced in the direction x and released, it oscillates in the + x
direction.

(1) Write the Hamiltonian of this system in a form valid for small displacements
(/L << 1). Retain terms up to (x/L)>.

(2) Show that this system is non-linear for any amplitude if d = 0, i.e., if the springs
are not siretched in equilibrium.

(3) Assume that the maximum displacement (x/L)nq = 0.1 and estimate
quantitatively the range of (d/L) in which the non-inear properties of this
oscillator will dominate. Pick a reasonable criterion and do a “back-of-the-
envelope calculation.” Do not use a calculator!

(4) Write the equation of motion for the variable x for the case- (d/L) # 0 and the
oscillator is driven in the + x direction with frequency o. Use successive
approximations (perturbation theory) to solve for x(t) in terms of two harmomc
frequencies. : :
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Comprehensive Examination, Spring 2009 — Problem 2

Consider a particle of mass m bound in an infinite square well with an added "shelf" at
the bottom of the well, as shown in the figure below. The potential energy is 0 in the left
half of the well and ¥, in the right half of the well. The well has total width [.

Vi)

- \

- X

(a) Find the transcendental equation that determines the energy eigenvalues of the

system for energies that lie above the shelf energy 7. ‘

(b) Show that the transcendental equation in (a) reproduces the energy eigenvalues of the

standard infinite square well (i.e. with a flat bottom). v

~ (¢) Use perturbation theory to find the energies of the system for the case that the shelf
height V5 is small compared to the ground state energy. :

(d) Show that the exact result in (a) and the perturbation result in (c) agree to lowest

order in the perturbation for the ground state shift. ;




(a) The infinite potential outside the well implies that the energy eigenstates are zero
outside the well. Inside the well there are different energy eigenvalue equations in the
left and right halves: ‘

.._i..éi.;.() Q (x):Eqp (x) left half
m dx’ B E

B 4
(“"2“"’"1"1“3;5‘{' VOJQDE (x) =EQy (x) right half

For the case that the energy E is greater than the potential V,, the solutions in each
half of the well are sinusoidal, with different wave vectors in each half:

{2mE
ky = e

2m(E—Vy)
hZ

k,

The general solution is

() Asinkx+ Beoskx, ~L{25x<0

Xi=

Pz Csink,x+Dcosk,x, O0<x<L/2

Apply the boundary condition on the wave function continuity at the middle and sides of
the well, and the boundary condition on the continuity of the first derivative of the wave

function at the middle of the well (recall that the infinite potential on the sides means that
the derivative condition is not applicable there). The four boundary conditions are

@z (~L/2):~Asin(k,L/2)+ Bcos(kL{2)=0
@z (L/2): Csin(k,L/2)+ Dcos(k,L/2)=0

0(0):B=D
LG
dx P

These four equations contain five unknowns: the amplitudes A, B, C, and D, and the
energy E through the wave vectors k, and k,. The normalization condition supplies the
fifth equation required to solve for all unknowns. Eliminate the amplitude coefficients
from the four boundary condition equations:



klAmeCeCmAll:‘—

2

in(k,
A%sin(%l;ﬁ)-&-A%c%%lzég)jcos(kzL/z)m 0

to arrive at the transcendental equation for the energy eigenvalues (HW):

ky cos(k,L/2)sin(k,L/2)+ k,sin(k,L/2)cos(k,L/2)=0

(b) If V,=0, then the two wave vectors are equal and the transcendental equation
becomes:

k, cos(k,L/2)sin(k,L/2)+ k, sin(k,L/2)cos(kL/2)=0
kysin (kLf2)+(kL/2)]=0

kysink, L =0
This yields

gink, L =0

kL =nn

k="
L

p=lh _Pn'n
2m  2mL’

which are the energy eigenvalues of the infinite square well.
(c) Perturbation theory dictates that the shift of the energy states is given by the
expectation value of the perturbation in the zero-order states:

)= [Ty () as

We can do this integral without knowing the explicit form of the unperturbed eigenstates,
using their symmetry about the well origin.

EO = ()

B = J v t},,(e)* (x) H’w“’) dx
0 " Lz »
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(d) Expand the transcendental equation when the perturbation is small. For the ground
state, the unperturbed wave vector is z/L , so write the perturbed left side wave vector as

kL=7n(l+¢)
and the perturbed the right side wave vector as
2m(E -
ky = —f—(—}é——-‘fm)- =k (1-V,/E)" 2k, (1-V,/2E) =k (1-7)

kLzn(l+e){1-n)=r(l+e-n)

The new parameter is 1=V, /2E. The transcendental equation has sin and cos functions
of the half angles k,L/2, which are neatly 7/2. Hence, the sin terms are unity and the
cos terms are 7/2 minus the half angles:

k, cos(k,L/2)sin(k,L/2)+ k, cos(k,L/2)sin{k L/2) =

Z(re| -2 ) Rare-n|-£+2)=0

2
)43
ez=1n/2

The perturbed energy is
h2k2 Wt »  HW'rm? Wt Wr 2( V )
l+e) = 1+2¢g)= 1+ 1+—%
T 2m 2mL2( ) mLZ( ) 2mL2( m)= 2n 2mi?\" " 2E
h27z2 VO 5
...-.-.........i,._i..__
2ml” 2
V;
2

E=
AE=E~E" =20

Thus the perturbation result and the exact result agree to this order.



Comprehensive Examination, Spring 2009 - Problem 3

This is a two-dimensional problem. Consider a wedge (radius R, wedge angle 7 /2} shown in Fig.1. The
wedge is partially filled with material with relative permittivity £ up to r < ry and contains air for
7p <7 < R. The radial sides of the wedge are kept at zero eiectric potential. The electric potential at
r = R is given by
(Lo <p<gg+é
V(R ¢) = { 0, otherwise
with § « 1.

Find the electric potential everywhere inside the wedge.

=0
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Comprehensive Examination, Spring 2009 -~ Problem 4

Consider s “semi-infinite” crystal with a surface at z = 0, and with dimeénsions spanning to 400 in
the z direction, and to <4-00 in the z and y directions.

The crystal consists of close-packed atomic layers (all atoms identical) perpendicular to the z axis, and
stacked upon one another in the z direction (see Fig. 1 (a)). In such structure, atoms in the i =2, 3, ...
layers are in direct contact with 12 nearest-neighbor atoms, and atoms in the surface layer (i.e., that with
¢ = 1) are in direct contact with only 9 nearest-neighbor atoms (six located in the same layer, and three
in the i = 2 layer).

The nearest-neighbor atoms are coupled by interatomic binding forces, and the energy of coupling
between any two such atoms® is ~e¢ (where ¢ is a positive number). We assume that there are no
interactions of any kind between atoms that are not nearest-neighbors.

At T' = 0, all atomic sites in the surface layer are occupied (in other words, the surfa;ce is “perfectly
smooth”). However, at finite temperatures some surface atoms are pushed out of their sites by thermal
fluctuations, Such atoms drift away, Jeaving vacancies, or “holes” in the surface, and they settle in neaxby
“dips” formed by three atoms, as illustrated in Fig. 1 (b).

Your task in this problem is to ﬁnd what fraction of atoms from the surface layer migrate to the
‘dips” at temperature 7' {we assume that only atoms from the surface layer are able to migrate, while
those from the i = 2, 3,... layers do not take part in the process).

(i) Start with assuming that the total number of atoms in the surface layer, N, is a large yet finite

“number. Let n be the number of atorns relocated from layer sites to “dips” at certain temperature

T. Find the Helmholtz free energy Fi,y of the surface layer with n vacancies, the free energy Fig

of the system of » migrant atoms, and the total free energy Flayymigr OF the ‘combined system of
the surface layer plus the migrant atoms. Hint: For large N values, b N! =~ NInN — N.

(i) Based on the results of (i), find the equilibrium average value {n} of the nuber of migrant atoms at
temperature T. ’

(m) Express the value of the {n)/N fraction as a functmn of T". Does the remﬂt change if N —» o7

13

@ ®

The arrangement of the
stacked hexagonal close-
packed atomic layers in
the crystal

" (a¥ atoms are identical, avery other
o e ayeres structrey Y Top view showing an

atom that drifted away

from its site

Fig. 1 (a) shows the “side view” of the layer, with every other constituent layer colored blue for
clarity; (b) a migrant atom in its new position, and the “hole” (vacancy) it left behind — in this plot, one
can recoguize all nine nearest-neighbor atoms the migrant atom was bound to before leaving its site.

We assumne that the atom-atom. interactions are perfectly isotropic, i.e., the energy of interaction of an atom, call it A,
with another atom — call it B - which is a nearest-neighbor of 4, is always the same, =€, no miztter whether atom B resides
in the same layer as 4, in an adjacent layer, or in & surface “dip”.
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Comprehensive Examination, Spring 2009 - Problem 5

In this problem, you will calculate quantum mechanical probabilities and show
that they violate the Bell inequalities for local hidden variable theories.

In the spin version of the Einstein-Podolsky-Rosen gedanken experiment, a spin 0
source decays into two spin ¥ particles, which by conservation of angular momentum
must have opposite spin projections and by conservation of linear momentum must head
in opposite directions. Consider observers A and B on opposite sides of the source, as
shown below. FEach observer has a Stern-Gerlach apparatus to measure the spin
projection of the particle headed in his direction. The quantum state of the two-particle
system is ‘

w)= 51, -1 ),]

Each observer can orient his Stern-Gerlach apparatus aleng one of three directions
a,b,¢ in a plane, each 120° from any of the other two. FEach observer makes
measurements of the spin projection along one of these three directions. The two
observers do not communicate with each other during the experiment, and they choose
the orientations of their respective Stern-Gerlach devices independently and randomly.
The entanglement of the quantum state vector leads to correlations in the measured
results of the two observers. John Bell showed that the quantum mechanical results for
these correlations exclude the possibility of local hidden variable theories. ,

In Bell's argument, we classify the measurement results into two categories,
Either the two observers record the "same” spin projections (++ or —), or they record
"opposite" spin projections (+— or —+). For example if observer A measures particle 1 to
have spin yp along direction a and observer B measures particle 2 to have spin up along
direction b, then that result is classified as "same." Bell showed that any local hidden
variable theory would produce results that obey these inequalities:

P < 4 P > 5

, same 6 4 app ™ 5
when averaged over all possible relative orientations of the two Stérn-Gerlach devices,
given the three fixed directions &,b,¢.

e a0d P, show that
the quantum mechanical predictions of this experiment violate the Bell inequalities.

By explicitly calculating the two averaged probabilities P
The single-particle spin ¥ projection ei genstates for an arbitrary direction it are
' N 0 g .
+ii) = cos—|+} +sin—e? |~
[#4) = cos 2}#) +sinZ |-
~ . 9 B e iy
~fi} = gin =|+} - cos—e" |-
8= sin 2} )~ cos 2]
where |+),|-) are the projection eigenstates along the z-axis.

Spin 0
Source

Parﬁcle Y Particle 1




Calculate the probability that observer A records a "+" along the direction 4 and

that observer B records a "+" along the direction #i oriented at an angle 0 with respect to
the z-axis. Choose the direction a as the z-axis. We get

I NG 1% R RN BYSWERY |
0 . 0 1,8
= {COSE S{H]+e sin 2(—-[}[“-)2 =5sin® >

Now calculate the probability that observer A records a "+" along the direction 4
and that observer B records a "-" along the direction fi oriented at the angle § with
respect to the z-axis. We get

P L 0 = a9 -,
:% {sing- ] —e? cos—z— z(“l}'“)z 2 = %coszg-
Similarly, we get

g:)_ﬁ,-mﬁ = [1:&(’!2;5 (“l]llf’)lz - ‘[1("]2:& (""’]:71'—5“4')1 l_')z ml")l l“*")z] 2
= {sing S+ cosg- 2(—]}[-}-)2 = wi-sin2 g
and
Fawi = 2

2

.0

(i (000 =[50, -0, ]
{cos—g 2(+[+e""¢’sin§2’- 2(—~I}]+)2 = cos’>

We would obtain similar results for the other possible cases. To summarize

P.=P_ =~I-sin2~q
2

Pr.=P, = -;—cosz—e—

Now use these results to calculate the average probability that the results are the
same (P, =(P,+P _)) and the probability that the results are opposite
(% =

op <PM + R_) ), considering all possible measurements, There are 9 different
combinations of measurement directions for the pair of observers.




The angle 6 is 0° in 1/3 of the measurements (84,bb,&8) and 120° in 2/3 of the

measurements (&b, a¢,ba,be,84,eb), so the average probabilities are

Pfame ?1; Sin2%+'§“'3iﬂ2 1220 =}§'0+%”~i—-m—§r—
7, 3“'00329—+-2—-cosz 120 wi-l—}-._%.l:}_
*3 2 3 2 3 34 2

These predictions of quantum mechanics are inconsistent with the inequalities
derived from hidden variable theories. These probabilities have been experimentally
measured to test whether local hidden variable theories are possible. The results agree
with quantum mechanics and hence exclude the possibility of local hidden variable
theories.







Comprehensive Examination, Spring 2009 — Problem 6

The two halves of a thin circular disk of radius R are composed of different mateﬁals
whose densities are p, and 2p,. The disk is suspended symmetrically from a pivot on

the rim in such a way that the diameter separating the two halves is horizontal at _

equilibrium:

The disk is free to swing back and forth in the plane of the disk.

(@) Find the location of the center of mass of the disk.
{(b) Determine the moment of inertia for rotation about the pivot point.

(c) Calculate the frequency of small angle oscillations of the disk.-




The two halves of a thin circular disk of radius R are composed of different materials
whose densities are py and 2p,. The disk is suspended symmetrically from a pivot on
the rim in such a way that the diameter separating the two halves is horizontal at

equilibrium:

The disk is free to swing back and forth in the plane of the disk.

(a) Find the location of the center of mass of the disk.
Set up a coordinate system with the origin at the center of the disk:

ty

£o

A 4

2pp

By symmetry, the CM will on a vertical diameter, i.e. X = 0. Then,

1 1
Ym-ﬂfydmzﬁfyptdfi

where { is the thickness of the disk and dA is the differential area element.

dA=rdrdf andy =rsing.

Therefore, ¥ = %%'3[2 fDR redr ff” sin@df + f(f ridr [ sing do ]

pot [* , fz”. f". Poffﬁ fz”. 2 pot
= dr |2 gdg + = 2 = e B3
M), redr [ N sin A sin @ d@ o, 7 dr ] sin@ do 3 R




2

4
s andY = -5 R X=0.

Now, note that M =z~ﬂ:R2pﬂt - BH[;"E =

(b) Determine the moment of inertia for rotation about the pivot point.

First, find the moment of inertial through the center of the disk:

I; = f 2 2ppt dA + f r? pyt dA
lower upper

R 21 R w R4 R4 3 t
= pet[zf r%irf 6 + fr%zrf dg}ngt{z—n'-f- ---n]= TP pe
) ; A n 4 4

1

ince2et = 2 _ =LyR?
and since~- = —— we have I, = -MR
Now, use the parallel axis theorem: I, = Iy + Mh? where h = %R is the distance from

the center-of-mass to the center of the disk (from part (2)). And using the theorem
again, the moment of inertial at the pivot will be

Ip = Ioy + MR+ R)? = Ip — Mh® + M(R + h)? = MR? (.3_%)

(c) Calculate the frequency of small angle oscillations of the disk.

There are various ways to do this. A straightforward approach is to set up the equation
of motion for the angular variable ¢:

The height of the center of mass above the minimum (equilibrium) point is

y=(R+h)(1—cosg)




so that the potential energy is

4
= -MgR (1 + 37?) cos ¢

Where we have dropped the constant term.

With the Kinetic energy T = -ZI—IP &52 the Lagrangianis L = %IP&EZ + MgR (I +%) cos ¢
.8l d [aL .
The Lagrange equation is rrialie (—-—) = () gives
. 4
I + MgR(1 +-§E)sin¢== 0
and for small amplitude oscillations, we get a harmonic oscillator equation

) 4
Id + MgR(l +"§;7£)¢‘ 0

Rewriting,
4
" MgR 4 . MgR(l +"g"7}“) "
¢ + T(l'i‘”'g—?;)gﬁ——-gﬁ-i- MRZMMB'¢—¢+Q}¢MO
2 9

4
2_ & L _:?‘{J_( 97:-1—4)
where w R(g—‘ﬁ;')—-—R ey



Comprehensive Examination, Spring 2009 — Problem 7

Magnetic dipole in inhomogeneous magnetic field experiences the force:
=% 5)
1. Derive the above expression starting from the general expression for the Lorentz force by
assuming that magnetic dipole is a square loop (side a) carrying current [,
2. Caleulate the force on the magnetic dipole positioned at the point z = 7, along the axis of 2
relatively large circular loop (radius R) carrying current I,. Consider two cases when (I} 7l is

parallel to +2 and when {if) # is anti-parallel to +2
3. Describe the motion of the magnetic dipole released at 25 # 0,25 < R in both cases

Zg

« Rl
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Comprehensive Examination, Spring 2009 — Problem 8§

Tt is a well-known phenomenon that even on sunny days with clear skies “cap clouds” form over mountain
tops — especially, if the mountain is located not far from a large body of water, and there is an inland-
blowing wind. On the attached page, one picture shows such a “cap cloud” over Mownt Rainier, and
the other shows a large cloud of this kind over the plateau of the famous Table Mountain, a prominent
landmark overlooking the city of Cape Town, South Africa.

Due to the atmospheric pressure decrease with increasing altitude, moist air driven uphill by the wind
expands in volume, The expansion is approximately adiabatic, so that the temperature drops. When the
dew point for the water vapor carried by the air is reached, the vapor starts condensing into mist, and a
cloud forms.

Your task in this problem is to guantitatively analyze the physics of the clond formation process at
Table Mountain.

(a) Assume that the barometric pressure just above the sea water (h = 0) is 100 kPa, and the air
texnperature is 293 K. Find the barometric pressure at the altitude of A = 1100 m above the sea
level, assuming that the air temperature over the sea is approximately constant up to this altitude.
Assume that atmospherie air obeys the ideal gas law. The molar mass of air is 2.9 % 1072 kg/mole,
and the “gas constant” R = 8.314 J/K-mole.

{b) The air blown uphill from the sea level up to the Table Mountain plateau, which is at 1100 m
altitude, undergoes an adiabatic expansion. Find the temperature of the air when it reaches the
platean. Assume that the barometric pressure at the plateau is the same as that over the sea at
h=1100 m.

(¢} Assume that humidity of the air blown inland from the sea is 100% (i.e., the H;O vapor it carries is
a safurated vapor. Knowing that at T = 293 K the pressure of saturated HyO vapor is 2.339 kPa,
that the latent heat of water evaporation at T' = 293 K is [ == 4417 X 10* J/mole, and using the
result from (b), determine the saturated vapor pressure in the cooled air blowing over the Table
Mountain plateau. Next, find what fraction of the vapor originally carrzed by the air over the sea

changes into a mist.
p=ksThn ( —"’1)
g

§ == Sg(’ﬂ.ﬂ, 'Uo) + Rln(uwz . ’U) and = g-RT

Hints: These formulae may be helpful:

For atmospheric air one can use:

The Clapeyron Feuation:
, dp 1

ar = Thw
Since at T = 293 K the molar volume of water vapor is about 60 000 times Iarger, than that of hqmd
water, it is fair to use Aw = v,,,; and i is a reasonable assumption that water vapor at 7 = 2903 K obeys
the ideal gas law.
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Left: A cap cloud
over Mt. Rainier

Below: an aerial
view of a large
cap cloud (called a
"tablecloth cloud”
by the locals) over
the Table Mountain
at Cape Town,
South Africa.

Left: Table Mountain
from another
perspective
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