OSUPHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #104

March 31 and April 1, 2008
Comprehensive examination for Spring 2008
PART 1, Monday March 31, 9:00 am
General Instructions

This Comprehensive Examination for Spring 2008 consists of eight
problems of equal weight (20 points each). It has four parts. The first part
(Problems 1-2) is handed out at 9:00 am on Monday, March 31, and lasts
three hours. The second part (Problems 3-4) will be handed out at 1:30 pm
on the same day and will also last three hours. The third and fourth parts
will be administered on Tuesday, April 1, at 9:00 am and 1:30 pm.

Work: carefully, indicate your reasoning, and display your work clearly,
Even if you do not complete a problem, it might be possible to obtain
partial credit — especially if your understanding is manifest. Use no scratch
paper; do all work in the bluebooks, work each problem in its own
numbered bluebook, and be certain that your chosen student letter (but not
your name) is inside the back cover of every booklet. Be sure to make note
of your student letter for use in the remaining parts of the examination.

If something is omitted from the statement of the problem or you feel
there are ambiguities, please get up and ask your question quietly and
privately, so as not to disturb the others. Put all materials, books, and
papers on the floor, except the exam, bluebooks and the collection of
formulas and data distributed with the exam. Calculators are not allowed.
Please return all bluebooks and formula sheets at the end of the exam.

Use the last pages of your bluebooks for "scratch" work separated by at
least one empty page from your solutions. "Scratch" work will not be
graded.




OSU Physics Comp Exam, Spring 2008

Problem 1

A uniform rope of length L is hanging over a nail with the ends even. One end is pulled
downward a very small distance 8y and the rope slides slowly off the nail. Assume that

the rope is prevented from lifting off the nail and neglect any friction between the rope
and the nail.

v N
(a) Find an expression for the velocity of the rope after the end of the rope has

moved a distance y.

(b) What is the time required for the rope to slide completely off the nail?

T



Classical Mechanics — Undergraduate

Solution

A uniform rope of length L is hanging over a nail with the ends even. One end is pulled
downward a very small distance dy and the rope slides slowly off the nail. Assume that
the rope is prevented from lifting off the nail and neglect any friction between the rope
and the nail.

(a) Find an expression for the velocity of the rope after the end of the rope has
moved a distance .

First set up the Lagrangian. It is easiest to define the zero of potential energy at the
midpoint of the rope when the ends are even. Then, for a displacement of the right-
hand rope end downward a distance y, the potential energy is

/= matt ot = 500 () + ()0 (-2) =005

where m; and m; are, respectively, the masses of the left- and right-hand portions of the
rope and h; and h- are, respectively, the heights of the center of masses of the two
portions. The linear density of the rope is p.

The kinetic energy is T = %pL;’zz 'so the Lagrangian is L = %pL;‘zz + pgy*.

. , . d (aL L o d oy _pdv
The Lagrangian equation of motion, = (5;) B 0 gives pLE"E(y) = pL—=2pgy.



Then write

Integrate:
1 2g1
—7% w2 a2
2V T T2
b= [Z
217

(b} What is the time required for the rope to slide completely off the nail?

dv _ d?%y

5 _ Ldv 29
Oy =P T W dez ~ [

dy 29 0
dt? L
24 29
Solution: y(t) = y(O)e\/:t = &y e\/:t

_ = [Li(X
Solve for t: t = \/; n (gy)

When rope is about to slide completely off the nail, y =% and

TN



P_robiem 2

Consider a particle of mass m placed in a one-dimensional delta function potential
V(x)=-ad(x),

where o characterizes the strength of the attractive well (a>0),
a)  Find the energies and wave functions of the allowed bound states of the system.

b)  For the ground state of the system, calculate the uncertainties in position and momentum

and show that the uncertainty principle is obeyed.

The following integral may be useful:
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0OSU Physics Comp Exam, Spring 2008

Problem 3

A point dipole (dipole moment p is placed at the center of dielectric sphere (radius R, relative
permittivity €) surrounded by vacuum. Find the potential inside and outside the sphere

/’f_\\
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QOSU Physics Comp Exam, Spring 2008
Problem 4

Consider an n-type semiconductor whose donor levels lie Ep, below the bottom of the conduction band.
Let’s use the following symbols:

Np ~ the number of donor levels per unit volume;
np — the number of electrons in the donor levels per unit volume;
n — the nurber of electrons in the conduction band per unit volume.

Assume that the possible microscopic states of a donor level are: (a) an empty state, (b) a state occupied
by a single “spin up” electron, or {c) a state occupied by a single “spin down” electron. Also, assume
that the (b) and (c) states may occur with the same probability.

The semiconductor is in the state of thermal equilibrium at finite temperature 7.

I. Find the entropy of the sub-system of electrons in the donor levels (Hint: You may want to use the
Stirling approximation In N1~ NIn N — N);

II. Find the Helmholtz free energy F of this system;
HI. Find the chemical potential y of the electrons in the donor levels;

IV. Assuming that the system of electrons in the conduction band is not degenerate and obeys the ideal

gas laws, with
3/2
p = kT In (ﬁm) where ng =2 (@g)
Ty i3

show that the following relation is valid:

n(ND - TLD) - 1 ED
()

Energy

Figure 1: A disgram showing the valence band and the conduction band in a semiconductor with an energy gap
in between — and donor levels located below the bottom of the conduction band. Each state may be occupied by a
single “spin-up” or “spin-down” electron (up and down-pointing arrows in the plot) - or it may be “empty” (open
circles), if the electon is excited to the conduction band. The electrons in the conduction band can be treated as
a non-degenerate gas of spin % particles obeying the Maxwell- Boltzmann statistics (the valence band is shown in
the figure only for completeness, but the electrons in the valence band do not play any relevant role in the present
problem).

AT



I. The number of ways in which np spinless particles can be distributed among Ny donor levels is
Npl/l(Np — np)inpl]. In the case of % particles, each of the np can be in two different states, so that
number should be additionally multiplied by 2™, so that the total multiplicity factor becomes:

Np!

= "D e
g(nD} 2 x (ND ol nD)EnD!

Now, the entropy is S(np) = klng(np). With the help of Stirling approximation, cne obtains:

S:k[nDInZ—nnlnﬁEm(NDwnD)in

NI} - ?’LD}
Np

Np

II. The Helmholtz free energy is F' = U — T'S, end the energy of the ny electrons with energy —E;, each
is obviously —np Ep, so we get

F o enp By — kT [nD In2 —np lnﬁl—:’— — (Np -~ np)In M]

IIT. The chemical potential can be obtained from F in a straightforward manner:

oF
M:W:

‘ n
—Ee ks I UL
- Ey T [Infz In N ]

D — fip

IV. In the state of equilibrium, the chemical potentials of the sub-systems comprising the the total
system must all be equal. By equating the above equation with that for the chemical potential of a
non-degenerate gas of electrons given in the problein statement, one can readily obtain the resulf that
. has to be derived.



QSU Physics Comp Exam, Spring 2008
Problem 5

A planar waveguide is formed by a slab of glass extending between -—g <x < %(relative permittivity &)

surrounded by air (relative permittivity 1), Fig.1. Your task is to analyze the behavior of first two
Transverse-Electric (TE} modes of this structure

1. Assuming that the modes propagate along z coordinate of Cartesian coordinate system (see
Fig.1), derive the dispersion relation for first symmetric and first anti-symmetric TE modes in the
system.

2. Analyze the behavior of dispersion relations when waveguide is very thin (in the limit a — 0).
Derive the analytical expressions for k,(w) for the modes that exist in this limit.

3. Explain why the existence of the modes does not violate diffraction limit that prohibits
confinement of electromagnetic wave in sub-wavelength space. Hint: analyze field profiles of
the existing modes in the limita ~— 0.

Fig.1

PamaN
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OSU Physics Comp Exam, Spring 2008
Problem 6

Consider a body whose internal energy dependence or temperature is described by a simple relation
U = CT, with a constant C.

I.

What is the change AS in the body’s entropy when its temperature changes from T; to T%?

In Tasks II-IV you are expected to use the result from Task I rather than to perform more integration.

1I.

111

Tv.

Suppose that two identical bodies characterized by the U = CT relation are put in an adiabatic
container. Initially, their temperatures are 11 and T3, and there is no thermal contact between
them.

Next, the bodies are brought into direct thermal contact. Heat starts flowing, and after some time
thermal equilibrium is reached - now the temperature of each body has the same value of Ty. Find
Ty, and then find the change AS in the total entropy of the two-body system resulting from the
heat transfer process.

By analyzing the expression you have obtained, show that AS is intrinsically positive, meaning

‘that such a process of direct heat transfer between the two bodies always leads to entropy increase

— and explain what are the fundamental reasons that AS can never be zero in such a process.

Sketch the thermodynamic eycle of a Carnot engine using an ideal gas. Make one plot in (V,p)
coordinates, and another in (9,7 coordinates. Briefly describe the lines in each diagram on the
plot field. :

Consider another possible way of bringing the two bodies to a common final temperature. As in
I1., their initial temperatures are T and T3. But now instead of bringing them to a direct contact,
we connect them to a Carnot engine. The body of higher temperature acts now as a “hot source”,
and the body of lower T acts as a “heat sink”. The engine operation results in a transfer of thermal
energy from the “hot source” to the “sink”, and mechanical work is delivered. The process lasts
until the two bodies are brought to & common final temperature TJ’:. What is the final temperature
T}? Is it higher, or lower than the Ty you found in 1.7 What is the total mechanical work delivered
by the Carnot engine?
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OSU Physics Comp Exam, Spring 2008
Problem 7

Consider a system of two distinguishable spin-1/2 particles. For times ¢ < 0, the Hamiltonjan is

. , . P , _AAs o .
zero. Attime ¢ =0, an interaction Hamiltonian H' = —;_i—zv—SI-S2 is turned on. The system is in the

7 ki ' :
state |+ —)=|m, = +5, m, = -—~£> at time ¢ = 0. Calculate the probability for the system at a

later time ¢ to be found in each of the four states [+ +), [+—),|~+), and |- -).

a)  First solve for the four probabilities exactly.
b)  Then solve for the four probabilities using first-order time-dependent perturbation theory.

¢)  Under what conditions does perturbation theory give the correct results?

Recall the main result from first-order time-dependent perturbation theory:

1 ! ~En"Ei

()= | <n|H'(rf)|i>e’T"df
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OSU Physics Comp Exam, Spring 2008
Problem 8

Consider an asymmetric triatomic molecule of the form shown below:

k1 ka

my me M3

The atomic masses my # my # ma and the “spring constants” kq # ko,

(1) Considering only motion along the direction of the molecular axis, obtain
expressions for the frequencies of the normal modes of molecular vibrations in terms
of the given parameters.

{2) Using your intuition (do not try to calculate), draw a diagram illustrating the atomic
motions of the normal modes.

(3) Given a gas of such molecules, how would you actually measure the frequencies of
these molecular vibrations?



Classical Mechanics — Graduate

Solution

Consider an asymmetric triatomic molecule of the form shown below:

ki ko

my Mo R

The atomic masses my # mo # ms and the “spring constants” ky # ko.

(1) Considering only motion along the direction- of the molecular axis, obtain
expressions for the frequencies of the normal modes of molecular vibrations in terms
of the given parameters.

Let x; be the displacement from equilibrium of the ™ mass. Then the kinetic energy is

1 L2 -2 A
T = “‘é'mlxl +§m2x2 +'2"m3.X3

and the potential energy is
1 1
V= Ekz(xz — x2)° + “Z“kz(xz - x3)?

The Euler-Lagrange equation separates into terms involving only the kinetic and
potential energies, respectively:

d(@L) oL d(aT) av_o = 123
dt ax[ axi - dt 6‘32:[ 6xi - b= r
Then

d (6'1“) _ 123

dt\gx,) ~ Twd LT L4



and

av d
émf; = kyx; —kyx, 39?; = (kg +kadxg — kyxy — kyxg 5”;1“ = KXz = kpxy

The equations of motion giving by the Euler-Lagrange equation are
mljéi + k19C1 - klxz = 0
mzjéz - klxl + (k1 + kz)%‘z - kng = 0

mgjég + kng - k2x2 = {

Now, to get the normai mode frequencies, assume oscillatory solutions of the form

X; = aie“"‘ = xl = mwzai

Substitute in the equations of motion and cancel the exponentials to get the set of linear
equations for the amplitudes:

(k1 o Q)zml)al - k1a2 = 0
—k1a1 -+ [(kj;_ - kz) - ﬂ)zmz]az e kz dsz = 0
—'kzaz + (kz - w2m3)a3 = 0

The secular determinant is

kl - O)zml —kl 0
“‘“‘ki kj_ + kz - &)zmz “"kz = 0
0 “"‘kz kz - w2m3

Evaluating the determinant;

(ky — w?my){(ky + kg — 0?*my)(Jy ~ w2m3) ~ k31 + ky [~k (ky — w?m3)] = 0



Muitiply out and collect powers of w:

_ws(m1m2m3) + w4[m2m3k1 + m1m3(k1 + kz) + mlmzkz]
+ wz[“mgkl(k;i + kz) - mzklkz + m3k% - mlkz(kl + kz) + mlk%] =0

Simplify the o? term:
~ gl — Makyky — mokyky + gk~ mok ky — gkt +mky = ~kk,M

where M = in, + m,+m; is the total molecular mass,

Simplify the o® term:

[momzky + mymg(ky + ky) +mymyk,] = ms(my + my)k, + my(m, + madk,.

Factoring o® gives one solution o = 0, which corresponds to uniform transiation of the
whole molecule (no vibration).

We are left with a quadratic in o

(mlmzmg)(x)4 - [m3(m1 + mz)kl + mz(mz -+ mg)kz]wz + Mklkz = 0.

The solutions are

w? = [ : ] {[m;;(ml + my)ky + my(m, +my)k,]

2(mymamg3)
+ \/[mg(ml - mz)kl -+ ml(mz + mg)kz]z - 4(m1m2m3)Mk1k2}

Dividing through by (m;m,m3), we can express the result in terms of various

ki

: 2 _ ki,
frequencies wj; = my

2 1. 2 2 2 2 1 2 2 2 2 M o2 2
w® =~ (wi + wi; + i + wi) £ g\/(wn + i, + Wz + wig)? - s V1102



(2) Using your intuition (do not try to calculate), draw a diagram illustrating the atomic
motions of the normal modes.

The lower frequency (obtained by taking the minus sign with the radical) will correspond
to a more symmetric motion with the outer atoms moving in opposite directions:

N >

The higher frequency (obtained by taking the plus sign with the radical) will correspond
to motion with the outer atoms moving in the same directions:

— B

In order to conserve linear momentum (no motion of the center of mass), the
displacements must be such that, at all times,

Xy 4 MaXo -+ MaXy; = 0

(3) Given a gas of such molecules, how would you actually measure the frequencies of
these molecular vibrations?

In & real molecule containing atoms of different masses (different chemical elements),
the atoms will carry effective electric charges, some positive and some negative.
Therefore, the vibrating molecule is essentially an oscillating electric dipole that can
interact strongly with electromagnetic radiation. The frequencies of the vibrational
modes can be detected by optical absorption spectra, typically in the infra-red.



