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Abstract

Any function that is bandlimited in the distributional sense grows at most
polynomially on the real line. Consequently, any bandlimited function with
bandwidth o belongs to a polynomially weighted Paley-Wiener space By (o),
for some sufficiently large integer N, with inner product (f, g) By =
Je F@)g(t) (1 + t2)=N dt. We show that the spaces By (o), N € Z, are
reproducing kernel Hilbert spaces and, more specifically, de Branges spaces.
We determine their reproducing kernels and complete interpolating sequences,
together with the associated sampling expansions (including orthogonal ones).
We also present more general sampling theorems allowing finitely many deriva-
tive samples; these include, as special cases, classical expansions of Valiron and
Tschakaloff.
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1 Introduction

The present work is concerned with the sampling and interpolation of bandlimited
functions. The sampling problem involves the stable reconstruction of a bandlimited
function f from its values f(Ax) on a discrete set A = {\g, k € Z} C C. The associated
interpolation problem consists in finding a bandlimited function f that interpolates
given values ¢ at the points of A, provided the sequence (ci)rez satisfies appropriate
conditions. Complete interpolating sequences are sampling sets A that provide unique
solutions for both the sampling and the interpolation problem. In order to define
bandlimited functions we first recall that for functions f € L!(R) the Fourier transform
is given by f(£) = ffooo f(x)e~®¢dz. This definition can be extended to larger classes
of functions and to distributions (generalized functions), see, e.g., [39].

Definition 1. A function is called bandlimited with bandwidth o, or o-bandlimited, if
its distributional Fourier transform has support in the interval [—o, o], where 0 < o <
0. Equivalently, a function f is o-bandlimited if and only if f is an entire function
and satisfies the growth condition

F()] < v (14 2])" el 1)
for all z € C, and some non-negative integer n and constanty > 0 [39, Theorem 7.23].

It is evident from (1) that a bandlimited function f has at most polynomial growth
on the real line. This motivates the following definition of a family of inner product
spaces of bandlimited functions.

Definition 2. For N € Z let By (o) denote the space of o-bandlimited functions f

such that || f |y = (Jp &) 1 +2)~N dt)1/2 < o0. By(0) is equipped with the
inner product

(f, 95y = /Rf(t) g(t) (1 +t*)~Ndt.

The spaces By (o) are nested with respect to N, i.e., By(0) C By(o) for M < N.
In the following we will sometimes write the bandwidth ¢ in the form ¢ = 7mw. The
fundamental example is the Paley-Wiener space By(nw), where the norm and inner
product are those of L. The space Bp(nw) is a reproducing kernel Hilbert space
(RKHS). The reproducing kernel is given by K,(z) = wsinc(w(z — @)), where the
cardinal sine function sinc(z) is given by sinc(z) = sin(wz)/(7z). The complete inter-
polating sequences for By(mw) have been characterized in deep results by Pavlov [36],
Hruscev et al. [21], Minkin [32], and Lyubarskii and Seip [28]. The most prominent
example is the uniform sampling set A = {k/w, k € Z}, which leads to the classi-
cal interpolation and sampling theorem that is often traced back to Whittaker [50],
Kotelnikov [24], and Shannon [42]:



Theorem A. For any sequence of complex numbers (cx)rez that satisfies
Sz lekl* < oo the unique solution f € By(ww) of the interpolation problem
f(k/w) =ck, k € Z, is given by

f(z) = crsinc(wz — k). (2)

keZ

Furthermore, every f € Bo(mw) satisfies Y .cp [f(k/w)]* = w || f [IB, < oo, and
thus admits the representation (2) with ¢, = f(k/w), k € Z. The cardinal series (2)
converges absolutely; in the norm of By; and uniformly on horizontal strips of finite
width in the complex plane.

For some historical background on the cardinal series, see, e.g., [8] and [16]. A
comprehensive survey of the early literature is provided in [22]. General introductions
to sampling theory, surveys, and monographs from a variety of perspectives include,
for example, [9, 12-14, 17, 18, 31, 46, 55, 56]. The goal of the present work is to
study the spaces By (o) for N # 0 and to establish analogues of some classical results
for By(o). Our foundation and starting point is [2]; we generalize its framework and
obtain sharper sampling and interpolation results in the reproducing kernel Hilbert
space setting.

Naturally, as N increases, additional information about f € By(c) will be
required. This information can be obtained in different ways. In the present paper we
study two approaches that both require a minimal number of samples. The approach
of taking some additional samples of the function f is studied in Sections 4—6. It will
be shown that for N > M, the sampling theorem for By (o) requires N — M additional
samples compared to that for Bys(o). Alternatively, the N — M additional samples can
be samples of derivatives of f. This case is studied in Section 7. Sampling theorems
for these two approaches and N > 0 were developed in [2, 9, 19, 20, 26, 37, 43, 45, 47—
49] and are discussed further below. Two of our results, Theorem 3 and Theorem 5,
generalize and sharpen these prior sampling theorems by providing a stronger sense of
convergence, i.e., convergence in the norm of By (o) instead of uniform convergence
on compact subsets of C, and/or applying to a larger class of sampling sets. Further-
more, they are proved in the unified framework of sampling theory in reproducing
kernel Hilbert spaces. Alternative approaches for sampling bandlimited functions of
polynomial growth involve oversampling in the sense of sampling at a higher rate; see,
e.g., [10, 26, 30, 54]. This can give very fast numerical convergence of the sampling
series [23, 38, 40]. Since we are concerned with sampling at the minimal sampling rate,
methods that require this kind of oversampling are not studied in this paper.

The paper is organized as follows. The next section reviews some pertinent concepts
from sampling theory in reproducing kernel Hilbert spaces. This includes the definition
of complete interpolating sequences, the class of sampling sets under consideration,
as well as a generalization of Theorem A for this general setting. These concepts and
results will then be applied to the spaces By (o) in the remaining sections. The main
contributions of this paper are contained in Theorems 1-6. Theorem 1 in Section 3
establishes the By (o), N # 0, as reproducing kernel Hilbert spaces. Explicit expres-
sions for the reproducing kernels are obtained for N > 0, while for N < 0 it is shown



that the kernels can be determined recursively. These results are based on a direct
verification that the spaces By(0), N € Z, are de Branges spaces [11]. The spaces
By (o), N > 0 have appeared in the prior literature on sampling bandlimited functions
of polynomial growth [2, 26, 48, 49, 54]. For example, Zakai [54] suggested the space
Bj (o) as natural function space for sampling theory, and Lee [26, Theorem 4] proved
that By(o) is dense in By(c), N > 0. Walter [49] considered the subspace By (o) of
Ban(c), N > 0, that consists of the functions f € Ban(0) such that f(z)/(1 + 22)V
is an entire function. He noted that By (o) is an RKHS and identified its reproduc-
ing kernel. On a more abstract level, general connections between de Branges spaces
and a large class of weighted Paley-Wiener spaces, including the existence of complete
interpolating sequences, have been studied by Lyubarskii and Seip [29]. A systematic
RKHS treatment of the spaces By(c) themselves for all N € Z, together with the
explicit de Branges space identification and reproducing kernel formulas developed
here, does not seem to have been carried out.

Theorem 2 in Section 4 identifies the complete interpolating sequences for By (o),
N # 0. It implies that for N > 0 a complete interpolating sequence (CIS) for By (o) is
obtained by adding N points to a CIS for By(c), while for N < 0 one obtains a CIS for
By (o) by deleting |N| points from a CIS for By(o). It is also shown that a complete
interpolating sequence for By (o) cannot simultaneously be a CIS for another space
By (o') with (N',0’) # (N, o).

Theorem 3 in Section 5 provides the generalization of Theorem A for sampling
on complete interpolating sequences in the spaces By (o), N € Z. This extends and
sharpens our earlier result for N > 0 [2, Theorem 4]. Corollary 2 gives an example of
a sampling expansion for B (o) that requires one additional sample compared to the
cardinal series, but in return provides stability with regard to bounded errors in the
samples. This result is also used to obtain an explicit example of a function in B (7w)
that has bounded samples on %Z but is itself unbounded on the real line (Corollary 4).
A variety of further examples and numerical experiments, as well as a discussion of
prior results by Walter [48, 49] and Shin et al. [43], can be found in [2].

The explicit expressions for the reproducing kernels yield a complete characteri-
zation of the orthogonal expansions for the spaces By (o), N > 0, which are given in
Theorem 4 in Section 6. For N > 0 the orthogonal sampling sets are nonuniform and
the sampling points are obtained as solutions of a nonlinear equation. An example of
an orthogonal expansion in Bi(o) is provided.

Section 7 is devoted to the case where finitely many derivative samples are included.
Results for this case go as far back as Valiron’s 1925 paper on Lagrange interpolation
[47]. Subsequent work includes theorems for uniform sampling by Tschakaloff [45],
Pfaffelhuber [37], and Lee [26], with the most general theorem due to Hoskins and
Sousa Pinto [19, 20]. Schmeisser [9, p. 96] extended Valiron’s formula to a class of non-
uniform sampling sets. Theorem 5, stated in analogy to the Hoskins and Sousa Pinto
theorem, generalizes this prior work. In all of these cases the derivative samples are
taken at a single point. Theorem 6, our final result, allows for derivative samples to
be taken at more than one point. Corollary 8 provides an example. Finally, Section 8
contains the more technical definitions and proofs.



2 Complete interpolating sequences and sampling
expansions in reproducing kernel Hilbert spaces

In this section we review some known results about complete interpolating sequences
and the associated sampling expansions in reproducing kernel Hilbert spaces, and state
them in the form needed for the remainder of the paper. The included proofs rely on
the basic theory of reproducing kernel Hilbert spaces, Riesz bases, and frames, which
can be found, for example, in [53, pp. 13-16, 25-31, 154-159]. While being an integral
part of the presentation, they do not claim originality. For a broader introduction and
context, see, e.g., [3] and [13], as well as [14, 17, 18, 33, 41, 52]. To begin, recall that
a reproducing kernel Hilbert space (RKHS) H on a domain X is a separable Hilbert
space of functions f : X — C such that for every u € X there exists an element K, of
H (the reproducing kernel at u) such that f(u) = (f, K,) for all f € H. Throughout
this paper the domain X will be the set C of complex numbers. Let I?u denote the
normalized kernel K,, = K,/ || K, ||. It will always be assumed that H is such that
K, does not vanish identically for any u € C. The following class of sampling sets will
be considered.

Definition 3. A countable set A = {\;, k € Z} C C is called a complete interpolating
sequence (CIS) for H if the following two conditions hold:
‘2

1. For any sequence {cy}rez such that ), , ﬁ < oo the interpolation problem
k

fAk) =k, k€L, (3)
has a solution f € H.
2. For all f € H one has
JFOw)?
AlrP s YL < B 0
2K, |

with constants 0 < A < B < oo that are independent of f.

Unless otherwise specified the A\, are enumerated with non-decreasing real parts, i.e.,
Re M\, < Re A\i41, and such that Re A\, <0 for k <0, and Re A\ >0 for k> 0.

The condition (4) implies that the solution to the interpolation problem (3) is
unique. In case of H = By(o) the definition of a CIS given above is slightly more gen-
eral than the definition that we used in [2], which did impose the additional condition
sup | Im Ag| < co. The following characterization of complete interpolating sequences
will be used throughout this paper.

Theorem B. A set A ={\;, k € Z} C C is a CIS for an RKHS H if and only if the
normalized kernels {Ky,, k € Z} form a Riesz basis of H.



Proof Assume A is a CIS for H. The condition (4) implies that the set of normalized kernels
{I?Ak, k € Z} is a frame. Let \; be an arbitrary element of A. Then the unique solution of the
interpolation problem f(Ag) = dx;, k € Z, is a nontrivial function that vanishes on A\{)\;}.
That is, it is orthogonal to {I~(>\k, k € Z, k # l}. Hence removing a single element from
{[?Ak, k € Z} leaves an incomplete set. Therefore {I?Ak, k € Z} is an exact frame and thus
a Riesz basis, cf. [53, p. 157]. Now assume that {RAM k € Z} is a Riesz basis. Since a Riesz
basis is also a frame, one has condition (4). Let {S,,, k € Z} denote the Riesz basis that is
biorthogonal to {fﬁk, ke Z},ie., (Sy,, I~()\l) = 0py. For > 2pc7 || Ky, H72 |ck|2 < o0, the
expansion f(z) = Y ;<7 ngﬁ S, (2) converges unconditionally to a function f € H that

satisfies
f()‘l) = (fa K)\l H K)\l H Z || K || S}\k? K)\[) = C, leZ.
kez Ak
Hence f solves the interpolation problem (3). O

The concept of a complete interpolating sequence leads directly to an associated
sampling and interpolation theorem.

Theorem C. Let A = {\x, k € Z} be a CIS for an RKHS H. For k € Z let py, be the
unique function in H that satisfies pg(A)) = 0k, | € Z. For any sequence of complex
numbers (cx)rez that satisfies Yoo || K, |72 |ex* < oo, the unique solution f € H
of the interpolation problem f(Ar) = ¢k, k € Z, is given by

z) = Z cr pr(2)- (5)

keZ

Furthermore, every f € H satisfies > oy || Ka, |72 |f(O)|* < o0, and thus
admits the representation (5) with ¢, = f(M\), k € Z. The series (5) converges
unconditionally in the norm of H.

Proof Since A is a CIS, every f € H satisfies Y ;7 || K, 172 [f(Ap)* < oo according to
Definition 3. Furthermore, {f{)\w k € Z} is a Riesz basis of H according to Theorem B. Let
{Sx,; k € Z} denote the corresponding biorthogonal Riesz basis. Then each f € H admits
the expansion

F= (f Kx) 8, = Z H H S
keZ keZ Ak
with unconditional convergence in the norm of H. Now let
Sxe
Pk = T (6)
[ Kx, |l
This will yield (5) with ¢, = f(\x), provided that the ¢ satisfy @r(N\;) = dp;. This fol-
[ K5, |l

lows from the biorthogonality, i.e., pr(N) = (pr, Ky,) = T (S)\k,IN{)\l> = 6;;. Now let
k

(ck)kez C Csatisfy > ez || K, 72 Jex|* < oo. Since {Sx,: k € Z} is a Riesz basis, the
series f = > ez HKCifH Sxe = 2.rez Ck @i converges unconditionally in the norm of H.
k

Since ¢ (A;) = 01, one has f(N\) =¢, | € Z. O



Convergence in the norm of H implies uniform convergence on subsets S of C for
which {|| K, ||, v € S} is bounded. This follows from |f(u)| = [{f, Ku)| < | K.l /]
The expansion (5) is called orthogonal if the sampling functions ¢k, k € Z, form
an orthogonal basis of H. The following lemma provides a necessary and sufficient
criterion.

Lemma A. Let A = {\;, k € Z} be a CIS of H. Then the sampling functions @y,
k€ Z, in (5) are mutually orthogonal if and only if

KyN)=0 for k1€Z, k+#1. (7)

. K
In this case, v = ﬁ, kelZ.

Proof Assume A is a CIS of H such that (7) holds. Then {Ky,, k € Z} is an orthonormal
basis of H, so Sy, = f(/\k, and (6) then gives ¢ = Ky, / || Ki, ||2, k € Z. To prove the
reverse direction, assume that A is a CIS such that the ¢y, k € Z, are mutually orthogonal.
Then (6) implies that the Sy,, k € Z, are also mutually orthogonal. Since {K},, k € Z} is
the unique Riesz basis biorthogonal to {Sy,, k € Z}, one has Sy, = cxK),, cx #0,k € Z. In
fact, ci, = (S, I~{>\~k) =1 Then £6) yields ¢ = Sy, / || Kx, 1= K./ || Ka, |%. For k # 1
one has 0 = <S>\k-7 KAZ> = <K>\k’ K)\L> = (H K)\k H H K>\l H)_l K)\k(/\l), i.e., (7) holds. O

3 Reproducing kernels

The following theorem establishes that By (c) is a RKHS. It also yields explicit expres-
sions for the reproducing kernels for By (o), N > 0, and a recursion formula for the
kernels when NV < 0.

Theorem 1. By(o) is a reproducing kernel Hilbert space for all N € 7. The
reproducing kernel KX of By (o) has the form

Kie) - LN - BB .

where EX(z) = En(Z). For N > 0, the function En is given by
En(z)=(1—iz)Ne % N>0. (9)
For N <0, Ey is determined by the recursion

™

En(z) = 0 KNXtY(2), NeZ (10)

The theorem will be proved in Section 8.2 by showing that By (o) is a de Branges
space H(Ey) as defined and studied in [11]. The definition of a de Branges space is



given in Section 8.1. With ¢ = 7w, equations (8) and (9) give the following kernels
for By(mw), N =0,1,2.

K%(2) = wsinc(w(z — 1)) (11)
K (2) = w (14 2m) sinc(w(z — 1)) + % cos(rw(z —@)) (12)
K2(z) = w ((z* = 1)(@* — 1) + 421) sinc(w(z — 1))

+ % (1+ 27) cos(rw(z —@)) (13)

For N = —1 one obtains from (8), (10), and (11 )

K. '(2)
_ i TTw? sinc(w(z 4 ¢)) sinc(w(u + i) — sinc(w(z + 1)) sinc(w(T + ©))
2 wsine(2wi) 7(z — )

7w (1 4 zu) sinc(w(z — W) — coth(27w) cos(rw(z — @) + %

B m(1+22) (1+7°) )

4 Complete interpolating sequences

The complete interpolating sequences for the Paley-Wiener space By(o) have been
completely characterized [21, 28, 32, 36]. For an introduction, examples, tools for
constructing new CISs from known ones, numerical experiments, and further references
see [2]. We will now show that for N > 0, the complete interpolating sequences for
Bpn(o) are obtained by adding N points to a complete interpolating sequence for
By(c), while for N < 0 one obtains a CIS for By (o) by deleting N points from a CIS
for By(o).

Theorem 2. Let N € Z and A = { )\, k € Z} be a CIS for By(o).

1. Ifug A, then AU {u} is a CIS for Bni1(0).
2. If A € A, then A\{\} is a CIS for By_1(0).

Proof We first introduce some notation. Let N € Z and let Kﬁv denote the reproducing
kernel for By (o) at the point u € C. Let {Sy,,k € Z} be the Riesz basis of By (o) that is
biorthogonal to {I?/]\\]C, k € Z}. In particular, one has Sy, (Ar) # 0, and Sy, (N;) =0 for k # L.
For p € C let By, (o) denote the subspace of By (o) given by

By, (o) ={f € By(o) : f(n) =0} (15)

By, (o) is a closed subspace of By (o) and thus a RKHS in its own right. Furthermore,
consider the linear operator

Tév: Bn(0) = Bny1,u(0), lelvf(z) = (z=n) f(2).

Since [t — pu[?/(1 + t?) is bounded on R, T} is a bounded operator. If T/ f = T g, then
f(z) and g(z) are two entire functions that must agree everywhere except possibly at the



point z = pu. Hence f = g, and it follows that Tdv is one-to-one. Let g € By 1, (o) and
consider f(z) = g(z)/(z — u). Since g satisfies (1) and g(u) = 0, f is an entire function that
also satisfies (1), and is therefore o-bandlimited. Since lim¢— 400 [t — p|?/(1 + %) = 1, one
has that f € By(0), and thus Tdvf = g. Hence TAZLV is also onto, and thus both bounded and

bijective. By the Bounded Inverse Theorem [5, p. 188], Tliv has a continuous inverse, and is
thus a topological isomorphism.

To prove part 1, let ;1 & A. Since {S),,k € Z} is a Riesz basis of By(c), and Tév is
a topological isomorphism, it follows that {T#ILVS,\,C7 k € Z} is a Riesz basis of By41, ,(0)
[15, p. 196, Lemma 7.10]. Furthermore, it is clear that KIJLVJrl lies in the orthogonal comple-
ment (BN_,_L#(J))L of Byy1,,(0). If g is an element of (B]\7_~_17M(c7))l that is orthogonal

to KiLVJrl, then g(p) = <g, K;ILV+1> = 0, so g lies also in By1,,(c). Hence g = 0

Bn41
and it follows that (Bny1, ‘u(a))L is one-dimensional and thus equals the span of K év +1
Since By (o) contains functions f(z) that do not vanish at z = p, there is kg € Z such
that Sy, (1) # 0. Let ¥(z) = (z — Ako)SAk, (). Applying Lemma 8 in Section 8.3 with

H = Bn41(0), V = By41,u(0), and B = {9} yields that {4} U {T,ﬁVSAk, ke Z}isa
-1
Riesz basis of By41(0). Its biorthogonal Riesz basis has the form {(w(u)) KLV'H} U

(-1 ~ —
{(()\;~C - ,u)SAk()\k)) Ki\:fl, k € Z}. Hence the unit vectors {K[LV'H} U {Ki\:fl, keZ}
are a Riesz basis as well [53, p. 26]. It now follows from Theorem B that A U {pu} is a CIS of
BN+1(O').
A

To prove part 2, consider the expansion f = 3 7y -4 %
A N

with respect to the Riesz basis {Sx, A € A} defined above. Since f(X) = 0, the term for
A = A vanishes. Furthermore, for A # A one has Sy(A\) = 0, i.e., Sy € By 5(0). It follows

that {Sy, A € A\{\}} is a Riesz basis of Bst\(O'). By the Bounded Inverse Theorem, the
operator T;\Vil : By_1(0) — BN,S\(O') has a bounded inverse U = (T;\Vil)_l, given by
Uf(z) = (z= A" f(2), f € BN’X((J'). Since U : BN,S\(U) — Bp—1(0) is bounded and
bijective, it follows that {USy, X € A\{A}} is a Riesz basis of By _1(0). The biorthogonal
Riesz basis is given by {(S)‘%&‘)) Kﬁ\vfl, A € A\{A}}. As before, it follows that the unit

vectors {I~(f\vfl, XA € A\{A}} are also a Riesz basis of By_1(c), i.e., A\{\} is a CIS of
Byn_1(0). O

Sy of a function f € By 5(0)

Lemma 1. Let A = {\g, k € Z} be a CIS for Bn(0), N € Z, where the )\ are
ordered as in Definition 3. A function

cp(z)c(zA@ﬁ(li) (1;’) c#0, (16)

k=1

is called a generating function for A. The infinite product converges conditionally, and
¢ € Bni1(0). The sampling functions ¢, € By(o) in the expansion (5), i.e., the
unique functions in By (o) satisfying pr (A1) = 01, | € Z, are given by
o(2)
k(2) = ———F"——, k€Z. 17
#k(2) @' (Ak) (2 = Ax) (a7)



Proof For N = 0 this result is well-known; see, e.g., [2, 21, 28]. For N # 0 the assertions for
©(z) then follow from repeated application of Theorem 2. Since ¢ € By 1(0), the functions
¢r, given in (17) lie in By (o). It follows from (16) and (17) that for k € Z the function ¢y,
satisfies g (A;) = 01, | € Z. Since A is a CIS, ¢y, is the only such function in By(o). O

Corollary 1. If A C C is a CIS for both By(c) and Byn/(c'), then N = N’ and
o=0o.

Proof Assume A is a CIS for By (o). According to Theorem 2, deleting N points from A if
N > 0, or augmenting A with |N| additional points if N < 0, yields a CIS Ag of By(o). It
follows that the generating function ¢ of A and the generating function g of Ag differ only
by a polynomial factor and therefore have the same exponential type. On the other hand,
the exponential type of g is equal to o [28, Theorem 1]. Hence the exponential type of ¢ is
equal to o. Repeating this reasoning with By (0/) establishes that o = ¢’. Now assume that
A is a CIS of both By (o) and By (o) with N > N’. Since A is a CIS of By(c), according
to Theorem 2, deleting N — N’ points from A yields a CIS A’ of By (o). Hence both A
and A" are complete interpolating sequences for By (). This, however, is not possible since
it follows immediately from Definition 3 that deleting points from a CIS will destroy the
property of being a CIS. It follows that one must have N = N’. O

As an example, consider a uniform sampling set of the form Ay, o = a + hZ, with
spacing h > 0 and shift a € R. It is well-known that Ay is a CIS for By(o) with
o = w/h. It then follows from Corollary 1 that for N # 0 the space By(o) cannot
have a CIS that is a uniform sampling set of the form Ay, 4.

5 Sampling expansions

Application of Theorem C to the spaces By(o) requires suitable upper and lower
bounds for the norms || K ||, . These are furnished by the following Lemma.

Lemma 2. Let N € Z and let KX denote the reproducing kernel of By(c). Then
there exist constants 0 < ¢; < co such that for all u € C

20| Im u| 20| Im u|

(& e
er (1+ |uf*)™ < INEY By < (U4 [uf)™

_ _ 18
14| Im wl - 14| Im ul (18)

Proof For N = 0 this result is known (cf. [28]), and can be directly verified from K{(z) =
%. For N # 0 the assertion then follows from | N| successive applications of Lemma 9

in Section 8.3. O

Lemma 2 implies in particular that || K¥ ||z, is bounded on compact subsets of
C for N > 0, and on horizontal strips of finite width for N < 0. Usually the sampling
points Aj, are either all real or lie in a horizontal strip such that sup,c; | Im Ag| < oc.
In this case the quantities (14 | Im (A)]) e=271 ™ Al are bounded away from both
zero and infinity. One therefore has together with Lemma 2:

10



Lemma 3. Let A = {\;, k € Z} be a CIS of By(0). If supyey | Im Ag| < oo, then
define qi, = 1 for all k € Z. Otherwise let n, = (1 + | ITm (\g)]) e~ 201 Xl k€ 7.
Then there are constants 0 < ¢; < ¢y such that

Mk 1 < e Mk
=~ =~ 2 75 1\ O\N
L+ [Ag[2)N KN 1%, (1 + A2V

Cl(

We can now apply Theorem C with H = By(o) and obtain with the help of
Lemmas 1-3 the following general sampling theorem.

Theorem 3. Let N € Z, and A = {\, k € Z} be a CIS of Bn(o) with generating

function @. For k € Z let ¢, be as in (17) and ng as in Lemma 3. For any sequence
2

of complex numbers (cy)rez that satisfies Y, o, 7(1|£T>|\kl7’2k)N < 00, the unique solution

f € Bn(0) of the interpolation problem f(Ag) = ¢k, k € Z, is given by

F(2) =) ckon(2). (19)

kEZ

Furthermore, every f € Bn(o) satisfies ),y % < 0o, and thus admits the

representation (19) with ¢, = f(Ax). The series (19) converges unconditionally in the

norm of By (o), uniformly on compact subsets of C for N > 0, and uniformly on
horizontal strips of finite width for N < 0.

For N = 0 and supycy | Im Az| < oo, Theorem 3 yields [2, Theorem 3], i.e.,
a generalized Paley-Wiener-Levinson theorem. For N > 0, Theorem 3 provides a
sharpened version of [2, Theorem 4], with convergence in the norm instead of uniform
convergence on compacts. The notation can be converted to that of [2] as follows. Let
A be a CIS of By(w) with generating function ¢, and p, ..., pa be distinet points
in C\A. Then according to Theorem 2, A=AU {p1,...,un} is a CIS of Bp(w)
with generating function ¢(z) = P,(2) ¢(z), where P,(z) = H;\il(z — ). Now apply
Theorem 3 with N = M, A = A. The numerical experiments reported in [2] can
therefore also serve as examples for the application of Theorem 3.

Apart from the classical Paley-Wiener space By(c), the space Bj(o) may have
received the most attention in the applied literature. In a well-known paper, Zakai [54]
recommended Bj (o) as the natural space for sampling theory and showed that for f €
B (o) the cardinal series (2) with ¢, = f(k/w) converges to f uniformly on compact
subsets of C in case of oversampling, i.e., for w > o/m [54, Theorem 3]. Theorem 3
provides sampling expansions for Bj(o) that do not require such oversampling. For
example, since cos(oz) is a o-sine-type function, its zeros are a CIS of By(o), cf. [2].
According to Theorem 2, adding the point Ay = 0 then gives a CIS A; of By (o). The
elements of Ay are the zeros of p(z) = z cos(oz). With o = mw this gives

1 1
A =0, and A\, = — <k — 2) , Ak =—-X;, keN. (20)
w

11



The functions ¢y can be determined via (17) or by observing that ¢ is the unique
function in Bj (o) that satisfies @ (A;) = ki, | € Z. Since for k,[ # 0 one has A\, —\; €
%Z it is easily verified that

©o(2) = cos(rwz)
vr(z) = )\i sinc(w(z — A\g)), k #D0.
k
Applying Theorem 3 now gives the following result.
Corollary 2. Let f € Bi(nw), and A\, k € Z, as in (20). Then

f(z) = f(0) cos(rwz) + z Z Fw) sinc(w(z — Ag)) (21)

kez\foy F

with unconditional convergence in the norm of By(mw) and uniform convergence on
compact subsets of C.

How does the sampling set A; compare to the classical uniform sampling set Ay =
{k/w, k € Z}, which is a CIS for By(rw) and leads to Theorem A and the cardinal
series (2)7 Both Ay and A; are symmetric real sampling sets. A; requires one additional
sample, and (21) is not an orthogonal expansion. On the other hand, for functions f €
By (o) the expansion (21) can be expected to converge faster than the cardinal series
due to the additional factor 1/\x; see [2] for numerical experiments in similar cases.
In addition, (21) can be used to reconstruct functions from the larger space Bi(o).
This addresses a well-known drawback of the cardinal series, namely, its instability
with regard to bounded perturbations of the samples of the form e, k& € Z, with
lex] < € < oo for all k. The cardinal series may diverge in such cases; see, e.g.,
[6, 13, 23, 25, 34, 54]. Consider, for example, a perturbation of the form

0 for k<0
ek_{e(—l)k for k> 0, keZ, e>D0. (22)
Then for every e¢ > 0 the cardinal series 3}, ,epsinc(wz — k) =

€ sin(mwz) > ey m diverges for every z ¢ LZ. On the other hand, when using a
CIS for By(o) with N > 0, one has the following stability result.

Corollary 3. Let N > 1 and A = {\i, k € Z} be a CIS for By (o) with generating
function o. Let cp be such that |cy| < € < oo for all k € Z. Then g = ), .y Cr 0 is
the unique function in By (o) such that g(Ar) = cx, k € Z. One has || g ||y < Cle,
and therefore also |g(u)| < Cge foru € S, for any compact subset S of C.

Proof Note that the constant function f(z) = 1isin By(o) for all N > 1. It then follows from

2
(4) that 3z — L < oo, which in turn implies > okez %
HK/\kHBN ”K)‘kHBN

< 00. Theorem C then

12



gives that g(z) = > pcz ¢k r(2) is the unique function in By (o) that satisfies g(Ay) = cg,
. . 2 2 1 2
k € Z. Now (4) implies that || g HBN < Zkez Al\Klgrk\IIZB < <Cl ZkeZ TRY 5. ) € =
k N k N

Cé?. According to Lemma 2, || K2 ||By is bounded for w € S, S compact. Hence |g(u)| <

I K By Il g llBy < Cseforues. )

One can also use (21) to explicitly find the functions g € Bj(ww) that satisfy
g(k/w) = € for € as in (22). This provides a concrete example of a bandlimited
function that has bounded samples but is unbounded on the real line.

Corollary 4. Let w > 0 and g € By(nw) such that g(k/w) = €, k € Z, with € as in
(22). Then g has the form

g(z) = ; sin(rwz) (1 —wz) + C sin(rwz), (23)

where Y(z) = FF,((ZZ)) 1s the digamma function, and C = g (i) -z (%) In particular,

g is unbounded on the real line.

Proof The representation (23) follows from applying (21) to the function f(z) = g(z + %),
using the identity

= 1 _ P -uw) =9l -1
kgl(lc—t)(u—k)_ w—t » wtEl,

with ¢t = % and u = wz + %, and then setting g(z) = f(z — i) The reflection formula
(1 —z) = ¢Y(x) + 7 cot(mz)

and the inequalities

1 1
1 - = < < 1 - — 0
og(z) = — < Y(z) < log(z) — o, >0,
then yield that g is unbounded on the real axis, with logarithmic growth of its local maxima
as r — 00. O

Levin [27, p. 157] obtained necessary and sufficient conditions for a bounded
sequence of samples (c)rez such that the functions g € By () that satisfy g(k) = ¢y,
k € Z, do remain bounded on the real line.

6 Orthogonal sampling expansions

We will now determine the orthogonal sampling expansions for By (o), N > 0. The
following theorem establishes that for N € NU {0} and a given point z € R, there
exists a real-valued CIS of By (o) that contains the point z and leads to an orthogonal
sampling expansion, and that all orthogonal expansions are of this form.

13



Theorem 4. Let N >0, 0 > 0, and x € R. For k € Z let A\, € R be the solution of
the equation
oM + N arctan(\) = o + k, (24)

where o, € [0,7) is given by a, = (cx + N arctanz) mod w. Then A = { )\, k € Z}
is a CIS of By(0) that contains x and gives the orthogonal sampling expansion

= &N oo K} ( Z “’“ K (z), feBn(o),  (25)

keZ ” By keZ

with the reproducing kernel K of By (o) as in (8), and thus

N
KN = | KN 12 =a+2)V (2 4+ 2 teR. 9
Mo =K = sy (24 B e (20

The series converges in the norm of By(o) as well as uniformly on compact subsets
of C. On the other hand, no CIS of Bx(o) that contains a point A\, € R yields an

orthogonal sampling expansion.

The proof of the theorem will be presented in Section 8.4. The orthonormality and
completeness of the K f\\]fc imply the following immediate corollary.

Corollary 5. Let N > 0, x € R, and A\, k € Z, as in (24). Then for any f € By(0),

MGl avy [ 2 [ 0P
rer =R, | == [ ghEed @)

2
keZ ” kEZ 1+t )
For N> 1 and f(t) =1, (26) and (27) imply the identity

T Vr T(N —
Z _ (

el 15 ” Sl TN T ) T

N
~—

(28)

We now consider examples for N = 0,1. For N = 0 and ¢ = 7w, equation (26)
yields KP(t) = £ = w for all ¢ € R. Choosing = = 0, equation (24) then gives
A =72k= %, k € Z, so the sampling set is A = %Z. Then the expansion (25) reads

Z / k/w Kk/w Zf kjw)sinc(wz — k), f € By(rw).

kEZ keZ

That is, one obtains the cardinal series (2) with ¢x = f(k/w), as expected. For © # 0
one has \p = ’T’“:To‘* with a, = (7wz) mod 7. Hence the sampling set containing x
is simply a shifted copy of %Z

Now consider N = 1, 0 = 7w, and let x = 0. Then the sampling points A\, are

determined by Ay = £ — areten(s) O has Ag = 0 and Ay = —Ap, that is, the

W
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sequence is symmetric around the origin. For large positive k, arctan(Az) ~ 7, so
A will be very close to 1 (k — 1). Equation (26) now yields K} (t) = w(1 +t?) + 1,
t € R. Inserting this and the kernel (12) into the expansion (25) gives the following
orthogonal sampling expansion:

Corollary 6. Let w >0 and f € By(ww). Let A\, € R be given by
TwA, + arctan(\;) = 7k, k€ Z.
Then f admits the orthogonal sampling expansion

f(2)

B f (k) ) cos(mw(z — Ag))
= ;Z Trrw (00 (w(l + A\r2)sinc(w(z — Ag)) + 71) (29)

The expansion converges in the norm of Bi(mww) and uniformly on compact subsets of

C.

7 Sampling expansions with finitely many derivative
samples

In this section we consider sampling theorems that include a finite number of samples
of derivatives of f. The set-up is as follows. Let f € By(o) with N =M + L, L > 0.
The set of sampling points is a CIS A of Bys(0). At some of the sampling points one
also takes samples of derivatives of f such that the total number of derivative samples
is equal to L. We begin with the case where the derivative samples are all taken at
the same point A,, € A. The following theorem generalizes a theorem for uniform
sampling by Hoskins and Sousa Pinto [19, 20], which in turn generalized earlier results
by Valiron [47], Pfaffelhuber [37], and Lee [26, Theorem 1]. It also generalizes a result
by Schmeisser [9, p. 96] for nonuniform sampling. The theorem includes an auxiliary
function n € Bpr+1(0) that can be freely chosen subject to the condition () # 0.
The polynomial P occurring in the theorem is the order L —1 Taylor polynomial about
Am of the function f(z)/n(z).

15



Theorem 5. Let M € Z, A = { i, k € Z} a CIS of By(o) with generating function
©, m € Z, andn € By41(0) such that n(Ap,) # 0. Let f € By41(0), and L € NU{0}.
Forl=0,...,L let

L d f(2) - !
aq = Il 42 n(2) N and let P(z) = ¢ (z—=Am).
2=Am 1=0
Then
f(2) = P(2)n(z) + (2= Am)"g(z) with g € B (o). (30)
Furthermore,

f(z) = P(2)n(z) + cn(Am) (2 — )‘m)L(Pm(Z)

kezZ\{m} ’ m

with @i as in (17). The series converges in the norm of Bps(o), and therefore also in
the norm of Byrir(0) as well as uniformly on compact subsets of C.

Proof Assume that f € Bpsyr (o). Let
9(2) = (2 = Am) " (f(2) — P(2)n(2))
=z Am) L (f () P(z)) n(z) (32)

n(z)
It is apparent from the second equation that g does not have a singularity at Am,, since P is
the order L — 1 Taylor polynomial of f(z)/n(z) about Am. The first equation then implies
that g € Bps(o). This establishes (30). Now (31) follows from applying Theorem 3 to g and
observing that g(Am) =lim,_,»  g(z) = cr, n(Am). O

It is worthwhile to note that since (30) obviously implies that f € Byryr(0), it
follows that f € Bps1r (o) if and only if (30) holds. For M = 0 and n(z) = 1, (30)
yields a characterization of By, (o) obtained by Lee [26, Theorem 1], and, for the special
case L = 1, already by Zakai [54, Theorem 1].

Most prior results considered the case M = 0 and uniform sampling, that is,
A=17, w=0/m ¢(z) =sin(rwz), m = A, = 0. Hoskins and Sousa Pinto [19], [20,
Theorem 3.21] obtained (30) and (31) for this case using the theory of distributions,
showing uniform convergence on compacts, with n € By (o) such that 7 is a distribution
of order zero. Choosing n = cos(mwt) gives an expansion found by Pfaffelhuber [37].
Choosing n = sinc(wt) and w = 1 yields an expansion found by Valiron [47, p. 204]; cf.
[9, p. 96] . With regard to nonuniform sampling, for M = m =0, 0 = 7, ¢ a 7w-sine-
type function with a zero at Ay = 0, and n = ¢y, (31) yields an interpolation formula
derived by Schmeisser [9, p. 96] with a contour integral method.

For M =0, L =1, and n = ¢,,, Theorem 5 yields the following generalized Valiron-
Tschakaloff formula, which extends and sharpens our earlier result [1, Theorem 8§].
Note that in this case n(Ar) = Ogm, k € Z, and n'(An) = " (An)/ (20" (Am))-
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Corollary 7. Let f € Bi(o), A = {A\g, k € Z} a CIS of By(o) with generating
function ¢, and m € Z. Then

ﬁa:fvmgm>+fmw@wa—if“”@)
e S IR ), (33)

keZ\{m} A = Am

The series converges in the norm of By(o) and uniformly on compact subsets of C.

We now consider the case where derivatives may be taken at more than one point.
Let (pr)rez be a sequence of nonnegative integers such that all but finitely many of
the py are zero. Let A = {\i, k € Z} be a CIS of By (o) with generating function ¢.
Assume the available samples are

O, keZ, 1=0,...,u

We seek to reconstruct a function f € By(0), N = M+, ., pix, from these samples.
We begin by constructing the sampling functions for these data. That is, for k € Z,
1=0,...,u, we seek functions ¢r; € By(co) such that

D (X\n) = 6pnbji  forn€Z, j=0,..., . (34)

To this end, we define

0 . 1+pp P I+p g
th‘wWHQ—) (uk> Cc£0, (3)

k=1 —k

Ur(z) = (2 = X) 7T 0(2), k€L (36)

If all py, are equal to zero, then (35) reduces to a generating function (16) for the CIS
A. This also implies that ¢ € By11(0). It is then straightforward to verify that for
each k € Z the functions ¢y; € By (o), 1 =0, ..., ur can be successively computed by
means of

B (Z — )\k)uk ;
¢k,uk(z) - /-Lk'wk()\k) wk( )7 (37)
_ (z_)\k)l Kk m (m,—l)()\k)
o= i )~ 32 (1) g ot
l:,ukfl,ukfl...,(). (38)
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Theorem 6. Let M € Z, A = {\p, k € Z} a CIS of By(0), (uk)rez o sequence of
nonnegative integers with Y, ., pr < 00, N =M 43", , p, and f € By(o). Then

F@ =320 FP0) dul2), (39)
kE€Z 1=0

with ¢y as in (34), (57), (38). The expansion converges unconditionally in the norm
of Bn(0) and uniformly on compact subsets of C.

The theorem will be proved in Section 8.5. As an example we consider uniform
sampling on a set A = dZ, d = 7/o, with additional samples of the first derivatives
at the points A\_; = —d and Ay = d. This yields

Corollary 8. Let 0 >0, d=7/o and f € Ba(c). Then

22 kd) . — kd
PRREEY 5 e

|1

+ f(d) Z;;d (Sin(;f/d) + sinc (z;d»

R z;dd (m(;;/d) . <z;d>)

L FEdE- d>2; MCICR U (40)

The expansion converges in the norm of Ba(c) as well as uniformly on compact subsets

of C.

Proof We have N =2, M =0, A =dZ,d =n/o, u—1 = p1 = 1, and pg = 0 for |k| # 1.
This gives

d(2) = (2% — d%) sin(rz/d).
For |k| # 1 one has pg = 0 and thus

Urz) = 2O = (COFT (R ) sine((z — dk) /).

Hence

2 2
brale) = 2k — o sinel(e = /), k] £ 1

For k£ =1 one has A\ = d and g1 = 1 which gives

P1(z) = (;{(2)2 = (z+4d) w = —g (z + d) sinc((z — d)/d)
with 91 (d) = —27 and ] (d) = —n/d. Then (37) gives
z—d z+d .
¢1,1(2) = o) YPi(z) = s sin(mz/d).
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From (38) one then obtains

_ () i) _ z4d (sin(nz/d)
o) = B - Lo = 5 (MR

Similarly, for K = —1 one has A_; = —d, and

+ sine((z — d) /d)> .

—d sin(rz/d), ¢—1,0(z) = Zg_dd (w — sinc((z +d)/d)) .

The result now follows from applying Theorem 6. ]

¢_11(2) = =

To conclude this section, we note that a sampling theorem for Boy(7), N > 0,
found by Walter [49, Corollary 3.3] can be obtained from Theorem 6 by choosing
M =2, A= AU {i, =i}, Ag = {tx, k € Z} C R such that sup, |ty — k| < 1/4 and
trp = —t_g, k > 0, (the first condition implies that Ag is a CIS of By()), and including
the derivative samples f@)(£i), j=1,...,N — 1.

8 Proofs

8.1 de Branges spaces

In order to prove Theorem 1 we need the following concepts, definitions, and results. In
[11] de Branges introduced and deeply analyzed a class of reproducing kernel Hilbert
spaces of entire functions, now called de Branges spaces. The definition will use the
following concepts from the theory of analytic functions:

Definition 4. For f an entire function let f* be the entire function given by
[(2) = f(2). (41)

A function f is of bounded type in the upper half-plane if it is the ratio of two
analytic functions that are bounded in the upper half-plane.
The mean type of a function g in the upper half-plane ([11, p. 26]) is given by

1 .
h = lim sup oelgwy)l l9(iy)] .

Y—0o0

Definition 5. (11, p. 50]) Let E be an entire function which satisfies the inequality
|E(2)| > |E(Z)| in the upper half-plane Im z > 0. The space H(E) associated with E
consists of entire functions f such that

112 = / FO/E@Pdt < oo,

and such that both ratios f(2)/E(z) and f*(2)/E(z) are of bounded type and of
nonpositive mean type in the upper half-plane. H(E) is equipped with the inner product

(f, g>E=/Rf(t)@/|E(t)|2dt.
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De Branges showed [11, p. 50-51, Theorem 19] that H(E) is a RKHS with
reproducing kernel

K. (2) = ;E(Z)E(I;)(z— f;gZ)E*(“) , (42)

From equation (42) one directly obtains that

K,(u) = Ku(2), and (44)
22— |E(3)12
R ey ) (45)

Different functions E(z) may generate the same space H(E). For example, F(z)
can be replaced by e¢‘“E(z) for some o € R without change of the corresponding space
([11, p. 55]). For a full classification of the functions F(z) that give rise to the same
space H(FE) see [51, p. 496].

8.2 Proof of Theorem 1.

The proof of Theorem 1 will be presented in several steps. We first establish that
the spaces By (o), N € Z are Hilbert spaces and then prove the theorem for N >
0. We then show that the By(o) for N < 0 are reproducing kernel Hilbert spaces
(Lemma 6), and establish recursion relations that link the reproducing kernels of
By (o) and By y1(0) (Lemma 7). Finally we prove Theorem 1 for N < 0. The following
fundamental result from the theory of reproducing kernel Hilbert spaces will also be
needed. It states that an RKHS is determined by its reproducing kernel.

Lemma 4. (/35, Proposition 2.5], cf. [4, p.344, item (4)]) Let H,, r = 1,2 be RKHSs
on X with kernels K", r = 1,2. Let || - || denote the norm of H,. If K}(z) = K2(z)
for allu,z € X, then Hy = Hy and || f |1 =1 f |l2 for every f.

Lemma 5. The spaces By(0), N € Z, are Hilbert spaces.

Proof For N € Z let H V(o) denote the Sobolev space of tempered distributions f with
support contained in [—o, o] such that || f |\§~{7N: Jr(1+ )N F(t)?dt < oo; cf. Triebel

[44, p. 317]. It follows that f € H ™ (¢) if and only if f € By (o), and || f |5~ =l f |l By-

That is, the Fourier transform is an isometric isomorphism between H ™ (o) and By (o).
Since H ™ (o) is a Hilbert space, so is By (). O

Proof of Theorem 1 for N > 0. We will show that By (o), N > 0, is a de Branges
space H(E) with E(z) = Ex(z) = (1 —iz)N e7%% =i~V (2 +4)N e7=. Clearly, Ey
is an entire function that has no zeros in the upper half-plane. For z = = 4 iy in the
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upper half-plane, i.e., y > 0, one has
|En(2)] = (2% + (1 +y))¥/2 7Y
> (2® + (L-y)*)V2e™ ¥ = |En(z)l.

For t € R one has |Ex(t)|> = (1 + t?)Y. Hence By(0) and H(Ey) have the same
inner product and norm. Let f € By(o). It follows from [26, Theorem 1] that there
is C' > 0 such that for all z € C

[f()] < O+ [N el 2, (46)

and |f*(z)| = |f(Z)| then obviously satisfies the same inequality. Since |1 —iz|? =
1 + |z + 2 Im 2z, one has for z in the upper half-plane

e 1+ 7|

V1+]z]?
Hence f(z)/En(z) is bounded in the upper half-plane and therefore both of bounded
type and of nonpositive mean type in the upper half-plane; cf. [11, p. 51]. The same

is true for f*(z)/En(z). It follows that f € H(Ey). Hence By(o) is a subspace of
H(EN). The reproducing kernel of H(Fy) is given by

i By (2)En(w) — By (2)Ex (1)
2 7(z — )

i+ )N @—i)Ne =D — ()N (@4 i)V =T
2 m(z —7)

K)(2) =

(47)

For fixed w the function in the numerator of (47) is a function in By 1 (o) that vanishes
at z = u. Hence KY € By(o) (cf. the proof of Theorem 2). Thus By (o) is a RKHS
with reproducing kernel K. It now follows from Lemma 4 that By (o) = H(Ey).
Furthermore, it is straightforward to verify from (8) and (9) that Ex satisfies the
recursion (10) for N > 0. This proves Theorem 1 for the case N > 0. O

Lemma 6. By(o) is a reproducing kernel Hilbert space for N < 0.

Proof We proceed by induction. The claim holds for N = 0. Assume that By (o) is a RKHS
for some N < 0. Consider the operator T; : By_1(0) = By(0), Tig(z) = (z — ) g(2). It is
straightforward to check that || T;g ||y =1l 9 llBy_,- Let g € Bn_1(0), 2 € C, z # i, and
let K denote the reproducing kernel in By (). Then

Tig, KN>
lg(2)| = gL _ ’< T 7 /by
|z — i |z — i
N N
< ” Tig HBN ” KZ ||BN _ H Kz ||BN ” g H
= |z — | |z —i| By
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Hence evaluation at points z # 7 is a continuous functional on By_1(c0). For z = i one uses an
analogous argument with ¢ replaced by —i, and T; replaced by T_; with T_;¢(z) = (z+1)g(2).
Hence By _1(0) is a Hilbert space of functions for which point evaluation at any z € C is a
continuous functional. Therefore By _1(0) is a RKHS. O

Lemma 7. For N € Z let KY(2) denote the reproducing kernel of Bn(o)
corresponding to a point u € C, and let KY = KN/ | KY ||gy. Then

K ) = (KL RN RYVE) 4+ G-@+)kN () (48)

Bni1

= (KN RN RNG) + +i@-DKY (). (49)

Bn41

Proof Recall that By 1 (o) denotes the closed subspace of By (o) given by By11,i(0) =
{f € Byy1(o) = f(i) = 0}. Let gu be given by gu(z) = (z — )@ + i) KLY (2). Then g, €
Bny1,i(0). Let f € Bny1,i(0). Then the function h(z) = f(z)/(z — ) is in By(o), and, for
u # i,
—(u—i f(@)(z + )KL (x)
s gudpy,, = (w—1) /R A+2)N@+i)z—1)
= (=) (h KY) = (u=ih(u) = f(u).

N

Since g;(z) vanishes identically, one also has (f, g;) = 0 = f(i). Hence gy is the
reproducing kernel for By (). It follows that g. is the orthogonal projection of KN+
onto By41,(0); cf. [4, p. 345, item (7)]. As shown in the proof of Theorem 2, the

orthogonal complement of By41(0) in Byyi(o) is the one-dimensional subspace gen-

Bni1

erated by KiN'H. The orthogonal projection of K{LVJFI onto this subspace is given by

<K§+1, f<.N+1> ENTL(2). Hence KNT1(2) = <K§+1, f(.N“> EN+1(p) 4
i Bai1 7 7 Bnai1 i

gu(z), which is (48). An analogous argument with functions vanishing at the point —i instead

of at 7 yields (49). O

Proof of Theorem 1 for N < 0. We proceed by induction. For N = 0 one has that
By(o) is a de Branges space H(Ey) with Eg(z) = e~%# [11, p. 50]. Now assume that
By11(0) is a de Branges space with reproducing kernel KX *!. Subtracting (49) from
(48) gives

_EYP () KN () KNG K (2)

2i(z — 1)K (2) KNFL() KNTL()

With the help of (43), (44), and (45) this yields

T KT KM ) — (K (2) (KT ()

N () —
R0 G-

N | .

(50)

| =
=
™
\
£
S~—
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K10 K
Since for every z € C there are functions f € By(o) such that f(z) # 0, one has
KN(2) > 0 for all z € C. Let 2z € C be in the upper half-plane, i.e., Im z > 0. Then
(50) gives

with En as in (10), i.e., Ex = . Clearly, Ey is an entire function.

_ [ExG)P? — [EnG)P
N 4 Im z

which implies |Ex(2)|? > |En(Z)|?. Hence Ey generates a de Branges space H(Ey).
From (42) and (50) it is evident that H(Ey) and By(o) are two reproducing kernel
Hilbert spaces of entire functions that share the same reproducing kernel. Lemma 4
then implies that By (o) = H(Ey). O

)

0< KN(2)

8.3 Auxiliary results

This subsection contains two technical lemmas. Lemma 8 is used in the proofs of
Theorem 2 and Theorem 6. Lemma 9 is needed for Theorem 3.

Lemma 8. Let V be a closed subspace of a Hilbert space H such that its orthogonal
complement V- has dimension n < oo. Let Py denote the orthogonal projection
onto V+. Let R be a Riesz basis of V and B = {by,...,b,} C H such that Py B is
a basis of V. Then RU B is a Riesz basis of H.

Proof We show that RU B is an unconditional basis of H where the norms of the basis vec-
tors are bounded away from both zero and infinity. The latter property is true for R since it
is a Riesz basis and for B because the hypothesis implies that B is a finite and linearly inde-
pendent set. Hence it also holds for RU B. Let R = {ry,k € I}, where [ is a countable index
set, and let l;j = Py1bj,j=1,...,n. Let f € H be arbitrary. It needs to be shown that there
is a unique expansion f = >, cpry + Z?:l d;jb; with unconditional convergence. Since
Yrerckmk €V, the coefficients d; must satisfy Py f = Py. E?:l d;b; = Z?:l d; l;j.
Since {51, e l;n} is a basis of VJ‘, there exist uniquely determined coeflicients d; that sat-
isfy this condition. Let f = f — Z?:l d; bj. Then Pva =0, i.c.,, f € V. Since R is a Riesz
basis of V, there exist uniquely determined coefficients cj, k € I, such that f = > kel Ck Tk
and the convergence of this expansion is unconditional. |

Lemma 9. For N € Z let KY () denote the reproducing kernel of By(o) at a point
u € C. Then there is a constant by such that for all u € C

L+ uf) R Iy < TES T By, < by () KT R, (1)

Proof Throughout this proof, (-, -) will denote the inner product in By 11(0). We begin by
observing that for © € C one has

i =1+ u£2mu = (1+u?) (uﬁ%) ,
and therefore

(12 (12 2 2] Im |
— = (1 14— .
masc(fu+ % u i) = (14 ful?) (14 50
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It follows that for all u € C
1+ [u? < max{|u+i|*, [u—i|*} < 201+ |u?). (52)

The two terms on the right-hand side of (48) are mutually orthogonal in By 41(c), and
the same is true for the two terms on the right-hand side of (49). Furthermore, one has
| (z £ 9) K2 |y, =l K ||y - One then obtains from (48) and (49) that

1 )U}é\fﬂ I?N“)‘Q
N 2 N+1 2 e .
K Wy =1 K™ By, P . u#i, and (53)
~ ~ 2
- N e (o A
I Py = 1 KD s e ut (54)
N 2 K011
It follows from (53) that | K3' |5, < WQNH for u # 4, and from (54) that
N+1)2
| K& ||QBN < ” ulu+|lf;N+l for u # —i. Combining these two estimates and using (52) yields
N+1 2 N+1 2
VKV |5 < I Ka'™ By I Ka'™ By
PN max{fu il ju—d?y T L+ [uf?)
which establishes the left inequality in (51). On the other hand, (53) implies that

1 (R, RN

max{|u + 4|2, u —i|2}’

’ 2

N |2 N+1 2
I Ko By > 1 Ko ™ By
while (54) yields that
SN+l FN+1
1= [(RYH, RN

max{|u + 4|2, |u —i|2}

’ 2

N 2 N+1 |2
I Ko By 2 1 Ko By,

Combining these estimates and using (52) gives
- - - - 2
1- min{]mfﬂ“, RN [N+, RN }
2 (14 [uf?)

Let V' denote the two-dimensional subspace of By41(o) that is spanned by
and Kj_vi""l, and let D = {& € V | =z | < 1}. The function f : D — R,

‘ 2

N 12 N+1 2

KZN-FI

‘BN+1
- 2 ~ 2
flz) = mm{’(:v, K£V+1)‘ , ’(m, K]_Vi+1>‘ } is continuous. Clearly, f(z) <1 for all z € D.

If f(x) = 1 for some € D, then z must be a unimodular multiple of both I?iNJrl
and K iViJrl. But f(ZN 1 and K i\’fl are not collinear, since otherwise there would be
a constant ¢ such that g(i) = cg(—i) for all ¢ € Bpy4i1(0), which is not the case.
It follows that f(z) < 1 for all x € D. Since V is finite-dimensional, D is compact.
Hence m = maxyep f(z) < 1. Let Py : Byyi(0) — V denote the orthogonal pro-

jection onto V. Then PyKo't! € D and (KYT1, I?j:V;rl) = (PyKY*T, I?j:\’fl). Hence
~ - 2
win { (i1, )

now follows from (55) that

~ ~ 2 ~
, )(K{XH, KJ_Vi+1>‘ } — f(PyEY Y <m < 1lforallueC. It

N |2 N+1 2 1—-m
K > || K, _—
” u ||BN = H u ||BN+1 2 (1 ¥ |u‘2)

which establishes the right inequality in (51). O
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8.4 Proof of Theorem 4.

Proof We will first show that (24) gives a CIS of By (o). For N = 0 this is obvious. Let
N > 0. Since arctan(t) is bounded on R, it follows from (24) that limg_ 4., Ay = foo.
Consequently, limy_, . arctan(Ay) = £75. Therefore,

1 N
li A — = k—— =
(2o (- ) -
1
g

lim ()\k - [% + (k + %) WD =0. (57)

k——o0
First assume that N is even. Define v, k € Z by

)‘k+% for k>0
Y =14 Ao for k=0 .
)‘k—% for k<0

Let pi, k € Z be given by pp = % (ae + k7). Clearly, the equidistant set {pr, k € Z} is a
CIS for By(o). Since limg 400 (7% — pr) = 0, it follows in particular that for all but finitely
many k one has |y, — pi| < d for some d < 7. It then follows from Lemma 1 and Lemma 4
in [2] that {yg, k € Z} is also a CIS of By(c). Compared to {yg, k € Z}, A has the N
additional points A_pn/2,...,A=1,A1,..., Any2. It now follows from Theorem 2 that A is a
CIS of By (o). If N is odd, we use an analogous argument by rewriting (56) and (57) as

. 1 s N+1
kﬁufoo (Ak o {al 2 (k 2 > W}) 0,

. 1 s N -1 .
kkl?oo(%‘;[a”i*(’”T)”D—0’

defining p, = % (az + 5 +km), k € Z and

Ak—&-% for k>0

Ye = )\0 for k=0 . (58)
)‘k,b for k<0
2

We now argue as in the case of even N to conclude that A is a CIS for By (¢): By construction,
the sequence {py, k € Z} is a CIS for By(o), and the points 7, satisfy limg_ 4o (v —pr) = 0.
As before, it follows that {v, k € Z} is a CIS of By(o). A is obtained from {~, k € Z} by
adding the N points A1i-~,...,A_1,A1,...A~n+1 . Theorem 2 then implies that A is a CIS
of By(o). ’ ’

The assertion that A satisfies the condition (7) and thus yields an orthogonal expan-
sion will be proved by applying a general construction due to de Branges [11, p. 54] to
the specific situation at hand. According to Theorem 1, By(c) is the de Branges space
H(Ey) with Ex(z) = (1 —iz) e7%%. Note that Ex(0) = 1. For t € R we now write
En(t) = |En(t)| e~ ®) with ¢ : R — R a continuous function such that 1(0) = 0. Inserting
this into (42) gives for s,t € R

KN (1) = | o) 1 ()] S22 (59)

Since En does not have any real zeros, it follows for s,t € R, s # t, that

KN(@t) =0 ifand only if t(s) —(t) = kn for some k € Z. (60)
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Furthermore, letting s — ¢ in (59) yields

N
’ ™K ()
t) = —<5- 61
P (t) By (D2 (61)
The expression (26) for K7 (t) follows from (8), (9), and from observing that
Ny 1 N N Y
K20 = lim Kt +i0) = o BN+
It then follows from (61), (9), and (26) that v satisfies
N
! = —_— =
Y=o+ 1 U(0)=0,
which gives
Y(t) = ot + N arctan(t), t€R. (62)

Hence the equations (24) can be written as ¢(A\;) = oz + k7, k € Z, and (60) then shows
that (7) holds. Hence A gives an orthogonal expansion. Since az = ¥(z) mod 7, it follows
from (24) that € A.

Now assume that A = {\;, j € Z} is a CIS of By(o) such that A\ € R for some
k € Z. We will show that then the condition (7) does not hold. First we consider the case
that Ag is a zero of En(z). For N = 0 one has Ex(z) = e '?® which has no zeros. For

N >0, z = —i is the only zero of Ex(z) = (1 —iz)" €72, In this case, equation (8) gives
KN.(2) = ~LEn(i) f(fzg)) = Egiy) (1 +iz)N "1 €% which has one root for N > 1 and no

roots for N = 1. Since any CIS of By (o) contains infinitely many points, the condition (7)
requires K i\i to have infinitely many roots. Hence it does not hold. Therefore we can assume
that Ex(\z) # 0 . Let [ € Z be such that \; € {\p, A}, and Ex(\) Ex(N;) # 0. Such [
exists since Fy has at most one root, while A has infinitely many elements. If K f\i (N) =0,

then (8) gives En () En(Ax) = Ex(N) En(Ag), which in turn implies

‘EN(rk) _ ‘EN()‘I) En(\)
En(Ag) Ex(N) En (M)

Recall that for Im z > 0 one has |En(z)| > |En(Z)|. Hence, it follows from (63) that if
Im Ag > 0, then Im )\; < 0, and vice versa. That is, one has ( Im Ag)( Im ;) < 0. Now
let m be such that Am & {M\i, M, A, M} and Ex(Am) Ex(Am) # 0.Then (7) requires that
both K3 (Am) = 0 and K3 (Am) = 0, which implies that ( Im Ag)( Im Am) < 0 as well as
(Im A;)( Im Am) < 0, which contradicts ( Im Ag)( Im A;) < 0. O

. (63)

8.5 Proof of Theorem 6

Before proving the theorem, we establish that the derivative is a continuous operator
on By(o).

Lemma 10. The derivative operator Df = f' is a continuous operator on By(c) for
any N € Z and o > 0.

Proof The derivative rule for the distributional Fourier transform implies that f’ is
o-bandlimited whenever f is. It remains to be shown that for N € Z and f € By/(o)

I ey < CN Il f By - (64)
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It is well-known that (64) holds for N = 0; see, e.g., [53, p. 91]. For N > 0 one can directly
verify from (9) that E(z)/FEn(z) is a bounded analytic function in the upper half-plane.
Baranov [7, Theorem 3.2] showed that this is sufficient for (64) to hold in a de Branges space.
For N < 0 we proceed by induction. Assume that N € Z is such that (64) holds for By (o).
Let f € By_1(0). Recall that || f ||y <I|l f llBy_,, and that the operator T; given by
Tif(2) = (2 — i) f(2) satisfies || Ti.f ||By=I f | Bn_,» @ Well as (T;f)' = f + T; f'. Tt follows
that

1 By = T By = 1(Tif) = f Iy SN T Ny + 11 By

CN H Tlf ||BN + H f ”BN < (CN + 1) H f HBN—l’
so (64) holds also for By _1(0). O

IN

Proof of Theorem 6 1t follows from Theorem 1 and Lemma 10 that point evaluation
of the j-th derivative f() is a continuous linear functional on By (o). For u € C and
j € NU{0}, let KY; denote the element of By (o) such that (f, K’L]l’\{-j>BN = ) (u)
for all f € By(o). Note that Kﬁo = K. By hypothesis, A = {\;, k € Z} is a CIS of
Bar(0). Let ¢(z) be as in (35). Let J denote the set J = {k € Z, p, > 0}, and |J| the
number of elements in J. Let S =, -, ug. Since S < oo, one has |J| < co. Removing
from A the points A with k € J gives the set A = {\, k € Z\J}. By Theorem 2, A
is a CIS for By (o) with L = M — |J|. Let

P(z) =[] (z = xe)' e,

keJ

By Lemma 1, ¢(z) = % is a generating function for the CIS A of By (o). For k € Z\.J

let ¢r(z) = %. It then follows from equation (6) in the proof of Theorem C

that
RBL = {H ka ||BL @k(z)v ke Z\J}

is a Riesz basis for By (o). Here K denotes the reproducing kernel for By (o). For any
u € C and @ € Z, the mapping f(z) — (2 — w)f(2) is an injective continuous linear
mapping from Bg(c) into Bgyi(o). It follows that the mapping f — P(z)f(z) is a
continuous linear mapping that maps By, (o) bijectively onto the subspace V' C By(o)
given by

V={feBn(): fON)=0,keJ, j=0,...,1}
V is the intersection of the null spaces of the S + |J| linearly independent continuous
linear functionals represented by K i\i g2 J =0,...,uk, k € J. Hence V is a closed
subspace of By (o). Since

Ry = P(z)Rp, = {l| K3, |lp, P(2) @n(2), k € Z\J}

is the image of the Riesz basis Rp, under a continuous bijective mapping, it is a
Riesz basis of V' [15, Lemma 7.10]. Note that By = {K} ;, k€ J,j=0,...,ux} is
a basis of V1, the orthogonal complement of V, and let Py . denote the orthogonal
projection onto V. We wish to apply Lemma 8 with

B:{¢klak€Ja lZO,...,Mk},
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where ¢, € Bn(0) as in (34), (37), (38). For k,n € J, 1 € {0...,ur}, and j €
{O,...,,Un} one has <PVL¢kl; Kﬁ‘\i’j>BN = <¢kl7 K)J‘\I“j>BN = (bl(c]l)()\n) = 6kn5jl~

Hence Py . B is biorthogonal to By 1 and thus a basis of V*. It now follows from
Lemma 8 that R = BU Ry is a Riesz basis of By(o). The biorthogonal Riesz basis is
given by

N

K
R ={KN ke l=0,...,u} U{=—=2% L keZ\JT }.
R } P\ I K% |5,

The expansion of f € By(o) with respect to the Riesz basis R is then given by

=5 0 o) + Y o e (65)
keJ 1=0 keEZ\J P(Ar)

For k € Z\J one has uy = 0. In order to establish (39) it remains to be shown that
for k € Z\J one has %f:)(z) = ¢uo. Both functions take the value 1 at z = Ag. Since

P(z)pr(z) P(z _ (= :
(P)(f:)( ) = P(Ak)¢’(§\k)) G and by (37), dro(z) = m, the two functions
differ at most by a multiplicative constant. Since they agree at the point z = A,
they must be equal. This establishes (39). The convergence properties follow from (65)

being an expansion with respect to a Riesz basis. g
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