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Abstract

We present a sampling theorem for locally compact abelian groups.
The sampling sets are finite unions of cosets of a closed subgroup.
This generalizes the well-known case of non-equidistant but periodic
sampling on the real line. For non-bandlimited functions an Li-type
estimate for the aliasing error is given. We discuss the application of
the theorem to a class of sampling sets in R?; give a general algo-
rithm for computer implementation; present a detailed description of
the implementation for the s-dimensional torus group; and point out
connections to lattice rules for numerical integration.
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1 Introduction

The classical sampling theorem permits reconstruction of a bandlimited func-
tion from its values on a set of equidistant points on the real line R. It has
been extended in many directions; see the reviews [4, 14, 15] as well as the
volumes [24, 25]. An important generalization results from replacing R by
an arbitrary locally compact abelian group G [18], cf. [14, Story 4]. The
sampling set is then a coset of a closed subgroup of GG. The purpose of this
paper is to extend this result to sampling sets which are unions of finitely
many cosets of a closed subgroup H; to provide an error analysis for the
aliasing error caused by not strictly bandlimited functions; and to discuss
the practical application of the results.

Since our sampling sets are invariant under translations by elements of
the subgroup H, we will call them periodic sampling sets. The first examples
occurred in studies of non-equidistant but periodic sampling on R [16, 19,
32, 39]. Subsequent generalizations include extensions to R*® [6, 11], and
results for R® x [0, 27)" [8] with applications to computed tomography [7, §].
Cheung and Marks [5, 6, 24] have constructed multidimensional periodic
sampling sets which permit sampling below the Nyquist density obtained
from the classical sampling theorem.

The approach presented here generalizes a method which the author
learned from H. J. Landau [20, 21] who attributed it to unpublished work of
A. Beurling. A similar method has been used in Kohlenberg’s early paper
[19].

A different approach was developed by Butzer and Hinsen [3]. They use
the results for non-equidistant but periodic sampling as well as other forms
of non-uniform sampling on R to construct two-dimensional sampling sets.
Their results are not encompassed by ours, or vice versa, but the applications
described in [3, pp. 77-82] involve periodic sampling sets. We note that the
theory to be presented here is not adequate to treat the general case of non-
periodic irregular sampling, where the sampling set only needs to meet some
density requirements, see e.g. [1, 9, 10, 12, 26] and the references given there.

In §2 we introduce the necessary facts about Fourier analysis on locally
compact abelian groups (LCA groups). The reason for choosing this general
setting is a practical one. On the one hand we obtain results which cover a
large class of applications. On the other we are able to use powerful theorems
like Pontryagin’s duality theorem and its consequences, which lead to simpler



and more transparent proofs. We will only need the basic concepts of the
theory.

The main results are proven in §3. There we consider the following prob-
lem: Let f be defined on an LCA group GG. Compute the Fourier transform
f (&) for £ in a certain compact set K’ from knowledge of f on a finite union
of shifted copies of a subgroup H C G. The sampling theorem then follows
by taking an inverse Fourier transform.

Application of the theorem in practice requires the computation of certain
auxiliary quantitities, which is not always a simple matter. We therefore
consider some special cases where these computations simplify considerably.
We derive a class of such sampling sets for G = R*, under the condition
that f is concentrated in a rectangular set. This class contains the two-
dimensional sampling sets discussed in [3, p.77-82]. Similar examples are
considered in [6].

The application of our sampling theorem in the general case requires
a computer implementation. We therefore devote §4 to this topic. After
describing a general algorithm we discuss in detail all the necessary steps
for the case of H being a finite subgroup of the s-dimensional torus group
T° = R°/Z°. This case is of interest for two reasons: First, as we will
see below, there exists a relatively simple and fast implementation. Second,
even when sampling of non-periodic functions defined on R? is required,
only finitely many samples can be processed in practice. This means that
one effectively approximates the true function by a function with compact
support. Functions with compact support, however, can be viewed as being
defined on 7" by means of a simple change of variables. The case of sampling
on 17 is therefore both easy to implement and of practical importance.

For K’ = {0} the problem considered in §3 reduces to numerical integra-
tion. It is therefore not surprising that our approach is related to, and in
some aspects a generalization of, the class of methods in numerical integra-
tion known as lattice rules [37]. We encounter another connection to lattice
rules in §4, since the finite subgroups of T are precisely the abscissa sets of
lattice rules. For an introduction and a review of recent developments in this
area see [29, Ch. 5], and also [22, 36].



2 Standard definitions and facts

Let Z, R, C denote the integers, reals, and complex numbers, respectively.
For z,y € C° we denote the scalar product by (z,y) = >, x;5;. For
a,b € R, mod(a,b) is the real number satisfying 0 < mod(a,b) < |b|, and
a— mod (a,b) € bZ. The fractional part of the real number a is given by [a] =
mod(a, 1). If z € R?, then [z] is defined as ([z4], ..., [x])?, T denoting the
transpose of x. For X C R?®, [X] denotes the set {[z],x € X}. We will
usually write the elements of R* as column vectors.

Let G denote a locally compact abelian group written additively. For V'
a subset of G let V, and |V| denote the closure of V, and the number of
elements in V', respectively. The indicator function yy is given by xy(z) =1
for x € V and xy(z) = 0 otherwise. The character group G consists of the
continuous homomorphisms of G into the circle group T'= R/Z. The value
of the character ¢ € G at the point z € G is written < z,£ >. G has a
natural addition and a natural topology relative to which it is also an LCA
group. If G is compact, G is discrete. If G is a finite group, then |G| = |é\
The Pontryagin duality theorem states that

~
A

G=0aG.

Standard examples are: a) G = R?, G = R*; b) G =T° = R*/Z", G =17
¢) G =17Z% G =T¢, where ¢) is a consequence of b) and the duality theorem.
In all three cases we have < z,§ >= [0, ;&) = [(z,€)].

On every LCA group there exists a non-negative regular measure mg, the
so-called Haar measure of G, which is not identically zero and translation
invariant. The Haar measure is uniquely determined up to multiplication
by a constant. mq(G) is finite if and only if G is compact. In this case we
normalize mg so that mg(G) = 1. If G is discrete, mg will be a multiple of
the counting measure. If G is discrete but not compact, we normalize mg
so that it equals the counting measure, i.e. any set consisting of a single
point has measure 1. The following useful orthogonality relation is a direct
consequence of the translation invariance of the Haar integral. For a proof
see e.g. [13, Sec. 23.19] or [35, p. 10].

Lemma 2.1 If G is compact and its Haar measure is normalized so that



ma(G) =1 then

. 1 £€=0
2mi<x,E> _
/Ge de(x)_{Of#O‘
L,(G) denotes the space of all Borel functions on G such that || f ||,=

(Je: | f(2)|P dme(x)) " is finite. C,(@G) is the space of all continuous functions
on G with compact support. The Fourier transform of a function f € L,(G)
is the continuous function f on G defined by

= / f(2)e ?™<m¢> dme(x).
a
We will always normalize the Haar measure mg such that the following holds.

Theorem 2.2 (Fourier inversion formula) If f € Li(G) is continuous and
f € Li(G), then

A

= L@ dme(e) = (F)(~a). 1)

The Fourier transform can be extended to a linear isomorphism of Ly(G)
onto Ly(G) by means of the Plancherel Theorem (cf. [13, Sec. 31.18]).
The convolution f * g of two functions f,g € La(G) is given by f * g(z) =

Jo TWg(x — y)dma(y). If f+g € Ly(G), we have (f  g)"(§) = f(§)g(S)-

The inverse formula
frg(a) = [ FOIO < dme(©) 2)

holds for all f, g € Ly(G) and is equivalent to the Parzeval Identity.
Let H be a closed subgroup of an LCA group G. The annihilator of H is
the set H+ C G given by

L—{neG: <yn>=0forallye H}

H* is a closed subgroup of G and is isomorphically homeomorphic to the
character group of G/H, i.e.

t=(G/H)"
Furthermore we have that
(HY* = H, and H = G/H*.

The following technical Lemma, which we will need later on, is a consequence
of the identification of H+ with (G/H)".
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Lemma 2.3 Let G be an LCA group, H a closed subgroup of G such that
G/H is compact, and K a compact subset of G. Then |H* N K| is finite.

Proof: Since G/ H is compact, the topology of (G/H)" = H* is discrete, i.e.
all sets {n} whose only element is the point € H* are open. Since the
topology on H* is the relative topology induced in H* by G, it follows that
for each 7 € H' there is an open set U, C G such that H- N U, = {n}.
Therefore the open set G’\H + and the sets U, for n € H LN K provide an
open covering of K. K being compact, there is a finite subcovering C'. We
obtain
H nE| = | U HnUl =] U}l < o0 D
U,eC U,eC

For f € L1(G) define the function Ry f : G/H — C by

Ruf @+ H) = [ fa+y)dma(y)

Note that the integral on the right-hand side does not change when z is
replaced by x + h with h € H, so Ryf is indeed a function of the coset
x 4+ H. According to Theorem 28.54 in [13], Ry f belongs to Li(G/H). If
f € Cu(G), then Ry f € C.(G/H), see [13, Theorem 15.21]. We normalize
the Haar measures on H, G/H, and H* so that

/G/HRHf(I+H) de/H(ZE—i-H)
— /G/H/Hf(x—ky) dmy (y) dmem(z + H)

_ /G f dme, (3)

and the Fourier inversion formula holds for the Fourier transform on G/H.
Multiplying f(z) in (3) by e 2™<#7> with n € H* gives the following relation
between the Fourier transforms of f and Ry f:

(Ruf) () = f(n), neH" (4)

Note that on the left-hand side the Fourier transform is taken with respect
to G/H, while it is taken with respect to G on the right-hand side.

The Fourier inversion formula for Ry f gives rise to the Poisson summa-
tion formula (cf. [13, Sec. 31.46 e)]):



Theorem 2.4 Suppose that f € Li(G), that every function y — f(z + y)
belongs to Ly(H), that Ryf is a continuous function on G/H, and that
(Rgf)" € Li(H*). Then

[ @ty dmuty) = [ Fme e dmp (o) (5)

HL

Proof: Using (4) we see that (5) can be written as

Ruuf o+ H) = [ (R ) n)e™ <o dmyg. ().

Hence (5) is established by applying Theorem 2.2 with f, G, and G replaced
by Ruyf, G/H , and H*, respectively. O

If Theorem 2.4 can be applied to the function 2 — f(x)e 27<#4> ¢ ¢ @G,
the following version of the Poisson summation formula results:

[ fa+ e dmy(y) = [ e+ me < dmg. ) (6)

Let us consider some examples. i) The Haar measure on G = R* as well
as on G = R* is the Lebesgue measure, and the Fourier transform is given
by

&) = [ flaye 9.

Let § € R® with (6,0) = 1. The hyperplane H = {z € R®, (z,0) =
0} is a closed subgroup of R*. We see that H+ = {70, 7 € R}, and
because of © + H = (z,0)0 + H we have R*/H = {t0 + H, t € R}.
Ruf(t0 + H) = [, f(z)dz is called the Radon transform of f. Writing
Ryf(t) for Ry f(t0 + H) we see that (4) reads

~

f(70) = (Ruf)"(r0)
= /R Ry f(t0 + H)e 2079 gy

= / Ry f(t)e ™ dt
R
= (Rof)"(7)

This is the well known ‘projection-slice’ theorem. In computed tomogra-
phy it is the basis of some standard algorithms for reconstructing f from
measurements of Ryf [27].



ii) Let G be the s-dimensional torus group 7° = (R/Z)*. We choose the
s-dimensional hypercube [0,1)* with addition modulo 1 in each component
as a model for 7%. The Haar measure mg is the restriction of the Lebesgue
measure on R* to [0,1)%, and mg is the counting measure. For f € Li(G)
we have

f& = [ pemeed

0,1)s
Since ¢ € Z° and because of

6—27ri<a:,§> — 6—27ri 22:1 TRk

F(€) is just the usual Fourier coefficient of f. Hence the condition f € L (G)
means that f has an absolutely convergent Fourier series.

Let H be a finite subgroup of T%. It can be shown (see Proposition 4.2
below) that there exists an s x s matrix W such that W~! is an integer matrix
and, as a set, H = WZ*N|0,1)° = [WZ?]. Hence H represents an integration
lattice in the sense of Sloan and Kachoyan [37]. The annihilator H+ is given
by the ‘reciprocal lattice” W~TZ?, where W=7 denotes the transpose of W1,
The Haar measure on H is 1/|H| times the counting measure. my. is equal
to the counting measure. The integral over H

[, 1 wydma) = 5 3 1)

yeH

is now a so-called lattice rule for numerical integration which gives an approx-
imation for [ f(z)dmeg(x) = [y f(z)dz. The error analysis is furnished
by the Poisson summation formula (5), which reads as follows: Let f be
continuous and have an absolutely convergent Fourier series. Then

i S et = X fen

yeH ncH+

Letting # = 0 and remembering that f(0) = Jio.1)s f(x)dx we obtain the

formula
o= [ fa@dr= Y fo) (7

yeH ’ neHL n#0

which is the basis of analyzing the integration error, see [37]. For example,
assume that f(§) = 0 outside a compact set K C Z°. If the lattice H is

chosen such that
H'n K C {0}, (8)
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the right-hand side of (7) will vanish and the numerical integration is exact.
Special choices of K can serve as criteria for constructing lattice rules. For
details see, e.g., [22] and the references given there.

3 Sampling theorems

We will assume throughout this section that H is a closed subgroup of an
LCA group G, and that G/H is compact. This implies that H+ = (G/H)"
is discrete. We assume mg to be given and normalize the Haar measures on
H and G/H so that mg/u(G/H) = 1 and (3) holds. The Fourier inversion
formula then requires my. to be equal to the counting measure on H*.
Furthermore we assume that f € L;(G) is continuous, every function y —
f(z + y) belongs to Li(H), and f(f) = 0 outside a compact set K C G. It
follows that the Poisson summation formula (6) holds for all £ € G.

In the following we study the problem of computing f (&) for £ in a com-
pact set K’ C K from the values of f on finitely many cosets x,, + H. The
sampling theorem then follows from an inverse Fourier transform, see The-
orem 3.5 below. We first derive a result for the case K’ = {0}, i.e. for
approximating [, fdm¢ from finitely many values of Ry f(x+ H). Equation
(3) suggests the following approach:

/Gf(x)dma@) = /G/H Ruf(r+ H)dmg/u(z + H)

12

N-1
n=0

with coefficients 3, € C. This amounts to performing a numerical integra-
tion of Ry f over G/H. We will use our a priori information about f to
develop criteria on how to choose the (3, and x,,. The simplest case is to use
Ruy(0 + H) = [y f(y) dmg(y) as our approximation. The example at the
end of the previous section suggests to call this a generalized lattice rule. A
different generalization for compact but not necessarily abelian groups has
been given by Niederreiter [30]. The Poisson summation formula yields the
general form of equation (7):

[, f@dmaty) = [ f@dmax)= 3 fo).

neHL n#0



Note that the Haar integral over H+ is a series since H+ is discrete. Again
the lattice rule will be exact if the condition (8), i.e. H: N K C {0}, is
satisfied.

Now assume that (8) does not hold. Since |[H+ N K] is finite because of
Lemma 2.3, there is an integer m such that

(H- N EKN0} = {01, 0}

Using (5) with x = z,, yields

N-1 N—1 A A N—1 |
> BuRuf(z,+H)— > Ba.f(0) = S ) Y Buerriconn>
n=0 n=0 neHL n£0 n=0

m—1 N—-1 )
= X J) X patm e (0)
7j=1 n=0

Now we try to choose points z,, and weights (3,, such that the right-hand side
vanishes and 27127:—01 G, = 1. We obtain

Theorem 3.1 Let (H\{O})NK ={n1,...,0m_1} If

N-1
n=0
N-1 )
Y BuetmsTmiz = 0, j=1,...,m—1 (10)

then Nl
> BuBuf(wn+ H) = [ f(@)dme(a)
n=0 G

Proof: Insert (10) into (9).0

The question arises under what conditions the system of equations (10)
admits a solution. An obvious necessary and sufficient condition is that the
first row of the system matrix must not be an element of the subspace of CV
spanned by the other rows. The next two propositions give a necessary con-
dition and a sufficient condition, respectively, in terms of the z,, and 7;. Let
U denote the smallest subgroup of G/H containing {zo+ H,...,xy_1 + H}
and let us write My for {ny,...,9m_1}

10



Proposition 3.2 If (10) admits a solution, then My N U+ = .

Proof: Assume thereis 1 < k < m—1 withn, € MoNU*. Then < z,,,n; >=
0 forn=20,...,N — 1 and the equation for j = k reads

N-1 ) N-1
Z ﬁn€27”<xn’nk> — Z ﬁn — 0
n=0 n=0

which contradicts the first equation of (10).0

If the (x,, + H) form a subgroup of G/H the necessary condition of the
previous proposition is also sufficient:

Proposition 3.3 If U = {zg + H,...,oxy_1 + H} and MyN U+ = (), then
the choice 3, =1/N, n=0,...,N — 1 gives a solution of (10).

Proof: U is a discrete, compact group, hence the Haar measure my equals
1/N times the counting measure. We have U = (G/H)"/U+ = HY/U*,
and the value of the character n + U+ € U at the point z, + H is given by
< Tp+ H,n+ Ut >=< x,,1n1 >. The assertion now follows from applying
Lemma 2.1 with G = U for £ = 0, and £ = n; + U+, j = 1,...,m — 1,
respectively. O

We will now derive extensions of Theorem 3.1. If f(z) satisfies our general
assumptions, so does g(x) = f(x)e <> We see that §(&') = 0 for
¢ & (=€) + K). Applying Theorem 3.1 to g gives

Proposition 3.4 For ¢ € G let Me be the finite set
(H\{0}) N (K =€) = {m,- -, }-
If v, + H € G/H, B3, € C satisfy (10), then

A Nil .
f(f) = Z ﬁn‘/H f(l’n + y)e—2m<zn+y7§>de(y) ) (11)
n=0

Our next goal is to use Proposition 3.4 to compute f (&) for € in a compact
set K’ C K with fixed points z,, independent of £. This is more complicated
because the coefficients 3, depend on M, and therefore on . However, for
£ e K', M¢ = (H*\{0}) N (K — &) is contained in H+ N (K — K'), which
is a finite set since K — K’ is compact. Hence, as £ runs through K', M;
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will assume only finitely many different values My, ..., M. The relation
£ =¢ & Mg = My is an equivalence relation on K’ induced by the subgroup
H. The equivalence classes are K; ={{ € K': Mg =M}, l=1,...,L. The
sets K; are mutually disjoint and we have K' = Ulel K;. Each K; consists
of the points £ for which £ +n € K if n € MU {0}, and £ +n ¢ K if
ne HA\(M;U'{0}).

Theorem 3.5 Assume that f € LlA(G) is continuous, every function y —
f(z+y) belongs to L1(H), and that f vanishes outside a compact set K C G.
Let My = {n\V, ... 7777(711)1—1}; l=1,...,L be the values assumed by (H+\{0})N
(K —&) as & runs through the compact set K' C K. Let xk, be the indicator
function of K} ={{ € K’ : Mg = M;}. Assume xo+H,...,on_1+H € G/H

are such that forl =1,..., L the systems of equations
N-1
> 8 =1
n=0
Nl o
> BT =0, =1, my— 1 (12)
n=0

admit solutions BV, n=0,...,N — 1. Let F € Ly(G) with supp(F) C K/,
and define

(SO = F©) X X 8% (§) [ Flan +y)e <0 dmy(y) (13)

and Sf(x) = [o(SF)NE)e*™<¢>dms(€). Then

PO = (SN"E)  foreeC (14)
and
Fef@)=87@) = X [ 1t phale =0 = hdmaty) (15
with ;
ba(2) = Y- B0 F 5 R ). (16)
=1



Proof: If ¢ € G\K', both sides of (14) are zero. If ¢ € K’, then & €
K, for some ly € {1,...,L}. Hence SF, By, (&) = B and applying
Proposition 3.4 with My = M,,, m = my,, and 3, = 3% yields (14). Since
f is bounded with compact support, we have f € Lg(é). Taking an inverse
Fourier transform and using (2) yields (15). O

Theorem 3.5 permits to obtain filtered versions of f from knowledge of f
on cosets r,+H,n =0,..., N—1. Of particular interest is the case K’ = K,
F = xxk. Then we can compute the function f itself, since (15) reads

F@) = X [ St w)kale 0~ y)imiy) 7)
with (16) simplifying to
bn(2) = 3 8 (=), (18)

The case L = my; = 1 yields the classical sampling theorem [18, 33]. This
requires that the sets K + 1, n € H* be mutually disjoint.

It may happen that some of the sets K; have measure zero. In this case
Xk, (z) =0 for all z € G, hence these sets do not contribute to the sampling
series Sf in (15). They may therefore be ignored and the corresponding
coefficients 3% need not be computed.

The next theorem gives an estimate for the error committed when f(€)
does not vanish outside K. It is the main result of this section.

Theorem 3.6 Assume that the hypothesis of Theorem 3.5 holds except the
condition that f vanishes outside K. Assume instead that f € Ll(@) and
that the Poisson formula (6) holds for all x € {xg,...,xn_1} and almost all
e K'. Then

[Sf(x) = Fx f@)] <II F lloe /G\K F(©)ldme(€) (19)

for all x € G, where



Proof: Using (2) it is clear that [Sf(z) — F'x f(z)| <|| (Sf)" — EFf . Since
F (&) vanishes outside K’, we obtain from ( 13) and (6) that

I SH=Ffh= [, dme(€)

F(g) (Z S 8Dvk, (€) S F(€+ pemisTn> f(f))

n=0 [=1 neH+

For ¢ € K’ we have Y20 S°F | B0y (€) = 1, hence the term with = 0 in
the summation is equal to f(§). This gives

N—

L N .
O X XA T JE+mermns

1
nEHO

,_.

I(SH"=Ff h= /. dme;(€)

where we have written Hy for H\{0}. Let P'(n) = >} ﬁ(l)e%i“” >, We
have P'(0) = 1, P'(n) = 0 for n € M;, and sup, . |P'(n)| < 05 |ﬁ(l |.
Hence

H(SH=FF I
L

Zm(f)ﬁ(f) S fE+n)P(n)

fi
=1 neHg-\M,

z o X [FOf €+ P )] dng(©

EHJ‘\Ml

< 1 F I e, ZW)Z )

7777 =1 nGHL\M

dme(€)

IN

F(©)] dmg(&)  (20)

Ki+n ‘

Since the sets K are disjoint and (K; +n) N K = () for n € Hy"\ M, it follows
that

) dme(€) < / )| dmes (¢

1= 177€HL\M /Kl"ﬂ? G< ) nEHLl 7 7 (HKi+n) \K G( )
= dmA 19 21
2 ham FOlme® @

It remains to clarify how many of the translates K’ + n may contain a given
point & If &€ € K' + n, then there is [y such that £ —n € K. If also

14



e K'+1n,then (§—n)+(n—1n)=E&—n € K' C K which implies that
n—mn € M, U{0}. Since M;, U{0} has only m;, < m elements, there are at
most m different n with £ € K’ 4+ 1. Therefore

3 [ @ dmee) < m

1
neH;

F(©)]dme(©). (22)

G\K

The proof is now completed by combining (20), (21), and (22). O
For the case K’ = K, ' = xf, we obtain

Corollary 3.7 Under the hypothesis of Theorem 3.6 we have for K =K
and F = g

Sf@) = F@)| < @+ [, |F©)]dma(o). (23)

\K
Proof: We have |Sf(z) — f(2)] < |Sf(z) = Fx f(z)| + |[F* f(z) = f(z)].
The assertion now follows from (19) and

Fxf@) = @] < I Pf=Fl=laf=Flhi= [ |f©]dmse). o

\K

We proceed by giving examples and discussing some special cases, where
the application of the theorem is relatively simple. In order to clarify the
basic concepts of the theory we begin by working out a one-dimensional
example, which leads to the well-known case of non-uniform but periodic
sampling on the real line. Let G =R, H =Z, H =7, K = K' = [-1,1],
and f € L;(R) such that the hypothesis of Theorem 3.6 holds. We find that
for £ € K’

{1} -1<¢<0

{-1} 0<¢<l
HA\{0} N (K — &) =1{ {1,2} £=-1 .

{-1L1} §=0

{—2,-1} E=1

It follows that K7, K5 are the open intervals (—1,0) and (0, 1), respectively.
The other sets, namely K3 = {—1}, K4y = {0}, and K5 = {1} have measure
zero and may be ignored. Hence we have L = 2. Since M; = {1} and

15



M, = {—1}, it follows that m; = ms = m = 2, and that 779) = 1 and
77§2) = —1. In general we have to choose N > m in order for the systems (12)
to be solvable. Letting N = m = 2, we obtain shifts zy, x;1 € R and choose

without loss of generality o = 0. For [ = 1,2 the equations (12) read

B a0 = 1

(()l)_‘_ﬂ§l)627ri<x1,nil)> - 0

with < 2y, n\" >= [((—=1)""1z,]. This yields the coefficients

O]
1

O\ T 1 , sin(27zy)
1— 2mi<z1,my >> _ -1 +1
< ‘ 2 +i(=1) 2 — 2cos(2may)

Y= 8 1=12

l

Furthermore we obtain xg,(—z) = exp((—1)'miz) sin(nz)/(7wz). Together

with the choice F' = yx this yields for n = 0,1 the functions

sin(mz) sin(27xy)

kn(2) =

<cos(7rz) + (=1)"*H! sin(m)> :

Tz 1 — cos(2mzy)

The sampling series now reads

Sf(x) = Z Z f(@n + j)kn(z — 20 — 3).

n=0j€Z

Similar examples have been discussed in [19, 39, 16, §].

The quantity v in (19) is a measure for the stability of the reconstruction
of f from its sampled values. In the example above we see that |3 — oo,
and therefore v — oo if xy approaches an integer. This has to be expected,
since for x; an integer the two shifted copies of H would coincide, and we
would lose necessary information. For x; & Z the reconstruction is possible,
but becomes increasingly unstable if x; approaches an integer.

We have already investigated the solvability of the systems (12) in the
case of K’ = {0}. Now we turn to the important case K’ = K. Let us write
M, for M; U {0} and observe that the equations (12) may be written in the
equivalent form

N-1
> A0 = 5(y), g€ I, (24
n=0
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with 0(n) = 1 for n = 0, and §(n) = 0 otherwise. If K’ = K we have that
(K;+n) € K"ifn € My, and (K;+n)NK = @ for n € H\M,. Tt follows that
for each € M, there must be an I € {1, ..., L} such that K, = K;+7, and
My = M, —n. We may thus define an equivalence relation on {1,...,L} by
letting [ = I’ if and only if there is n € M; such that Ky = K; 4+ n. Clearly,
the equivalence class of any [ consists of [M;| = m; elements. The following
proposition is a consequence of the fact that the equations (12) for [,1’ with
[ = 1" are closely related.

Proposition 3.8 Let AD, [ = 1,... L denote the matrices of the linear
systems (12). If K' = K and all L systems (12) admit a solution, then
rank (AD) =my, 1 =1,..., L, and therefore N > max;_,

.....

Proof: Fixl € {1,..., L} and let M, = {0 = n(()l),ngl), . ,777(7?1_1}. The system
(12) reads

N-1
Z Aggﬁg) = (5j07 j = 07 sy My — L, <25>
n=0

where ASQ — 2Mi<enm’> are the entries of the m; x N matrix A®, and
;i is the Kronecker delta. Since K’ = K there are [, ...,[,,—1 such that
K, =K, —H],(gl), M, = M;—n". The equations (12) written in the form (24)
read for [l =1, k=1,...,m; — 1 as follows:

N~ it 2mi<aan® 0> o _ . 0 ,
Zﬁnke ol Mk zé(nj —ny) =0k, Jj=0,...,m—1
n=0

With g) = ﬁgk)e_2m<$n’"l(cl>> this may be written as
Nl
ST ALBW =54, j=0,...,m—1 (26)
n=0

Note that the right-hand sides of the systems (25), (26) are the canonical unit
vectors in C™ . Since all these systems are solvable, we have that AOCYN =
Ccm. O

In general the functions k,(z) defined in (16) are quite complicated. We
consider two special cases where they simplify considerably. The first one oc-
curs when the coefficients 3% are independent of [ and leads to the sampling
theorem of Gaarder [11]. The following corollary is a generalization.
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Corollary 3.9 Let the function f be as in Theorem 3.6 and let 0y, ..., Nm_1
denote the elements of the finite set (H\{0}) N (K — K). If there are
x,+HeG/H, n=0,...,N —1 such that the system of equations (10) has
a solution (By,...,Bn_1) € CN, then the estimate (23) holds with

Sf(x) = Nz_:l ﬁn/H flen +y)xx(xy +y —x)dmg(y)

and v = m T35 |Bal.

Proof: Let K’ = K. Since all sets M; are subsets of (H+\{0}) N (K — K) it
follows that m = maxi<;<;, m; < m and that the systems of equations (12)
have the solution 8 = 3,01 =1,...,L, n=0,...,N — 1. Now we apply
Corollary 3.7 and note that (16) simplifies to k,(z) = 5, Xk (—z) because the
BY do not depend on [. O

Note that in this case the sets K; and M, need not be determined. Gaarder
used the following approach to construct suitable sampling sets. Let U =
{zo+ H,...,xn_1 + H} be a finite subgroup of G/H such that the system
(10) has a solution (o, ..., Bn—1) where some of the 3, are zero. Hence the
corresponding cosets x,, + H can be dropped and the union of the remaining
cosets is a suitable sampling set.

The second case allowing for simplification occurs when the sets K; are
translates of some set K.

Corollary 3.10 Assume the hypothesis of Theorem 3.6 holds with K =K
and F = xk, and that in addition there is a set Ko C G such that all sets

K; of positive measure may be written as K; = Ko+ 1, 11 € G. Then the
estimate (23) holds with Sf(x) given by (15) and

L

k’n(Z) _ )A(Ko(_z) Z /67(1l)62m<”’z>.

=1

Proof: Ignoring sets of measure zero, we have xx,(§) = xx,(§ — 1), hence
Xi, (—2) = XK, (—2) exp(2mi < r;, 2z >). Inserting this into (18) and applying
Corollary 3.7 yields the desired result.O

The main difficulty in applying this result to a concrete case is the deter-
mination of the quantities Ky, L,r;,m;, and M;, [ = 1,..., L. After this is
accomplished, the coefficients %) may be found from (12). In the following
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example we describe a class of sampling sets in R® where Corollary 3.10 may
be applied and the above quantities can easily be computed. This is possi-
ble because K is assumed to be a rectangle and the subgroup H is chosen
appropriately.

Example 3.11 Let G = R?, and

K=K =[-di/2, di/2] x ... x [—ds/2, ds/2]
with dy,...,ds > 0. Let Py, ..., P be positive integers, W the diagonal matriz
with entries W;; = P;/d;, i =1,...,s, and H = WZ*. Define the sets J C Z°
and Ko C R* by

J = {keZ: 0<k<P-1i=1,...,s}

dl dl dl ds ds ds
Ky = (-2, D D) x2S Gy %)
0 < 2 2+P1>X X( 2 2+Ps>

Then L = TIi_, P = |J|, all my are equal to m = L, and the sets K, and
M, = M; U {0}, are given by

Kl = K0+Tl
M, = W — r, with
r = W_lk(l)

where k(1) = (ky, ..., k)T is the uniquely determined element of J such that
l=14+ki+ Pko+PiPoks+...+ P ... P,_1ks. The shifts x,, may be chosen
from the set W[0,1)%. If the systems (12) admit a solution, the sampling
series is giwen by Corollary 3.10.

Proof: We have H+ = W~TZ® = W~'Z°. Consider the center point of

T
Ko, & = (—%1+2%1,...,—% 2%;3) € K. For n € H* we find that

& +n € K if and only if n € WLJ, e, Mg, = Mg, U {0} = W-LJ.
An elementary computation shows that the set K; = {{ € K, M = M}
equals K. Hence Ky = Ko, My = W~'J, and my = |M;| = |.J|. According
to the discussion preceding Proposition 3.8 we obtain further sets K; by
setting K; = Ky + W'k(l), 1 = 2,...,|J|, with M; = M; — W—'k(l). Since
K\ Uli'l K; has measure zero, all other sets K; must have measure zero. O
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The class of sampling sets described by Example 3.11 is quite large. For
s =1, P, = d; = 2 we obtain the one-dimensional example discussed above.
For two-dimensional examples we refer the reader to pp. 77-82 of the paper
by Butzer and Hinsen [3]. Their approach is different from ours, but the
sampling sets of all four applications given there fall under the description
of Example 3.11. For example, let s =2, d; =1, dy = 1/2, P, =4, P, = 2.
This gives K = [—~1/2, 1/2] x [=1/4, 1/4], W1 = Wy, = 4, hence H = 472,
H+ = iZQ, and L = m =m; = PP, = 8. The shifts z,, n=0,...,N —1
may be chosen from the set [0,4)?, and we need N > 8 for the systems (12)
to be solvable. The sampling set investigated in [3, p. 81] is now obtained
by choosing x,, n =0,...,7 as the column vectors of the matrix

a a b b 4—a 4—a 4—b 4-0
b 4—b a 4—a b 4—b a 4—q

with @ = v/2/(14v/2), and b = v/2. While this choice gives a very aesthetic
sampling set, it is not more difficult to apply Corollary 3.10 to a different
choice of the z,,. The sampling sets of Example 3.11 can also be obtained
using the results of [8], as well as with the approach of Cheung [6].

4 Implementation

For certain applications, e.g. computed tomography [7, 8, 27, 28, 34], it is
important to take advantage of the particular shape of the set K in order to
find efficient sampling sets. If K is not a rectangle, finding the sets K;, M,
may be considerably more complicated than in Example 3.11. It is therefore
desirable to develop a suitable computer implementation which reduces the
demands on the user to the absolute minimum. In this section we will discuss
one such method. After formulating the general algorithm we give a detailed
discussion of the case G = T*. It is hoped that this will assist the reader in
implementing the algorithm without too much difficulty.

Our approach is to compute (Sf)"(€) according to (13) for ¢ in a finite
set K” C K'. The function Sf(z) can then be found by inverting the Fourier
transform numerically, which can usually be done by FFT techniques. In
general this will cause an additional discretization error, but this error can
be avoided if the group G is discrete, as in the case of G = T*. The advan-
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tage of this approach is that it leads to fast algorithms, is relatively easy to
implement, and does not require the user to perform tedious computations.

(Sf)" may be computed as follows. For each £ € K" we have to determine
the index [ for which £ € K;, and to evaluate [ f(x,+y)e 2™ <%+, 5>de(y)
Let H C G consist of exactly one representative of each Coset £+ Ht
G/Hl — H. For each &€ € K” there is exactly one & € H such that
€&+ HY Fory e H we have < y,& >=< y,& >. Let g, : H — C be
given by ¢,(y) = f(z, +vy), y € H. Then

/H f(xn + y)€—27ri<wn+y,§>de(y)

6—27ri<3?n7§> /Hgn(y)e_2m<y’50>de(y)

— 6—27ri<xn,§>gn(§0 + HL)

where the Fourier transform is taken with respect to H. We obtain the
following general algorithm. Let A denote a suitable array used for computing
(SHMNE), € € K", and assume the coefficients B are already computed.

Algorithm 4.1 .
For all £ € K" set A(§) = 0;
For n=0,...,N-1 do;
Compute §,(o + H*Y) for all & € H;
For all ¢ € K" do;
Find1 <1< L and & € H such that £ € K; and € € &+ H*;
Add pVe2mi<ent>g, (& + HL) to the current value of A(E);
end;
end;

For all € € K" multiply A(€) by F(€);

We will now give a detailed description of the implementation of Algo-
rithm 4.1 in the case of H being a finite subgroup of the s-dimensional torus
group G = T%. Since G = Z° is discrete, K is a finite set. This is an
optimal situation for using Algorithm 4.1 because we can choose K" = K’
and the inverse Fourier transform can be carried out without discretization
errors. In order to be able to implement the algorithm for given H, K, K’,
and z,, n =0,...,N — 1, we face the following tasks: Finding a suitable
mathematical representation of H; Determining the set H; Finding the sets
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M, 1 =1,...,L and the coefficients 8; For ¢ € K” finding | with ¢ € K|
and & € H with & € & + H*; Computing §,(& + HY) for & € H.

We will discuss each of these steps and begin with giving a representation
of H suitable for our purpose. The finite subgroups of T are precisely the
abscissa sets of integration lattices as defined in [37] which have been studied
in considerable detail, see e.g. [29, 22, 23, 38| and the references given there.
In the next proposition we collect the needed results from this theory. In
choosing the Hermite normal form for the generating matrix of H+ we are
following an approach taken in [23].

Proposition 4.2 Let H be a finite subgroup of the s-dimensional torus group
T%. Then there exists a unique nonsingular lower triangular s X s matrix W
such that

(i) As a set, H =W Z*], and H+ = W~TZ?.

(ii) |H| = | det W|~!

(iii) The matriv B = W~T has Hermite normal form, i.e. B is an upper
triangular integer matrix satisfying

Bii>07 1=1,...,s

Proof: See [29, pp. 125-126, 131-132] and [31, Theorems 11.2, 11.3].

In practice the subgroup H is specified by choosing a generator matrix
W such that H = [WZ*]. If W~7 is not in Hermite normal form, one can use
one of the algorithms published in [2, 17] to obtain the uniquely determined
matrix W of Proposition 4.2. The description of H provided by Proposition
4.2 is not yet fully satisfactory, since for each y € H there exist infinitely
many z € Z° such that y = [Wz]. In the following proposition we remove
this ambiguity and obtain at the same time a suitable set H consisting of
exactly one representative of each coset in G J/H*. The proof is given at the
end of this section.

Proposition 4.3 Let H be a finite subgroup of G =T, and W its generator
matriz as given by Proposition 4.2. Let H be the set

H={2€Z: 0<z<N;,—1,i=1,...,s}
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where the N; are the positive integers N; = 1/Wy, i = 1,.. sn. Then the
mappings z — (Wz2] and 2 — z + H* are bijections from H onto H and
G/H* = H, respectively.

This means that we have H = [WH], and H = {z + H*, z € H}, and
that we can use H as a convenient index set to label both the elements of
H and of H. Using Lemma 4.7 below one can show that the set {r e R*:
0<uaz; <Wy, i=1,...,s} contains exactly one representative of each coset
x+ H € G/H. Hence the shifts x,, may be chosen from this set.

With regard to finding the sets M; we observe that G is discrete and K’
is therefore a finite set. We may therefore assume that K” = K’. The sets
M; can be determined by inspection. The same is true for finding for each
¢ € K" the index [ such that M, = M;, i.e. £ € K;. In one or two dimensions,
the sets M; and K; can often be found by simply drawing the translated sets
K +mn, n€ H*, seeeg. [8 p. 74]. In higher dimensions, however, the task
is more formidable. We will therefore give an outline of a general algorithm.
It requires a user-supplied subroutine to test if a given £ € G is an element
of K, and as a-priori information a finite set M., € H\{0} such that
(HA\{0}) N (K — K') C Myax. For each ¢ € K’ the algorithm will determine
the set My = (H+\{0}) N (K — &) by testing for all n € My if E+n € K.
If M is different from all previously found sets Mg it is stored as a new set
M;. In this way the parameter L, as well as the m;, M;, and K;, [ =1,...,L
are found. Let I denote a suitable integer array used to store for each £ € K’
the index [ with £ € Kj.

Algorithm 4.4 .
Determine Moo C HH\{0} such that (H\{0}) N (K — K') € Mpay;
L=0;
For all £ € K’ do;
M =10;
For all n € Myax do;
If (§+n € K) then M = MU {n};
end;
If (L >1) and (M = M, for some | < L))
then I(§) =1I;
else do; L =L+ 1; My, =M; mp = |Mp|+1; I(§) = L; end;
end;
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Having found the sets M;, we can solve the linear systems (12) for the
coefficients BT(LZ). In general we will have to choose N > m = max;<;<; m; in
order to avoid an overdetermined system which might have no solution.

For £ € K’ we can now find the index [ with £ € K by letting | = I(£).
The sets K; are thus implicitly determined by the array I, since K; = {{ €
K', I(§) = l}. There is no need for an explicit representation.

The next task is to give an algorithm to find for a given ¢ € Z° the
uniquely determined & € H such that & € &+ H+. We need to find integers
Liymi,i=1,... ssuchthat E —WT(ly,....1,)T = (my,...,m;)T =& € H.
Since W=7 is upper triangular with diagonal elements Ny, ..., N,, the algo-
rithm is straightforward. The k-th equation reads &, — Nyl —>"7_; 4 W ll =
my. With g = & — S5, Wi l; we have my = mod(gy, Ny), and [, =
(g — my)/N. Solving the system by backsubstitution leads to the following
algorithm.

Algorithm 4.5 .
For k=s down to 1 do;
Qe =&k — Xiops Wia ' lis
my = mOd(quk);
I, = (Qk - mk)/Nk;
end;

Finally, we need an efficient algorithm for computing
360+ HY) = [ g()e™ 05> dmuy(y)

for all & € H, i.e. we need a Fast Fourier Transform for computing the
Fourier transform on H. Making use of Proposition 4.3 we obtain

§(&o+HY) = |H| > g(y)e v
yeH

Ni—1 Ng—1

_ Z Z g WJ —27rz<[WJ o>
N1N2 S Jj1=0 Jjs=0

where we have written .J for (ji,...,js)T € H. For & = (my,...,m,)T € H
we see that

i = [l - [ (s )]

=1
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Hence computing g(&y) for & € H essentially amounts to performing an
s-dimensional FFT, as the following algorithm shows.

Algorithm 4.6 For J = (jy,...,j)7 € H let G(j, ..., j5) = g([WJ]).
For k=s down to 1 do; )
For all (j1,...,5k-1,0,Mpy1,...,ms)T € H compute

G(]l? ey Jk—=1Mgy - o 7m5)
Ny —1
. k-1 ] L
o= 2mimy > Wi Z G, - Jis Mt - - - ’ms)e_Qﬂ'lmk]k/Nk’
k jx=0
meO,...,Nk—l

end;
end;

Clearly, the result G(my, ..., ms) is equal to g((mi,...,ms)"). The inter-
mediate results G(ji, ..., jk—1; Mk, ..., Mms) can be computed by performing
Py = [l;z Ni FFTs of length N,. Hence the algorithm requires

O <Z PNy, logNk> =0 <H N; ZlogNk> = O (|H|log |H|)
k=1

k=1 =1

operations. This concludes our description of the implementation. It remains
to prove Proposition 4.3. We need the following technical lemma.

Lemma 4.7 Let A be a nonsingular, triangular, real s X s matriz, and
M:{xERS . |:E,| < |14”|7 1= 1,,8}
Then (AZ®) N M = {0}.

Proof: The assertion, namely that z = 0 is the only integer vector satisfying
the triangular system of inequalities |(Az);| < |Aul, ¢ = 1,...,s, is veri-
fied by solving this system using forward substitution, or backsubstitution,
respectively. O

Proof of Proposition 4.3: It suffices to show that the two mappings are
1-1, since |H| = |H| = 1/|det(W)| = [[_, N; = |H|. If [Wz] = [Wy] for
x,y € H, then x —y € W1Z*. On the other hand, if x + HL = y + H* for
z,y € H, then z —y € H- = W~TZ*. Since N; = (W), = (WT);, and
|z; —y;| < N; — 1, it follows from Lemma 4.7 that 2 = y in both cases. O
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