OSU PHYSICS DEPARTMENT
COMPREHENSIVE EXAMINATION #101

September 25 and 26, 2006
Comprehensive examination for Fall 2006
PART I, Monday September 25, 9:00 am

General Instructions

This Comprehensive Examination for Fall 2006 consists of eight problems of
equal weight (20 points each). It has four parts. The first part (Problems 1-2)
is handed out at 9:00 am on Monday, September 25, and lasts three hours. The
second part (Problems 3-4) will be handed out at 1:30 pm on the same day and
will also last three hours. The third and fourth parts will be administered on
‘Tuesday, September 26, at 9:00 am and 1:30 pm. '
Work carefully, indicate your reasoning, and display your work clearly. Even if
you do not complete a problem, it might be possible to obtain partial eredit -
especially if your understanding is manifest. Use no scratch paper; do all work
in the bluebooks, work each problem in its own numbered bluehook, and be
certain that your chosen student letter (but not your name) is inside the back
cover of every booklet. Be sure to make note of your student letter for use in
the remaining parts of the examination. ‘

If something is omitted from the statement of the problem or you feel there are
ambiguities, please get up and ask your question quietly and privately, so as not
to disturb the others. Put. all materials, books, and papers on the floor, except
the exam, bluebooks and the collection of formulas and data distributed with
the exam. Calculators are not allowed. Please return all bluebooks and formula
sheets at the end of the exam. '

Use the last pages of your bluebooks for "scratch” work separated by at least
one empty page from your solutions. "Scratch” work will not be graded.



Problem 1.

The rotational energy levels of molecules fall into microwave and far-infrared spectral
range. The absorption or emission of light due to rotational motion is allowed only for
polar molecules, such as HCI, H,O, NH;, etc. HCl is a diatomic molecule which consists
of a hydrogen atom (H) and a chlorine atom (Cl) connected with a covalent single bond.

- HCl has a large dipole moment due to the large electronegativity of the chlorine atom.

Mgy

(a) Imagine a HC] molecule as two atoms (H and
Cl) connected by a rigid rod and moving freely in
vacuum. The Schrédinger equation is exactly

. solvable for the rigid rotor problem, Construct the
Hamiltonian of a HCl molecule and find the
rotational energy levels.

Y/

(b) The Stark effect is the splitting and shift of a spectrat line into sevéral components in
the presence of an electric field. Calculate the Stark shift for the ground state of the HCI
rotational motion when a static electric field (E = E,% ) is applied along the z-axis.
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‘ Problem 2 ‘
The meaning of the symbols used: B - magnetic field, § - the spin number of an atom, m — the
quantum reagnetic number, whick can be thought of as the projection of the spin on the B direction (see
the figure), up — the Bohr magneton.

If an atom with spin S and zero orbital momentum is placed in a magnetic field B, its magnetic quantum

number m is capable of assuming any one of the discrete values m = —5, ~§+1, ~S -+ 2,...,5~-14,8
(in the figure below, possible m values for § = 3 are shown as an example). The magnetic energy of the
atom is e{m) = —2upmB. ‘ ‘

Consider a crystal containing N atoms with spin S. Assume that the interactions between the
magnetic of the atoms are negligible.

1. Find the partition function of the system. Hint: You fnay want to use the relation:

g xw{»i -1

2. Find the entropy of the system.

3. Suppose that the system is cooled down to temperature 73 in a strong magnetic field B;. Next, the
system is thermally insulated (no heat is allowed to flow into or out of it) and the field is slowly
reduced. When the field reaches the value of By, the sample temperature T} is measured. Find Ty
(you are not allowed to use any integration).
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A sphere of radius R carries the total electric charge Q. The sphere is
immersed in a dielectric medium with the dielectric constant e(r) depending
on the distance r from the center of the sphere. Find the electric displace-
ment, electric field, electrostatic potential, polarization, volume and suxface
distribution of bound charges everywhere for the following two cases:

1. The sphere is made of a metal,

2. The sphere is made of a dielectric with the dielectric constant ¢, and
the free charge @ is uniformly distributed over its volume. Apply your
general results to the specific case {r) = 1 + a/r.

Problem 4

A small bead of mass m is threaded on a thin, rigid and very long rod of negligible mass.

The bead is free to slide with negligible friction along the rod. One end of the rod is
hinged to an axis which is rotating freely in the horizontal plane, with a fixed angular
velocity o. Neglecting the effects related to special relativity,
1.. Find the position of the bead as function of time.
Find an expression for the radial displacement of the bead after a long time.
'Find the total energy of the bead.
Find the amount of work done per unit time on the bead.
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Problem 5
The equatlon describing a planar sound wave propagating in the = direction i in a gas is:

325 0%
afg - BS 5——2' (1)

where ¢ is the displacement of the gas molecules about their mean positions; p is the equilibrium denslty
of the gas, and B; is the adiabatic bulk modulus of the gas, defined as:

dp
B (57),
* v
where p is the gas pressure, V is the gas volume, and § is the entropy.

(a) Find the expression for the speed of sound v in terms of the guantities used in Equation (1).

(b) The equation for v in terms of p and B; is not particularly useful in practical applications because
the B, moduli for gases are seldom used in thermodynamic calculations, and their values are not
listed in standard tables. Express v in terms of Cp, Cv and other physical parameters and constants
that are typically used for describing gases in thermodynamics.

(c) Find the ratio of the velocities

Uifet
Vired
where v He" is the sound velocity for bosonic helium He* and vyy.s is the sound velocity for fermmmc
helium He®. .
(d) Find the ratio of the velocities
VHet
VN,

where Ny is diatomic nitrogen gas composed of its most common isotope.

Assume room temperature and treat the gases as ideal.




Problem 6

Two spinless identical particles are trapped in a one-dimensional harmonic oscillator, and
the mutually attractive interaction is described as a Gaussian. The Hamiltonian for this
quantum system is written as

HEEL. Py

o I -ma’x] +— 1 mao’x; — 170(»,>“("‘””C2)2’O‘2
Zm  2m 2 '

(a) Find the energy levels and corresponding degeneracies when the interaction is
negligible.

(b} Calculate the ground state energy to the first order assuming the Gaussian interaction
term as a perturbation. Normalized wavefunction of the ground state is

(x)—— .nlaj. . ex Wm_a)._xz
Yo hr (TR

(c) Suppose that the interaction term is strong enough to dominate ovet the oscillator
V. - . .

terms (—%— >> mo?), at least for low-lying states. Discuss the behavior of the system and
o _

estimate the ground state energy.
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Problem 7

In a broad class of phenomena the behavior of a mechanical system can be related to two
distinct excitation forces — a relatively slow one, and another one, rapidly changing in
time. In this case, the effect of the fast force can be reduced to a shift of the effective |
potential energy. In this problem, you have to consider a pendulum with the length 7, and
‘mass m, whose support is oscillating with very high frequency v in horizontal direction
with a magnitude a. You have to prove that under some conditions, this pendulum will
have non-vertical stable equilibrium.

' To show this unusual property of a pendulum,lfoliow the steps below:

1. Find Lagrangian of the system, and its equations of motion

2. Represent ¢ (see Fig. below) as a sum of an “unperturbed”” solution @
(corresponding to a=0), and small oscillation around this solution £(t) [due to
support oscillation]. Note that &(t) changes much faster than ®(t); Find the
equation of motion in the regime |E|<<1. Identify the “fast” and “slow” terms in
this equation; -

3. Write down the equation of motion for the dominant fast terms (neglect all
higher-order corrections); solve this equation for £(t), assuming ®=const;

4. Plug in your solution for £(t) into original equation of motion; average this
equation over one “fast” period (assume that ®=const at this scale); You should
now be able to identify the “effective” time-independent potential for d(t).

5. Use this potential to find the positions of stable equilibrium. Consider two cases:
(av)*<2gl: and (a > 2¢l; - '
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Question 8

A planet, such as Farth or J upiter, can exhibit electromagnetic propagation phenomena in the atmosphere
between the core and the jonosphere. .On Barth, it is particuarly interesting to analyze the propagation
of extra~ or ultra-low frequency (ELF or ULF) waves propagating for great distances between the surface
and the 2 layer of the ionosphere which begins at 250 k. Por instance, the Schumann resonances are
shown below. At such low frequencies, the solid earth has a conductivity and relative dielectric constant
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essentially those of the ocean, ¢, = 4 S/m and €, = 80. For the ionosphere, o; = 1077 S/m and ¢; = 15.
For the intervening atinosphere, o, = 0 and ¢; = 1.

1. Begin the analysis with the simplest model. Since the radius of the earth is about 6400 km and the dis-
tance between the surface and the F'2 layer is only 250 km, consider the earth Jatmosphere /ionosphere
structure to constitute a planar waveguide. To simplify further, pretend that the earth and the iono-
sphe’re are both perfect conductors.

(a) Determine the cut-off frequencies for the first two TE and TM modes. -
(b) Is there a mode with no cut-off frequency that can be responsible for ELF wave propagation?

(c) To account for the spherical shape of the earth, impose a cyciic boundary condition on the waveg-
uide and explain the existence of the Schumann resonances. What should be the frequencies of
the first few resonances?

2. Now consider the same waveguide structure using the actual values of o and e.

(a) Find the electric and magnetic field distribution functions for the first Schumann resonance
mode. .
(b) What are the penetration depths for £ and B into the solid earth and the ionosphere?

(¢) What is the loss per km for this mode of propagation?
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