OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #102

April 2 and 3, 2007
Comprehensive examination for Spring 2007
PART 1, Monday April 2, 9:00 am
General Instructions

This Comprehensive Examination for Spring 2007 consists of eight
problems of equal weight (20 points each). It has four parts. The first part
(Problems 1-2) is handed out at 9:00 am on Monday, April 2, and lasts
three hours. The second part (Problems 3-4) will be handed out at 1:30 pm
on the same day and will also last three hours. The third and fourth parts
will be administered on Tuesday, April 3, at 9:00 am and 1:30 pm.

Work carefully, indicate your reasoning, and display your work clearly.
Even if you do not complete a probiem, it might be possible to obtain
partial credit — especially if your understanding is manifest. Use no scratch
paper; do all work in the bluebooks, work each problem in its own
numbered bluebook, and be certain that your chosen student letter (but not
your name) is inside the back cover of every booklet. Be sure to make note
of your student letter for use in the remaining parts of the examination.

If something is omitted from the statement of the problem or you feel
there are ambiguities, please get up and ask your question quietly and
privately, so as not to disturb the others. Put all materials, books, and
papers on the floor, except the exam, bluebooks and the collection of
formulas and data distributed with the exam. Calculators are not allowed.
Please return all bluebooks and formula sheets at the end of the exam.

Use the last pages of your bluebooks for "scratch”" work separated by. at
least one empty page from your solutions. "Scratch" work will not be

graded.



Problem 1

This problem concerns the spin configurations of two particles with spins s; = % and
Sz =1, respectively.

(1) Show that if J =S, +8S, is the operator for the total spin, then /2 commutes with the
z-component of the total spin J,= S,, + S,,.

(2) Find the matrix representaton of J° in the basis of states

1
|11z 85, My ) = Ig-muﬁ; m2z> = |my,my).

Hint: It will be convenient to define the rows and columns with the states in the order:
l)1>: ‘——131 s "‘1:0 s M—‘i'so 1 '11-—1 : "—211
2 2 2 2 2 i

(3) Calculate the eigenvalues of J2.

(4) Find the eigenstates of J%, |[J,M), in terms of the basis states |m,,m,) and label
them using the quantum numbers J and M for the total spin and J;, respective.

(5) Define the Clebsch-Gordon coefficients and given an explicit example of one from
this problem.



Solution to Problem 1

This problem concerns the spin configurations of two particles with spins s = % and
52 = 1, respectively.

(1) Show that if J =5, +S, Is the operator for the total spin, then J* commutes with the
z-component of the total spin J,= S;, +S,,.

Recall the commutation rules for the components of a single spinn Sx8 =ia8.
Thus,

Is,.S,]=ins, 15,8, )=ins, [5,8]=ins,

b2.al=b2s, )+ b2s,]

J2= B+ S} S+ 8,)= 53 + 7 + 25,8y, + 28,8, + 25,5y,
p2’81z ]ﬂ 2[81X'S€z ]SZX + 2[S1y '81z }Szy + 2[81:." S1z ]S2z

= ~2(i7)8;, Sy + 2(17)S4, Sy, + 0
Similarly,

I:jz 822] 2S1x 82x SZz] + 2S%y [S2y'SZz]+2szz [822’822]
= —2(11)S4 Sy, + 2(1)Sy,Spx + 0 = - 28, ]

Ths, b20, = b2se ]+ 12| = o



(2) Find the matrix representation of J° in the basis of states

1
iS?'m1z;82=m22> = ‘-2-:"7151' m22> = |m;,m2>.

Hint: It will be convenient to define the rows and columns with the states in the order:

L ) S A W S T L W O

2 2 2 2 2 2

Use §,-§, = S,,8,, + %(sﬂsgm +5,.5,,) 50 that

JZ = S8 + S + 28.,S,, +S,,S,. + S..S,,

Now consider the action of the successive terms of J on sy Miyi84,My, ) =|my, ms):

S| my,my) = sy(sy + %) my,m,) S5|my.m,) =s,(s, + A% |m, ,mz)\

812822|m1 ) m2> = m1m2h2 Im1 ,mz)

81eSa_|my,my) =Sy, - hnfs, (s, +1) — my (my ~1)|my, my—1)

= 12 Js; (s +1) = mylmy + 1) fs, (s, + ) = my(my = 1) |my +1, my-1)

S1.Saufmy,my) = 12 sy +1)— mq(my —1)fs, (s, +1) = my(my +1) |my 1, my+1)
Now, with sy =% and s, =1, we have

| % +2 +2mm, ]m1, my)

- mony 49 Ty ~Tmy 4,
~1) Wlnﬁ ~1,mp +1)

J¥m, m,) = a% x |+

W

4+

Sl
i
3
B

Evaluate diagonal elements:

Tz )= (S el ) e Do (1 ey )= 1802
2" 12 > 2 4 2 4

VR



J? J?

1,o>m<-i,o -i,o>=h2 LA PUA I ICLPY

2 2 2 4 2 4

—1,1 = —1—,—-1 —1—,——1>:h2 ﬁ+2. ¢1 -(1) :Z;@Z
ARV 2 4 7 4

The non-zero off-diagonal elements are of the form
{my =1, my +1% my.my) or (my+1, my =13 my,m,)

<—%,1 %,o) =i /%w%-(w%)-m=x/§h2

2 J?

J2

1 21 2 3 1 1 2
——0UE =1 =R == == |2 = {114 1) =
(-3op73-1 /42(2)2(1x1+)m
and similarly i,—ﬁﬂ -1,0> o <10 /2 _l’1> = [2 2

2 2 2 2

Thus

4
’_1,0> o o o Mo o
> 4
}1—1> o o o 2@ Lxr o
21

,
al
Ny

(3) Calculate the eigenvalues of J2,

We can obtain two eigenvalues by inspection: J{J+1)n? = Jf-hz = J = 3 for the

states

%,1>E |wy) and ‘— ,—1>E W) -

[N RPN



To continue, we have to diagonalize the 2 x 2 manifolds of the /> matrix:

7 2 2
w2_n J2n
4 w2 Y e Y ont =2 _ 852, 4 28, =0
'\/57‘12 117"52-‘%. 4 4 2 16

4

2
where A = J(J+1)h? is the eigenvalue. Solving the quadratic, gives A = %——(9 +6)

Thus, J{J +1)n? = Bp2 (=2 or 302 (4 21)
4 2] 3

2
PPN Y &
The other 2 x 2, 4 7 = 0 gives the same results so that all together we
2 12 th ~A

have a four-fold degenerate eigenvalue J{J +1)a? 1:’ 2 (J :g) and a two-fold

degenerate eigenvalue J{J +1)r? = %ﬂ ( :%) :

(4) Find the eigenstates of J% |J,M), in terms of the basis states |m,,m,) and label
them using the quantum numbers J and M for the total spin and J,, respective.

{ 3
w20 0 0 0 0 0 (e, )
4 ; "‘,ﬁ

0 grP-n V28 0 0 0 01
2,
0 J2 1 j-;h?—x 0 0 0 1,
2 =0
0 0 0 %‘h? A 2R 0 €14
C
0 0 0 J2 72 La2 0 %,_1
¢
0 0 0 0 0 ffh%x e
\ J




The second row of the J* matrix gives the equation (% R mk]: .+ 2R%c, , =0
2! A

Wlthlm%shz,wehave—ZC11+«/§c10=0 = 010: J§C11and
i -

“i’ Fi
L)

)
o

\Nth?b—3 , we have C 1, +J_c1 =0 = €1,= _«fimeand
2" 7° 2 Fi

. RS

‘W)"C;

2 z

Normalize: [c 4

M—

The fourth row of the J2 matrix gives the equation (»141?12 ——A}: 1, Janrte, = 0.
4 1.
V\flth?u—1—5h , we have —c10+\/_c1ém0 = C 4 =\[§Cg 1anc§

e —

- Elo ) o

V\ﬁthx—j , we have 201 +2 ¢, =0 = ¢ = —J?tcu}and
2 — T

w9 - B



Thus, making use of M = m¢ + my, the six eigenstates and their J, M values are:

Iw):,%.T) J =2 m=2

1] 1 511 3 1
L S R O K - Y B
|w) 2 > \/le > 2 2

J3
51 1 111 1 1
=5ty - 1 0) S =, M=
[s) \/; 2> ﬁ!z > 2 2
21 1 1|1 3 1
= S m0) o) =2 M=o
) \E 2 > \/’3?}2 > 2 2

=y
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(5) Define the Clebsch-Gordon coefficients and given an explicit example of one from
this problem.

The generai definition of a Clebsch-Gordon coefficient in our notation is ijj;M

where |J. M) = ¥, CIZ Ismesy;m,) .

M=m1+m2 m1rrhM
1 1 1] 1 511
e ) = = '——_10 - Pl e
5 2> [ws) \/51 2 > \/3—’2 >
1

1 1,1

=1z Zhs

wouldbe C2, 2, = —,  C% 2, =— [~ | efc
0, - (
2772 3 2

Particular examples from the state




Problem 2

A particle with mass M and initial velocity ¥,, elastically hits another particle with mass m

which is initially at rest (1702 = O).

1. Find a maximum angle &, between velocities of the particles after the collision

max

(i;“ and V;,) as a function of M /m.

2. Find V,;and V), when 8 =6__ . Consider the limits when M /m->0 and M /m — .
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Problem 3

A cyclotron is a particle accelerator consisting of two magnets, as shown in the figure
below. The magnets produce a perpendicular magnetic field causing the particles to go
almost in a circle. The magnetic field is expressed as

B=B(r,z)7+B,(r2)%, (B, <<B,)

where r = /x> + y* is the distance from the axis of the polé faces. The vertical
component of the field near the median plane (z = 0) is given as

B (r,z)= B, exp(-ar’ +bz"),

where a and b are positive constants.

(a) An electron in the magnetic field goes in a circular motion in the median plane.
Assume the motion is nonrelativistic. What is the total energy of the particle when the
radius of the circle is r,? Show that the frequency of the circular motion is independent

of the radius if the magnetic field is uniform.

(b) Show that the lines of the magnetic intensity bow outward, as shown in the figure. It
may be useful to use the equation for curl of B. Also use the fact that B, = 0 on the
median piane.

(c) Show that accelerated particles that drift away from the median plane experience a
force tending to restore them to the median plane, regardless of whether they are
positively or negatively charged.
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Problem 4

Rubber can be qualitatively modelled by taking into account only entropic effects.
In this model, a rubber molecule is viewed as a linear chain of rigid segments, as
illustrated below. In this model, the molecule is composed of N segments of length
a, and the distance between start and end is . We will treat the distance [ as a
macroscopic control parameter.

a
e S -
N £
E; -
B G T T o

For simplicity, we restrict ourselves to one dimension, so each link will have only
two possible states, that is, each segment is either pointing to the right, or to the
left, and these states will have an equal energy.

{a) What is the entropy of a rubber molecule with a distance from start to end 17
You may assume that [ < No and N » 17

{b) What is the free energy at temperature T of a rubber molecule of length {7 Note:
If you have not yet done part (a), you may wish to express your answer in terms of
the entropy.

(c) What is the force needed in order to hold the molecule at length 7

(d) If a rubber molecule held in contact with a heat bath at temperature 7' as it is
isothermally stretched from I; to length {f {{y > [;), how much heat flows to or from
the heat bath? Where does this heat go?

Possibly helpful formulae:

¢ The binomial coefficient, often read as “n choose £” is given by

(&) = me=m

and gives the number of ways that &k objects can be chosen from n objects,
regardless of order.

e Stirling’s approximation:
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Problem 5

A simple model to describe an n-doped semiconductor is collisionless electron gas
embedded in a uniform positive charge balancing the negative charge of electrons. Let N,
m, and —e be the number density (number of electrons per unit volume), mass and charge
of the free electrons. A plane electro-magnetic wave of angular frequency @ is incident
on the semiconductor with normal angle. Assuming the motions of positive ions and
bound electrons are negligible, answer the following questions.

Incident wave @ Q @

oA i(kz-wi)
B, =xEe ®

® o e
Transmitted wave

Refiected wave ~ i(k'z~o1)
B, =& Ee® ®
@
. & @
- (~kz-w1)
By =XE.e"™ @ © o .

(2) The current density and the electric field have the following relation: J = o E, where
o is the conductivity. Determine the expression for the conductivity of the electron gas
as a function of frequency @.

(b) The electric displacement D is defined as D = g K+ P = ¢ E, where P is the

polarization and ¢ is the electric permittivity. What is the electric permittivity of the
electron gas?

(c) Suppose that the xy plane forms the boundary between vacuum and the electron gas
and the electro-magnetic wave is traveling in the z direction. Find r = £,/ E, and

t= E, | E, using the electrodynamic boundary conditions. The magnetic permittivity of
the electron gas is close to the value in vacuum: g = .

(d) Find the dispersion relation of the medium, i.e., express the wave vector £'(@) asa
function of angular frequency @. '

(e) Find the reflection and transmission coefficients (R and 7), which are the ratio of the
reflected and transmitted intensity to the incident intensity, respectively. In what
frequency range will electromagnetic waves be transmitted through the medium?
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Problem 8

A retired physicist decides to spend her retirement developing an extra-efficient
engine. Being of the opinion that steam engines are too old-fashioned, she decides
to create an ice engine.

o cwee T
Figure 1: Phase diagram of water. Not to scale!

After first carefully consulting the phase diagram of water {see Figure 1), she de-
signes her apparatus as sketched below. A piston chamber is filled with ice water.
Heat baths and thermal insulation are arranged to allow both isothermal and adia-
batic operation.

L
pepe
D

Having recognized that provided the volume remains intermediate between that of
ice and liquid water, at constant temperature the pressure remains constant, she
proposes to reversibly follow the loop shown in Figure 2, which is composed of two
isotherms (one at 0°C and one at -1°C) and two adiabats.

! isotherm
(:_Qle/ adiabat
p f"’
adiabat isotherm
(stage 1)
v

Figure 2. Path to be taken by the ice engine.



(a) In order to operate this device as a heat engine, in what direction on this cycle
should the piston be operated? Draw a diagram which is a copy of Figure 2 and
number the four stages in order, starting with the bottom stage as stage 1.

(b) Label the 0°C and -1°C isotherms on a copy of Figure 2. How can you tell which
isotherm is which?

{c} For each of the four stages, what is the sign of the work done by the ice water
{or is it zero}, and what is the sign of the heat transfered to or from the ice water
{or is it zero)?

(d) How does the net work in a single cycle done relate to the heat transfered in the
four stages?

(e) What is the change of the entropy of the ice water over one cycle? Why?
(f) What is the change of entropy of the heat baths for one cycle? Why?

(g} What is the efficiency of this ice engine, defined as the ratio of the net work done
to the heat transfered during stage 17

(h) Would the efficiency have been different if this were a reversible steam engine?
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Froblem 7

A torque pendulum comprises two identical disks, mass M and radius R each, connected to two
identical massless rods with torque constants k separated by the distance D > 2R. The disks are
also connected to each other by a massless spring with spring constant ¢ and rest length [ = D
(Figure shows the system at equilibrium when rods and spring are not deformed).

1. Find normal modes of small oscillations (] ¢, , [<< 1) and frequencies of normal modes

2. Consider the evolution of modes and frequencies in the limits £ — 0 and & — 0.

3. At t=0initial velocities are zero, and initial displacements are
Pt=0=9, @=0)=0.
Solve for motion of the syster.

lint: disks can only rotate around rods; disks cannot slide horizontally or move vertically.
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Problem 8

This problem concerns a particle of mass m in a one-dimensional potential well where
242

the potential V(x) = AE} g— for 0 < x £ a, and Vis infinite elsewhere. Ef = g—% is the
ma

ground state energy of the infinite square well (A = 0) and you may assume A << 1.

V(x)

(i) Find an expression for the energy of the n" eigenstate to first order in A.
(i) Find the ground state wave function to first order in A.

(i)  Again, to first order in A, find the expectation value of the particle’s position in the
ground state.

Some of these integrals may be useful:

4 : 3 2
_"xsinzxdx _ XL Xsin2x _ coszx sz sin? xdx = >~ XV ginax - XC082X

4 4 8 6 8
jsinﬁxdx:lxmlsin% J'coszxdx:lx+isin2x j.siﬂ %08 xdx = —sin? x

2 4 2 4 2
J'sinmx sinnxdy = S0 =X _ sin(m + n)x (m? = n?)
2(m-n) 2(m+n)
Isinmx cos nx dx = — SOSUM =X _ COs(m + n)x (m? = n*)
2(m-n) 2Am+n)

P

P



Solution to Problem 8

This problem concerns a particle of mass m in a one-dimensional potential well in which
22

the potential V(x) = AEP -g— for 0 < x < a, and V is infinite elsewhere. E? = —gj—z is the

ma

ground state energy of the infinite square well (A = 0) and you may assume X << 1,

V(¥

0] Find an expression for the n'" energy level of the given well fo first order in A.

Because A is small, we can treat the potential, V(x) = AE} g, as a perturbation with

respect to the infinite square well. Using first-order, time-independent perturbation
theory, the energy of the n'" level is

Ey =Ej + (n|V(x)|n) where EJ =n’E]} and |n)= y,lx) = \Esm(n:){] are the

solutions to the infinite square well. Thus,
a 0 2 nn 0
(nlv(x)ln)=3~Isin[n”v£‘xsin[””)dx 2"51[ ) fsinuuau =2 EL
ay a ) a a nm 2

& a
E) = n2+——1h g
n 2 1

(i) Find the ground state wave function to first orderin A.

Again, using first-order perturbation theory,

V)= W) - z(’”'”’” 0 (x)
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Evaluate the mairix element for n = 1:

{2V maxWEX  (nx 2 AE]
(m[V(x)h)_(g)gsm( . }—a—sm(z—)dx —ET[n) fsinmusinu udu

sin(m —mx _ sin(m + mx
2(m-n) 2(m+n)

(m*=n?,

Using the given integral, fsinmxsinnxdx:

integrate by parts:

| (sin(m-1)1 _ sin(mH)U}n _f[sm(’”“ﬂ“ - Si”(m”)”)du

. . d — .
[sinmusinuudu = u 26m ) 2 +1) 2(m—1) 2(m +1)

0 G

cos{m — “E)u| cos(m+ 1| L L am if meven
= 0 + = (m-1f (m+1)2 (m—1F (m +1F
2m-1F |, 2m+1f |, g if modd
8EY m
mVx)|1) =—ir— and since £} — EX = EY 1~ m?},
< I ( )| > 7{2 (m+1)2(m__1)2 1 m 1 ( )

0= ) o g =)

meven

where a(m) _8 m

22 (m +1f (m -1 m? -1)

(i)  Again, to first order in A, find the expectation value of the particle’s pqsiti‘on in the
ground state.

It

(1] x| = ?xg}(x)x wl(x) dx

= Ii ]js;n( . )xsm( . ]dx + ?»2( ] Za(m J'sm( ]xsin(mn

m even

()

X)dx +32(--)

P Z
{x) = 2 3 jsm vudu + 2§2 Za(m _[smusmmuudu
a = afn
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)5 G 2oeis

meven

7 (m+1¥ (m-1Y T =0 (m +1¥ (m—1Y

meven meven

a 16 a b m a 32 & m
=5 = 2 a{m)- [5)1_3,—-2— ¥ a(m)-
The shift from the middle of the well is very small. Taking just the m = 2 term,

a 1024 a
= Z11-n =Z( - 0.04
) 2( 2437;“] 2( )

Some of these integrals may be useful:

2 . 3 2
- _X® xsin2x  cos2x 2 12 X [xE 1L X 082X
fxsm xdx——z R J'x sin” xdx = 5 {4 5 sinZx — 7
'[sinzxdx = }-x —isin2x jcoszxdx = 1x + 1sin2x Isinxcosxdx = 1sin2 X
2 4 2 4 2

. : sin(lm-mx  sin{m+n}x 2 . 2
si ox = -
_[ nmx sinnx dx 2mn) 2(m+ ) (m~=n°)
jsinmx cos nxd = oSN =X Cos(m + mx (m* =n?)

Am-nm 2(m +mn)






