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Abstract

The problem of finding an upper bound for the infinity norm of signals from their sample values is called the peak value
problem. The peak value problem is a significant problem related to orthogonal frequency division multiplexing (OFDM)
which has applications in wireless networks, audio broadcasting, and mobile communications. In this article, we will first
answer the question of whether the zeros of a m-sine-type function form a stable sampling set for B3, 0 < 8 < 1. Then,
we will address a related question of bounding the infinity norm of a given signal. The sampling set we use only requires
a bound on the maximum distance between two consecutive sampling points. Our result for estimating the bound works

for a nonuniform sampling set.
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1. Motivation

The primary use of sampling theorems such as the
Shannon sampling theorem is to reconstruct signals from
their sample values. Sampling theorems may differ from
each other in terms of sampling basis. Some bases are con-
structed using uniform sampling points such as the scaled
integers that follow the Nyquist rate, whereas others use
nonuniform sampling points. One example of the nonuni-
form sampling points is the sampling set that is formed by
the union of a shifted group (lattice) or, more generally,
by unions of shifted lattices [1]. Obviously, sampling the-
orems show a direct use of the sample values in the signal
reconstruction. Following the same acquisition, we pose an
interesting question regards to whether the peak value that
may occur during signal transmission can be estimated by
knowing the signal sample values. The problem of finding
an upper bound for the infinity norm of signals from their
samples is called the peak value problem. For a background
on the problem, see [2] and [3].

The peak value problem is a significant problem related
to orthogonal frequency division multiplexing (OFDM)
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which has applications in wireless networks and mobile
communications. OFDM has been used for wireless net-
works for its advantage in converting a wide-band fre-
quency channel into a series of narrow band frequency us-
ing a parallel multicarrier transmission scheme [4]. One
drawback of OFDM is the high peak-to-average power ra-
tio (PAPR) [5]. Several methods have been developed to
overcome this obstacle, which may occur in some circum-
stances. Some of those methods suggest computing the
magnitude of the transmitted signal in their schemes [3],
[6] and [7]. Not only computing the magnitude of the
transmitted signal does make the problem interesting but
also finding such a bound is important for showing the
stability of the sampling set over a certain function space.

In this paper, we address two questions related to the
peak value problem. First, we provide an affirmative an-
swer to a question proposed by Boche and Monich of
whether the zero set of a w-sine-type function is a set of
stable sampling for the space B3}, 0 < f < 1. We will
prove this by making use of a general result by A. Beurling
and some specific properties of sine-type functions. The
second and main result is an estimate for the peak value
of a function in B3}, 0 < § < 1, based on its samples
on a sampling set that has a sufficiently small maximum
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gap between consecutive points, but is otherwise arbitrary.
An important tool in the proof is the sampling theorem of
Valiron-Tschakaloff, for which we prove a new generalized
version.

This paper is organized as follows: Section 1 provides a
motivation for the problem. Section 2 defines and presents
preliminary results. Section 3 discusses the solvability of
stable sampling for certain function space. Section 4 dis-
cusses a generalization on Valiron-Tschakaloff sampling se-
ries. Section 5 presents the estimation of the infinity norm
where the sampling set is a perturbed set from the inte-
gers. Section 6 provides a numerical example of the main
result. Section 7 presents the conclusion of this paper fol-
lowed by an appendix in Section 8. The results of Sections
4 and 5 are based on the first author’s Ph.D. thesis [8].

2. Definitions and Preliminary Results

The norm that we consider here is the infinity norm
unless otherwise specified. An entire function f is of ex-
ponential type at most o (o > 0), and we write f is a
function of exponential type < o, if for any € > 0 there
exists an A, such that

f(2)] < Acel7Hl

for all z € C. Let F denote the space of all entire functions
and F, denote the class of all entire functions of exponen-
tial type < o. A function of exponential type < o is said
to be a o-sine-type function if

(i) the zeros {Ag},c of f are simple and separated (that
is, uniformly discrete, inf 4, |\; — Ag| > ¢ for all k €
Z and some ¢ > 0) and

(ii) there exist positive constants A, B, and 7 such that
AT < |f (@ +iy)| < Be (1)
for all z,y € R and |y| > .

We define the generating function that will be used to cre-
ate the sampling basis by the following canonical product

p(2) = lim UEN (1 - Ak) , 2)

where (1 — z/)y) is replaced by z if Ay = 0. It is known
that if Ay = k € Z, then

1
¢ (z) = —sinwz.
Vs
The sinc function is defined as

. { 20
SImcz = 1

2=0"

LP(R) is the space of functions for which the p-th power
of the absolute value is Lebesgue integrable i.e.

1/p
T (/lelpdu) < oo,

1 flloe = Iglgﬁclf(xﬂ < .

and

The Bernstein space, denoted B2, is the function space
that consists of all functions in E, whose restrictions to
the real line are in LP(R). The norm for B2, 1 < p < oo
is given by [|fllz2 = || fll,- The Bernstein spaces can be
ordered as follows:

BicB:c...cBx.

The general goal of this work is to estimate the peak
value of a function f which has been reconstructed from its
samples. In order to make the reconstruction of f from its
samples possible, we make the common assumption that
the functions are bandlimited, so that sampling theorems
can be applied. We call a function f bandlimited if its
Fourier transform f (&) vanishes for £ outside a bounded in-
terval [—o, o]. But such bandlimited functions are always
also entire functions. According to the Payley-Wiener the-
orem, bandlimited functions are entire functions of expo-
nential type < . The Bernstein spaces used in this paper
consist of bandlimited functions. For example, the square
integrable bandlimited functions are the elements of the
Bernstein space B2. The space B is readily the wider
class of functions that we can consider in this matter.

A set A = {Ar},cy is called a stable sampling set for
the space B2° if there exists a constant K such that

[flloe < K sup | f(Ax)]
kEZ

for all f € B [9, p. 1704]. After this definition, one can
clearly see the importance of such a bound from the re-
construction standpoint regardless of the sharpness of the
bound. However, having a smaller bound is more applica-
ble to the peak value problem.

The below result is about the infinity norm estimate of
a subclass of B2°, that contains all trigonometric polyno-
mials of degree < n with real coefficients, that is

T, = {f | f(t) =% 4+ > _; axsinkt + by cos kt, t, ar, by € R}
Theorem 1 (Ehlich and Zeller, [10]). Let m > n, m,n €
N and f € T,.Then,
7r
o

1/l < .

max
cos 22 0<k<2m
2m

The estimate in (3) is sharp if and only if n|m.

Based on a previous result by Wunder and Boche [11],
Jetter, Pfander and Zimmermann [12] deduced an estimate

that is
21
—k
(%)

m-+n

[flloe <

max
m —n 0<k<N-1



for f € T,, where m > n+1and N > m+n. In particular,
for N > 2n + 1, the choice m = N — n gives

m—l—n_\/ N
m—-n_ VN=2n

For a background of the problem in signal processing, see
[5], [13] and [14].

3. The Solvability of Stable Sampling

In [15], Wunder and Boche obtained a result for the
subclass of B3, 5,0 < S < 1 that is the restriction for
all functions that are real when restricted to the real line.
The result reads as follows:

Theorem 2 (Wunder and Boche, [15]). If0 < 8 <1 and
J € B3 o, then

1l € oy SR O ()

In (4) the sampling set is Z. If the sampling set Z in (4)
is to be replaced by aZ, then the factor 1/ cos (87/2) has to
be replaced by 1/ cos (8ma/2) provided that 0 < 8 < 1/a.
Here, S will denote the set of all sampling patterns A =
{Mk}pez C R that are made of the zeros of a m-sine-type
function. Accordingly, an interesting question is

Question 1. (Boche and Ménich, [16, p. 2218])
Let 0 < B <1 and A = { A}y € S. Does there exist
a constant C' = C (B) such that

[fllee < C(B) sup |f(Ax)
keZ

forall f € BE;, ¢

In fact, a related question can be asked of whether the
estimate in (4) holds true if the integers are replaced by
a sampling set that satisfies the condition {Ax}, ., C R,
|[A\kx — k| < 1/4. This is a natural question since later on we
will make a comparison with a new bound that implements
the sampling set with the quarter condition.

There is a result by Beurling that shows the existence
of such a constant, C (), under a sufficient and a neces-
sary condition. Before we state the result, we define the
following density condition:

D~ (A) = Tim lim "a®) (5)

A—o00 r—00 r

where
n, (1) :Itréiﬂrgl#(Aﬂ{x—i—iyﬁ <z <t+mryl <A}).

For the zeros of a sine-type function the limit of A in (5)

is insignificant since the zeros lie in a horizontal strip of a

finite width. In that case we only require to have A > 1.
Beurling’s theorem reads as follows:

Theorem 3. (Beurling, [17, p. 346]) Let f € Bg;,0 <
B <1 and let {Mi},cy € R be a uniformly discrete set.
Then, we obtain

[flloe < K (A, B)sup|f (Ax)|, (6)
kEZ

where K (A, 8) < oo if and only if D~ (A) > B.

To answer Question 1, we use the following result by
Horvéth and Joé [18].

Theorem 4. (Horvath and Jod, [18, p. 268]) Let F be
a o-sine-type function and let A = {\p}, o, be its zeros.
Then,

n({t+r)—n(t)

. g
lim —mMmM = = —
r—00 T s

uniformly in t € R, where

n(t)= Yy 1

n,Re\,, € [0,1]

The original statement in the proof of Theorem 4 is
that for e > 0, there is r > 7¢ (€) such that

n(t+r)—n() o

< ce
r

for all ¢t € R, where ¢ = ¢ (F) is independent of ¢, ¢ and 7.
Thus,

’minteR[n(t—&—r) —n(t)] 0" < e
r 7r
still holds true for r > rq (¢) . It follows that

- _ .ony(r) o m
D™ (A)= lim lim 77r77r71>ﬁ’ (7)

A— oo r—00 r

since A = {Ar};cz is the set zeros of a 7-sine-type func-
tion. Therefore, we conclude that

[flloe < K (A, B)sup [ f(Ax)|
kEZ

exists for all f € B3 ,0 < 8 <1, by virtue of Beurling’s
theorem, Theorem 3. This answers Question 1.

We end this section by extending the notion of stable
sampling to the zeros of a sine-type function that are not
necessarily real. We say that A = {A\z},., C Cis a set (a
sequence) of stable sampling for B5° if there exists K such
that

sup |f (2)] e=71™=l < K'sup | f (Ag)| e~ ItmAs]
zeC kEZ

for all f € B [19, p. 412]. The following result gives the
necessary and sufficient condition for stable sampling. It
reads as follows:

Theorem 5. (Ortega-Cerda and Seip, [19, p. 413]) 4
sequence A is a set of stable sampling for BS° if and only
if there exists a separated subsequence A' C A such that

LA OT
D (A)>7T.
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Figure 1: The contour for the contour integral method.

Now let A = {Ax},cz C C be the zeros of a m-sine-type
function. Then, A is a separated set being the set of zeros
of a m-sine-type function. We choose A’ to be A itself.
Thus, from (7) we obtain

D™ (N)>p="—.

Hence, the set of zeros of a m-sine-type function, A =
{Mk}pez C C, forms a set of stable sampling for the space

B3, 0<f <L

4. Generalized Valiron-Tschakaloff Sampling Se-
ries

In this section, we will generalize the Valiron-
Tschakaloff sampling series. The generalization appears
in Theorem 8 below. We will need to estimate a cer-
tain contour integral where the contour I',, is in Fig-
ure 1 and defined as '), = m U ny Uy U s, where
Top=Re(A_p+A_n_1) /2, zp = Re (A + Apg1) /2

m=A{z+iy, |2 p <z <pyyn = Tn},
M ={x — iy, | 2—n < T < T, Y = T},

71 ={zn +iy | |yl <an},
and,
Y2 = {x—n +iy ‘ ‘Z/| < xn}

The following two results are required for the proof of The-
orem 8.

Theorem 6. (Levinson, [20, p. 56]) Let ¢ be the canonical
product in (2) with

-1

Then,

A, [Tmz] (|2 +1) P12 < (o (2)] < By(|2|+1)*Perime)

®)

Theorem 7. (Phragmén-Lindeldf, [21, p. 39]) If f(z) is

an entire function of exponential type 7, and
‘f($)| S M,—OO <z < oo,

then
\f (@ +iy)| < Me™),

in the whole complex plane C.

The following is the generalization of Valiron-
Tschakaloff sampling series. It will be used to prove the
main result of this paper.

Theorem 8. Let f € By® and let A = { A}, o5 C R satisfy
[Ae — k| <D <1/4. ©))
Then, for any m € Z we obtain the following expansion

(2 = Am) 9(2)
Am) (2 = Ak) 4,0/()%)7
(10)

=L+ Y fw)

kezZ\{m}

(M —
where @ is the canonical product (2) and L(z) is

1) = {5 } o)
_ 2¢"Cm) ] ¢<z>} ).

i { ()

The convergence is uniform over compact subsets C of C.

(2 = Am) ¢ (Am)

Proof. Let m € Z be arbitrary, C C C compact, and z € C.
Let n be sufficiently large such that both A,, and C lie
in the interior of the contour in Figure 1. Then, by the
Cauchy integral formula we obtain

fz) = ]g Jw) g, L

T 2mi L (w—2) 2mi

j{ [(w = Am) p(w) = (2 = Am) = (2 = Am)) p(2)]f(w) ,

w

(w)
L [ ) o)~ ) el )
27i Jp, (w—2z) (w— Ap) p(w)
O el W)
7m0 ., =) (0= )y D

For the first integral in (11) we obtain by the residue the-
orem for k # m, |k| < n, that

s ({02 )2 = d I )
(W= Am) (w — 2) p(w)
(2= Am) ©(2) f (M)
(A = Am) (2 = Ak) @' (Ak)
In the next computation, the point \,, is a singularity of
order 2. After computing and simplifying, we obtain

[ — M) 0(w) — (2 — An) @) f(w)
fes < (w— A (w0 — 2) p(w) ’A’">




N {wi(;l)

A
Thus, we obtain
_f e3m)
10 ={ 5 o)
v { L 2¢O ] M} FOn)

b o)

1,
- 37 0n) ] w(Z)} FOw)

(2 = Am) ¢’ (Am) (@l()\m))z

(z2=2) @ Am) (¢ (Am))?
(2 = Am) 0(2)
' |ks§«¢mf“k) (A = Am) (2 = Ak) @' (M) + En,
where
_ b [(z = Am) (2)] (w) "

We now show that F,, goes to zero as n goes to infinity.
For a sufficiently large n, we obtain | y,, |> n (n as (ii) in
the definition of o-sine-type function) and | y, |>| 7 | for
all z = z+iy € C. Thus, we have | f(z+iy) |< | f||,, e
by Phragmén-Lindel6f, see Theorem 7, and also we have
| o(z+iy) |> Aly| (2] + 1)~ *P~ ! elvl as in (8). The error
over the horizontal segment 7; will be

1 - A)e)] fw) "
b s ™
(|2 + iyn| + 1)*7F!

dx

M| fll /gﬂ
— 2mA ol iy — T =i || T iy — A |

1
=0 <|y |14D> )

where M = sup,cc | (2 — Am) ¢(2) |- The quantity in (12)
goes to zero as n goes to infinity. For the integral over the
path 1, we only estimate the integral over the segment ’yf
in the first quadrant. The computation of the remaining
segment v, in the fourth quadrant can be estimated in the
same way using the symmetry relations (A.1) and (A.2).
Also, the computation over the path 7, is similar to 7.
For the canonical product ¢ we will use the estimate in
[20, p. 57, eq. 16.08] that is

(12)

(L+ [\ = (@ +iy))) e

o (2 +iy)| = :
(1 + |2 +dy — N|) (1 + |z +iy[)*”
where N is determined by
N71<|w|se69<N+}
2~ 2’
w=x+ iy and § = Arg (w). Now,
L el )y, MU
2mi Jo+ (w—2) (w— M) p(w) 27

(1 + |2n + iy — N|) (|2 + iy +1)*7

Tn
/O | Zn +iy — A || 20 +iy — T — g | [AN — 2 — 1Y

dy.

The quantity
1+ |z, + iy — N|
‘)\N —Tp — Zy‘

can be shown to be bounded for y € [0, z,,] and thus

1 [(z = Am) ¢ (2)] f(w)
o 7{1 dw

(w—z) (w = Am) ¢ (w)

1
=0 <|x |14D>'

The right-hand side of (13) goes to zero as n goes to infin-
ity. This completes the proof. O

(13)

The above result is obtained by adding one additional
piece of information that can serve as oversampling. The
required piece of information is the derivative value of the
function f at A,,.

We point out here that if A = {A\x}, ., is chosen to be
the integersi.e. Ay = k € Z and m = 0, then we obtain the
sampling series by Valiron-Tschakaloff [22, p. 91] and [23].
The Valiron-Tschakaloff sampling series reads as follows:
For f € B, we have for all z € C

sin 7z

f) =102

NICE-NS'S f(k)ZSijgz_ ‘k)’f).
keZ\{0}

5. Estimating the Infinity Norm

In this section, we will estimate the infinity norm of
the class B3, ,0 < 8 <1, that is

B ={feBx|f(t)eRforteR},

by knowing the information of the function over a set that
requires a maximum gap condition from the integers. Ac-
cordingly, we state the following interesting question:

Question 2. Let 0 < B <1 and A = { A}, C R with
Ak — k| < & for allk € Z for some § < %. Does there exist
a constant C' = C(A, B) such that

1flloo < C (A, B)sup|f (Ae)| (14)
keZ

for all f € gg‘;? If so, then can C(A, ) be estimated?

For the first part of the question, we have D~ for A =
{Ak}pez that satisfies [\, — k| < D < 1/4 as

D= (A)=1>p.

Thus, for all f € Bg,0 < B < 1 with the condition,
A ={Ak}pez CR, A — k| < D < 1/4 an estimate such as



(14) exists. It also means that the perturbed set from the
integers above remains stable for the space Eo‘;r, 0<p<l.
In order to bound C (A, ) in (14), we will use Theorem 8.
It worths pointing out that the stability of the sampling set
that follows from the Kadec 1/4-theorem is for the space
B2.

Before stating the main result of this paper, we will
need some definitions: We define ||, , as

1fllx 0o = sup [f (e)],
A EA

and the quantity Cy (8) as

Ca (B) = sup /1l oo

fe BW)Hf”A oo<1
Following the condition (9), we show that C (8) > 1.

Example 1. We consider the function g¢(z) =
esinc (Brz), 0 < B < 1, where ¢ = W > 1.
Then, |g(0)] > 1 and |g (—%)‘ = ’g (%)‘ = 1. Now, if
f(2) = g(z —try), thy = (Ao + Ako+1) /2 for some fized
ko € Z, then ||f|| a0 < 1 since Agy1 — A > 5 for all
k € Z, while ||fll = |f (tx)] > 1. We conclude that
Ca (B) = smetimr > 1-

For a more general set-up, we let I' C R,
[ fllr = sup,er |f (7)| and dr = sup, g dist (z,T), where
dist (x,T") denotes the distance of the point x to the set T'.
This means the largest gap between two successive points
in I" has a width of 2dp. Then, we define Cr (8) as

Cr(B) = sup £ 1l oo

reBs N flp<t
Now, we state the main result.

Theorem 9. Let f € Bﬁﬂ, 0< B8 <1, ¢ beasin (2),
A {Mk}rez C R be such that it satisfies [\ — k| < D <
I Ao =0, ¢ (0) > 0,|¢"(0)] = infycenle’ (Ae)]. Let
E(t) =¢ (0)¢' (t)=¢" (0) ¢ (t) and J = [8'a, 0], Ay <
a < 0<b< )\, such that dy (8") = minge; E (t) > 0 for
0< B <1. IfT CR withdr < (b—a) /2, then

1flloe < sup | f (7)1 (15)

o))
do(B) ~er

Proof. Let € > 0 be arbitrary. Then, thereis f. € ggjr with
| fellp < 1 and || fe|l, > Cr (8) —e. We now construct a
related function f. 5 such that |f. 5| assumes its maximum
at a certain point. For this purpose let h € C§° (R) be an
even non—negative function such that h (¢) = 0 for |¢| > 1
and [ph(t)dt = 1. For & > 0 let hs(t) = h(t/d)/d.

Then, hy () € R for ¢ € R, and ’h5 ‘<fR|h5 ) dt =
Jolh () dr = 1. Let fos(t) = fo(t)hs(t). Then,

|fe,5( )l S |f€( )|7 hm|t\~>oo fe,(i(t) = 07 fe,6 converges
pointwise to fe as 6 — 0, fe s € By, for f’ = B+4/m, and

| fe,s ()| assumes its maximum at some point ¢, 5. Now let
d be sufficiently small such that 5 = 8+ §/7 < 1 as well
as

[fes (te.a)| = lfeslloe = [Ifello

The inequality || fesll. > ||fell — € holds because there
is some t. with |fe (te)] > ||fell., — €¢/2 and since fes
converges pointwise, one has for sufficiently small § that
£l > > fus (] 2 |fe ()] —€/2 > |l oo -
Since — f. s has the same desired properties as f. s, we may
assume that fes (tcs) > 0. Furthermore, since fe s (t) is
maximal at ¢ =t 5, we obtain f€’75 (tes) = 0.

Let ¢ (t) be the canonical product of the sampling set
A and let pg (t) = ¢ (B't) and §(7) = g (7/B") where

S%' (t)
B (0)

Now we substitute the function g in the sampling series
(10) to obtain

i - {5 ti o

_ 1
=1¢(7) kezz\;o} g(Ak) e (7= M) o' ) [ (16)

—e>Cr (B) — 2e.

g(t) = fes (t+tes) = | fesll o

We have ¢’ (A\) = (—1)¥c, cx > 0 and A\, (7 — Ap) < 0 for
7€ (A_1,A1). But, g(Ar) = di.(—=1)**1, dj. > 0 and if we
substitute in (16) we obtain

ol

)k+ldk
(7= ) (=

k
kEZ\{O} e

It follows that

- {E0 g0 060 €00

Now, let 7 = ’t. Then, §(7) = g (¢) and thus

/ /
g(t) - {f@ffot))} gﬁ(/()) > 0, (17)
for B't € (A_1,A1). We compute ¢’ (0) and it is
B'e" (0)

' (0)
By substituting the above in (17), we obtain

(0
90+ {25 sl 25 = 0

for §'t € (A_1, \1). Replacing g by its definition, we obtain

¢’ (8'1) " (0) ¢ (B'1)
7 () Fllfesll oo 7 (0))°

9'(0) = = lfeslloo

fe,é (t + te,é)_

>0,



for §'t € (A_1,\1). Then,

'(0) " (B't) — ¢" (0) 9 (B't)
(¢ (0))°

for B't € (A_1,A1) . We have E (8't) = ¢’ (0) ¢’ (8't) —

©"(0) ¢ (B't) > do(B’) for t € [a,b]. Also, we have 2dr <

(b — a) and thus there is ¢, € [a, b] such that ¢, +t. s =7 €

I' and so |fes (ty +te5)| < 1. By the intermediate value

theorem (IVT), there exists t* between 0 and ¢, such that
fes (t* +tes) = 1. Therefore,

fes (8 +tes) (¢ (0))°
E(5't)

©
fes (t+tes) > | feslloo

)

[feslloo <

This means that

/ 2
Cr (8) < lfesllo +2¢ < m o

Letting both € and ¢ go to zero completes the proof. [

A simple practically relevant subclass of sampling se-
quences for which the assumptions are fulfilled is the fol-
lowing:

Corollary 1. Let f € B, 0 < 8 <1, and let T C R
such that 2dr < 1, where dr = sup,cgdist(z,I') =
sup,cp inf er |z —7|. Then

[/ lloo < sup | f(7)]-

cos(Bmdr) et

This result generalizes the estimate by Wunder and
Boche (Theorem 2) to non-equidistant sampling sets I'.
Theorem 2 is recovered for I' = Z, in which case dr = 1/2.

Proof. One applies Theorem 9 with A = Z, A\, =k, k € Z,
a = —dr > A_1, b = dr < A{. The conditions A9 = 0,
[Ae — k| < D < 1/4, and dr < (b — a)/2 are obviously
satisfied. Using the representation

o0 2
sin(rz) = 7z H (1 - ;) )
k=1

one has

p(z) = %sin(ﬂ'z)

J0)=1>0
©"(0) = 0.

2(2) = cos(n2),
¢"(z) = —mwsin(m2),

Since ¢'(\) = cos(mk) = (—1)*, one has 1 = [©/(0)] =
infrez |’ (k)| = infy,en |¢'(Ax)|. Furthermore,

E(t) = ¢'(0)¢'(t) = ¢"(0)p(t) = cos(nt).
This gives

do(f') = min

= cos(mt)
B'ast<p’b

= min cos(nt)
[t|<p’dr

= cos(mf'dr).

Since dr < 1/2, one has do(8') > 0 for 0 < 8’ < 1. It now
follows from Theorem 9 that

- @/ )2
[ flloo < () ilelglf('y)l
1
= cos(Fndn) itellrg\f(v)l
as claimed. O

In the next result, we will treat the critical case where
2dr = (b — a). For that reason, we will restrict the band-
width of the function f in Bg.

Corollary 2. Let ¢ be as in (2) and A C R be a perturbed
set that satisfies the quarter condition such that |¢’ (0)] =
infy,eale’ (Me)l, E(t) = ¢ (0)¢" (1) = " (0) ¢ (1), B <
min{|¢t| |t #0,E (t) =0} /dy and dy = E(Bdp). Then,
for all gg‘;r we have

’ 2
110 < E 0 sup 7 )

Proof. Let f < min{[t||t#0,FE (t) =0} /dx and J =
[Ba, pb] with a = —b = —d,. Then, for ¢t € J we have

—to| < =Bdp = Ba <t < b= Bdy < [to],

where |t = min{|{||t#0,E(t) =0} and thus
mingey E (t) > 0. Also, b — a = 2d,. The hypothesis of
Theorem 9 is satisfied and thus the conclusion follows. [

6. Numerical Example

In this section, we will give an example using a nonuni-
form sampling set. The example will use these sam-
pling sets (i) Ay = Z \ {1} U {1 -0} and (ii) Ay =
2ZJ (2Z + (1 +6)). In both cases, 2dy = (1+0) is the
maximum gap. It can be shown that for the sampling set
(ii) we obtain

o (t) = —sin (ft) sin (” (t—(1 +5))) ,

2 2
@' (0) = Zsin (5 (1+4)),
and
E(t)=— (g)z [sin (5 (1)) sin (5 (2t — (1 +9)))

s

+2 cos (g 1+ 5)) sin (gt) sin (2 (t— (14 5)))] .

In fact, one can show that when § = 0 (da in this case
is 1/2), the factor (¢ (0))* /do simplifies to 1/ cos (87/2)
which is the factor for the bound estimate in Theorem 2.



Using these sampling sets, we will find an estimate of
the infinity norm and demonstrate how the bound becomes
sharper by considering denser sets. We need to point out
that to use Wunder and Boche (W-B) estimate (4), we
need a uniform sampling set. Hence, if we perturb the
set A, then we need a subset A’ C A that is uniform and
contains the origin. Obviously, the new sampling set A’
has lower density than A. Consequently, we need to have
a smaller bandwidth to be able to use the estimate (4).
Specifically, if A’ = aZ, then the function has to have a
bandwidth 87, 0 < 8 < 1/a which means the estimate
(4) is not applicable otherwise. The following example
demonstrates this delicate situation.

Example 2. We consider A1 and Ay mentioned above and
functions in the space B3, 0 < 3 < 1. The functions are

Vo

o, :
f (t) = ?SIHCE (t - 1) - TOSIHCT (t - 6)7 (18)
27 . Arw 2\/§7T . \/§7T
g(t) = = smcﬁt — g sine—— (t—6). (19)

We choose a = —b = —dp and choose § = 0.23 for Ay and
6 = 0.15 for As. In the function f, we have 8 = 0.6 and
it can be shown that Bdp < |to| for both A1 and As. It
follows that dy = E (Bdp) = E(B(146)/2) as suggested
by Corollary 2. For the given sampling sets Ay and As, it
is clear that N = 27 and so the required bandwidth to apply
(4) is pm, 0 < B < 1/2. The bandwidth of function (18)
is 0.6m and so the bound estimate (4) is not applicable.
However, this will not be the case by using a denser set A
such as (%A, and %A) or by considering a function with a
smaller bandwidth such as (19). In the following table, we
consider couple cases where I' is equal to A, %A, and %A.

’ r | Ifllo | W-B bound | Bound (15) |
r=»A 1.8404 N/A 7.0876
I'= %Al 1.8404 3.1252 2.2992
I'= §A1 1.8404 2.1742 2.0196

’ r | Ifllo | W-B bound | Bound (15) |
I'=A, 1.8404 N/A 4.1050
I'= %Ag 1.8404 3.1252 2.1650
I'= gAg 1.8404 2.1742 1.9622

’ r | llglle | W-B bound | Bound (15) |
r=A 1.2441 4.0139 1.9105
[=1A; | 1.2441 1.5332 1.3637
I'= §A1 1.2441 1.3578 1.2926

’ r \ lgll \ W-B bound \ Bound (15) ‘
I'=As 1.2441 4.0139 1.6860

= %Az 1.2441 1.5332 1.3313
I'= §A2 1.2441 1.3578 1.2794

The tables show that the denser I is, the sharper bound
we obtain. It is important to point out again that when
we compute the W-B bound we consider A’, A" and %A’
instead of A, $A and $A. The function f in (18) and the
suggested bounds by bound (15) are depicted in Figure 2.

— The function f
— — Bound (15) for the sampling pattern A2

—-—-Bound (15) for the sampling pattern 1/2A2

5F —— Bound (15) for the sampling pattern 1/3A, |

Figure 2: Bound (15) for the sampling patterns I' = Ag, %AQ, and
IA
32

7. Conclusion

The problem of estimating the infinity norm of a func-
tion from its supremum sample values is important for the
stable sampling of the space Bg;,0 < < 1. Boche and
Moénich asked the question of whether an estimate of the
form

||f||oo§0(»3)81€1g|f(7)|7 feBE, 0<B<1, (20)

exists if I' is the set of zeros of a w-sine-type function.
We provided an affirmative answer using the result of
Beurling as well as some properties of the sine-type func-
tions. Furthermore, we proved a generalization of Valiron-
Tschakaloff sampling theorem for sampling sets that are
perturbations of the integers by up to a quarter. This
sampling theorem is subsequently used to derive an up-
per bound for C(B) in (20) if ' is a subset of R with a
maximum gap of 2dr.

8. Appendix

Let G({\i}; 2) denote the canonical product ¢(z) for
the set of zeros {Ap}cz If {Mr}pez C R, one has the
relations.

G({M};2) = G({Ae; 2) (A1)

and
G({ M} —2) = s(M)G({—=A-k}; 2), (A.2)
with

10 M #0
S(AO)_{ ~1 if A =0
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